


An introduction to 


Computational 














Finite 
Volume 
Method 





H K « VERSTEEG & 
VV — i Ghee 








An introduction to computational 
fluid dynamics 
The finite volume method 


H. K. VERSTEEG and W. MALALASEKERA 


Longman 
Scientific & 
= | Technical 








Longman Scientific & Technical 

Longman Group Limited 

Longman House, Burnt Mill, Harlow 

Essex CM20 2JE, England 

and Associated Companies throughout the world 


Copublished in the United States with 
John Wiley & Sons Inc., 605 Third Avenue, New York 
NY 10158 


(O Longman Group Ltd 1995 


All right reserved; no part of this publication may be 
reproduced, stored in any retrieval system, or transmitted in 
any form or by any means, electronic, mechanical, 
photocopying, recording or otherwise without either the prior 
written permission of the Publishers or a licence permitting 
restricted copying in the United Kingdom issued by the 
Copyright Licensing Agency Ltd, 90 Tottenham Court Road, 
London W1P 9HE. 


First published 1995 


British Library Cataloguing in Publication Data 
A catalogue entry for this title is available from the British Library. 


ISBN 0-582-21884-5 


Library of Congress Cataloguing-in-Publication Data 
A catalog entry for this title is available from the Library of Congress. 


ISBN 0-470-23515-2 (USA only) 


Typeset by 21 in 10/12 Times 


Produced through Longman Malaysia, TCP 


Contents 


Preface 


Acknowledgements 


1 Introduction 


1.1 
1.2 
1.3 
1.4 


What is CFD? 

How does a CFD code work? 
Problem solving with CFD 
Scope of this book 


2 Conservation Laws of Fluid Motion and Boundary Conditions 


2.1 


2.2 
2.3 
2.4 
2.5 
2.6 
2.7 
2.8 
2.9 


Governing equations of fluid flow and heat transfer 

2.1.1 Mass conservation in three dimensions 

2.1.2 Rates of change following a fluid particle and for a fluid 
element 

2.1.3 Momentum equation in three dimensions 

2.1.4 Energy equation in three dimensions 

Equations of state 

Navier-Stokes equations for a Newtonian fluid 

Conservative form of the governing equations of fluid flow 

Differential and integral forms of the general transport equations 

Classification of physical behaviour 

The role of characteristics in hyperbolic equations 

Classification method for simple partial differential equations 

Classification of fluid flow equations 


2.10 Auxiliary conditions for viscous fluid flow equations 
2.11 Problems in transonic and supersonic compressible flows 
2.12 Summary 


ix 


Xi 


OO tn MO f — 


10 
10 
11 


13 
14 
17 
21 
21 
24 
25 
27 
30 
32 
34 
35 
36 
39 


vi 


Contents 


3 Turbulence and its Modelling 


3.1 
3.2 
3.3 
34 


3.5 


What is turbulence? 

Transition from laminar to turbulent flow 
Effect of turbulence on time-averaged Navier-Stokes equations 
Characteristics of simple turbulent flows 
3.4.1 Free turbulent flows 

3.4.2 Flat plate boundary layer and pipe flow 
3.4.3 Summary 

Turbulence models 

3.5.1 Mixing length model 

3.5.2 The k-e model 

3.5.3 Reynolds stress equation models 

3.5.4 Algebraic stress equation models 

3.5.5 Some recent advances 


3.6 Final remarks 


4.1 
4.2 
4.3 
4.4 
4.5 
4.6 


The Finite Volume Method for Diffusion Problems 


Introduction 

Finite volume method for one-dimensional steady state diffusion 
Worked examples: one-dimensional steady state diffusion 

Finite volume method for two-dimensional diffusion problems 
Finite volume method for three-dimensional diffusion problems 
Summary of discretised equations for diffusion problems 


5 The Finite Volume Method for Convection-Diffusion Problems 


5.1 
5.2 
5.3 
5.4 


5.5 


5.6 


5.7 


5.8 
5.9 


Introduction 

Steady one-dimensional convection and diffusion 

The central differencing scheme 

Properties of discretisation schemes 

5.4.1 Conservativeness 

5.4.2 Boundedness 

5.4.3 Transportiveness 

Assessment of the central differencing scheme for 

convection-diffusion problems 

The upwind differencing scheme 

5.6.1] Assessment of the upwind differencing scheme 

The hybrid differencing scheme 

5.7.1] Assessment of the hybrid differencing scheme 

5.7.2 Hybrid differencing scheme for multi-dimensional 
convection-diffusion 

The power-law scheme 

Higher order differencing schemes for convection-diffusion 

problems 


5.9.1 Quadratic upwind differencing scheme: the QUICK scheme 


5.9.2 Assessment of the QUICK scheme 
5.9.3 Stability problems of the QUICK scheme and remedies 
59.44 General comments on the QUICK differencing scheme 


5.10 Other higher order schemes 
5.11 Summary 


41 
4] 
44 
49 
54 
54 
57 
62 
62 
64 
67 
75 
79 
80 
83 


85 
85 
86 
88 
99 
100 
102 


103 
103 
104 
105 
110 
110 
112 
112 


113 
114 
118 
120 
123 


123 
124 


125 
125 
130 
130 
132 
133 
133 


Contents 


6 Solution Algorithms for Pressure-Velocity Coupling in Steady Flows 


6.1 
6.2 
6.3 
6.4 
6.5 
6.6 
6.7 
6.8 
6.9 


Introduction 

The staggered grid 

The momentum equations 

The SIMPLE algorithm 

Assembly of a complete method 

The SIMPLER algorithm 

The SIMPLEC algorithm 

The PISO algorithm 

General comments on SIMPLE, SIMPLER, SIMPLEC and PISO 


6.10 Summary 


7 Solution of Discretised Equations 


7.1 
7.2 
7.3 
7.4 
7.5 
7.6 
7.7 


8.1 
8.2 


8.3 
8.4 
8.5 
8.6 


8.7 


8.8 
8.9 


Introduction 

The tri-diagonal matrix algorithm 

Application of TDMA to two-dimensional problems 

Application of the TDMA method to three-dimensional problems 
Examples 

Other solution techniques used in CFD 

Summary 


The Finite Volume Method for Unsteady Flows 


Introduction 

One-dimensional unsteady heat conduction 

8.2.1 Explicit scheme 

8.2.2. Crank-Nicolson scheme 

8.2.3 The fully implicit scheme 

Illustrative examples 

Implicit method for two- and three-dimensional problems 
Discretisation of transient convection-diffusion equation 
Worked example of transient convection-diffusion using QUICK 
differencing 

Solution procedures for unsteady flow calculations 

8.7.1] Transient SIMPLE 

8.7.2 The transient PISO algorithm 

Steady state calculations using the pseudo-transient approach 
A brief work on other transient schemes 


8.10 Summary 


9 Implementation of Boundary Conditions 


9.1 
9.2 
9.3 
9.4 
9.5 
9.6 
9.7 
9.8 


Introduction 

Inlet boundary conditions 

Outlet boundary conditions 

Wall boundary conditions 

The constant pressure boundary condition 
Symmetry boundary condition 

Periodic or cyclic boundary condition 
Potential pitfalls and final remarks 


vii 


135 
135 
136 
139 
142 
146 
146 
148 
150 
132 
154 


156 
156 
157 
159 
159 
160 
166 
167 


168 
168 
169 
171 
172 
173 
174 
180 
181 


182 
186 
186 
187 
189 
189 
190 


192 
192 
194 
196 
198 
203 
205 
205 
206 


vill 


Contents 


10 Advanced Topics and Applications 
10.1 Introduction 
10.2 Combustion modelling 
10.2.1 The simple chemical reacting system (SCRS) 
10.2.2 Eddy break-up of model of combustion 
10.2.3 Laminar flamelet model 
10.3 Calculation of buoyant flows and flows inside buildings 
10.4 The use of body-fitted co-ordinate systems in CFD procedures 
10.5 Advanced applications 
10.5.1 Flow in a sudden pipe contraction 
10.5.2 Modelling of a fire in a test room 
10.5.3 Prediction of flow and heat transfer in a complex tube 
matrix 
10.5.4 Laminar flow in a circular pipe driven by periodic 
pressure variations 
10.6 Concluding remarks 


Appendix A Accuracy of a Flow Simulation 
Appendix B Non-uniform Grids 

Appendix C Calculation of Source Terms 
References 


Index 


210 
210 
210 
212 
215 
216 
218 
219 
222 
222 
223 


227 


234 
239 


240 


243 


245 


247 


255 





Preface 


The use of computational fluid dynamics (CFD) to predict internal and external 
flows has risen dramatically in the past decade. In the 1980s the solution of fluid flow 
problems by means of CFD was the domain of the academic, postdoctoral or 
postgraduate researcher or the similarity trained specialist with many years of 
grounding in the area. The widespread availability of engineering workstations 
together with efficient solution algorithms and sophisticated pre- and post- 
processing facilities enable the use of commercial CFD codes by graduate 
engineers for research, development and design tasks in industry. The codes that 
are now on the market may be extremely powerful, but their operation still requires a 
high level of skill and understanding from the operator to obtain meaningful results 
in complex situations. The long learning curve, previously including apprenticeships 
of up to four years — more widely known as MPhil and PhD studies — meant that the 
users of the 1980s were, through their own experiences, very conscious of the 
limitations of CFD. However, the pressure on engineers in industry to come up with 
solutions to problems implies that there is not always the time available for the new 
type of user of the 1990s to learn about the pitfalls of CFD by osmosis and frequent 
failure. 

It is the purpose of this book to fill a gap in the available literature for novice 
CFD users who, whilst developing CFD skills by using commercially available 
software, need a reader that provides the fundamentals of the fluid dynamics behind 
complex engineering flows and of the numerical solution algorithms on which the 
CFD codes are based. Although the material has been developed from first principles 
wherever possible, the book will be of greatest benefit to those who are familiar with 
the ideas of calculus, elementary vector and matrix algebra and basic numerical 
methods. Furthermore, we assume a knowledge of the conservation laws for mass, 
momentum and energy and an awareness of their application to fluid flow problems. 

Although commercial CFD codes based on the finite element method have more 
recently entered the fray, the market is currently dominated by four codes, 
PHOENICS, FLUENT, FLOW3D and STAR-CD, that are all based on the finite 
volume method. This book intends to provide the theoretical background required 
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for the effective use of this type of commercial code and covers the following subject 
areas: 


Fluid dynamics 


Governing equations of viscous fluid flows 
Boundary conditions 

Introduction to the physics of turbulence 
Turbulence modelling in CFD 


The finite volume method and its implementation in CFD codes 


e Finite volume discretisation for the key transport phenomena in fluid flows: 
diffusion, convection and sources 

e Discretisation procedures for unsteady phenomena 

e Iterative solution processes (SIMPLE and its derivatives) to ensure correct 
coupling between all the flow variables 

e Solution algorithms for systems of discretised equations (TDMA) 

e Implementation of boundary conditions 


The basic numerical techniques have been developed around a series of worked 
examples, which can be easily programmed on a PC. However, it is impossible to get 
to grips with the art of CFD without running a good quality code to explore the 
issues raised in this book in greater detail. As an illustration of the power of CFD we 
have presented a set of industrially relevant applications ranging from a benchmark 
simulation to very complex fire modelling. Throughout, one of the key messages is 
that CFD cannot be professed adequately without continued reference to 
experimental validation. The early ideas of the computational laboratory to 
supersede experimentation have fortunately gone out of fashion. Not all industrial 
companies have the high cost experimental infrastructure in place to support CFD 
activities, but the scientific literature contains a huge resource to the user of 
commercial codes. A vast and ever-increasing number of journals cover all aspects of 
CFD ranging from mathematically abstruse to applied work firmly rooted in 
industry. In addition to the necessary theoretical grounding the book, therefore, 
provides a set of connection points with up-to-date research literature giving the 
reader access to source material for code validation and further study. 

After starting to teach CFD at senior undergraduate level we became acutely 
aware of the absence of a ‘suitable’ text pitched at ‘the right level’. Undeniably, this 
book, which was developed from our course notes, was conceived with our own 
students as a target audience so, first and foremost, we hope that the book will be 
valuable as a learning and teaching resource to support CFD courses at 
undergraduate and postgraduate level. Nevertheless, with its intent to bridge the 
gap between introductory mathematics and fluid dynamics concepts, the academic 
CFD literature and applied industrial practice, we believe that this book will also be 
of use to professional engineers in industry, involved in R&D and design, who 
require a thorough but user-friendly reference guide to all the background 
knowledge needed to operate commercial CFD codes successfully. 

We acknowledge Dr. S. Sivasegaram of Imperial College of Science Technology 
and Medicine, and Mr. R. K. Turton of Loughborough University for helpful 
comments on early drafts of this book. We are grateful to our wives, Helen and 
Anoma, for all the support and encouragement given to us during the compilation of 
this book. 


March 1995 H. K. Versteeg 
Loughborough W. Malalasekera 
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Introduction 


What is CFD? 


Computational Fluid Dynamics or CFD is the analysis of systems involving fluid 
flow, heat transfer and associated phenomena such as chemical reactions by means of 
computer-based simulation. The technique is very powerful and spans a wide range 
of industrial and non-industrial application areas. Some examples are: 


aerodynamics of aircraft and vehicles: lift and drag 

hydrodynamics of ships 

power plant: combustion in IC engines and gas turbines 

turbomachinery: flows inside rotating passages, diffusers etc. 

electrical and electronic engineering: cooling of equipment including micro- 
circuits 

e chemical process engineering: mixing and separation, polymer moulding 
external and internal environment of buildings: wind loading and heating/ 
ventilation 

e marine engineering: loads on off-shore structures 

e environmental engineering: distribution of pollutants and effluents 

e hydrology and oceanography: flows in rivers, estuaries, oceans 
e 
e 


meteorology: weather prediction 
biomedical engineering: blood flows through arteries and veins 


From the 1960s onwards the aerospace industry has integrated CFD techniques into 
the design, R&D and manufacture of aircraft and jet engines. More recently the 
methods have been applied to the design of internal combustion engines, 
combustion chambers of gas turbines and furnaces. Furthermore, motor vehicle 
manufacturers now routinely predict drag forces, under-bonnet air flows and the in- 
car environment with CFD. Increasingly CFD is becoming a vital component in the 
design of industrial products and processes. 

The ultimate aim of developments in the CFD field is to provide a capability 
comparable to other CAE (Computer-Aided Engineering) tools such as stress 
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1.2 


analysis codes. The main reason why CFD has lagged behind is the tremendous 
complexity of the underlying behaviour, which precludes a description of fluid flows 
that is at the same time economical and sufficiently complete. The availability of 
affordable high performance computing hardware and the introduction of user- 
friendly interfaces have led to a recent upsurge of interest and CFD is poised to make 
an entry into the wider industrial community in the 1990s. 

We estimate the minimum cost of suitable hardware to be between £5000 and 
£10000 (plus annual maintenance costs). The perpetual licence fee for commercial 
software typically ranges from £10000 to £50000 depending on the number of 
‘added extras’ required. CFD software houses can usually arrange annual licences as 
an alternative. Clearly the investment costs of a CFD capability are not small, but the 
total expense is not normally as great as that of a high quality experimental facility. 
Moreover, there are several unique advantages of CFD over experiment-based 
approaches to fluid systems design: 


e substantial reduction of lead times and costs of new designs 

e ability to study systems where controlled experiments are difficult or impossible 
to perform (e.g. very large systems) 

e ability to study systems under hazardous conditions at and beyond their normal 
performance limits (e.g. safety studies and accident scenarios) 

e practically unlimited level of detail of results 


The variable cost of an experiment, in terms of facility hire and/or man-hour costs, is 
proportional to the number of data points and the number of configurations tested. In 
contrast CFD codes can produce extremely large volumes of results at virtually no 
added expense and it is very cheap to perform parametric studies, for instance to 
optimise equipment performance. 

We also note that, in addition to a substantial investment outlay, an organisation 
needs qualified people to run the codes and communicate their results and briefly 
consider the modelling skills required by CFD users. We complete this otherwise 
upbeat section by wondering whether the next constraint to the further spread of 
CFD amongst the industrial community could be a scarcity of suitably trained 
personnel instead of availability and/or cost of hardware and software. 


How does a CFD code work? 


CFD codes are structured around the numerical algorithms that can tackle fluid flow 
problems. In order to provide easy access to their solving power all commercial CFD 
packages include sophisticated user interfaces to input problem parameters and to 
examine the results. Hence all codes contain three main elements: (1) a pre-processor, 
(ii) a solver and (iii) a post-processor. We briefly examine the function of each of 
these elements within the context of a CFD code. 


Pre-processor 


Pre-processing consists of the input of a flow problem to a CFD program by means 
of an operator-friendly interface and the subsequent transformation of this input into 
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a form suitable for use by the solver. The user activities at the pre-processing stage 
involve: 


e Definition of the geometry of the region of interest: the computational domain. 

e Grid generation-the sub-division of the domain into a number of smaller, non- 
overlapping sub-domains: a grid (or mesh) of cells (or control volumes or 
elements). 

e Selection of the physical and chemical phenomena that need to be modelled. 

e Definition of fluid properties. 

e Specification of appropriate boundary conditions at cells which coincide with or 
touch the domain boundary. 


The solution to a flow problem (velocity, pressure, temperature etc.) is defined at 
nodes inside each cell. The accuracy of a CFD solution is governed by the number of 
cells in the grid. In general, the larger the number of cells the better the solution 
accuracy. Both the accuracy of a solution and its cost in terms of necessary computer 
hardware and calculation time are dependent on the fineness of the grid. Optimal 
meshes are often non-uniform: finer in areas where large variations occur from point 
to point and coarser in regions with relatively little change. Efforts are under way to 
develop CFD codes with a (self-)adaptive meshing capability. Ultimately such 
programs will automatically refine the grid in areas of rapid variations. A substantial 
amount of basic development work still needs to be done before these techniques are 
robust enough to be incorporated into commercial CFD codes. At present it is still 
up to the skills of the CFD user to design a grid that is a suitable compromise 
between desired accuracy and solution cost. 

Over 50% of the time spent in industry on a CFD project is devoted to the 
definition of the domain geometry and grid generation. In order to maximise 
productivity of CFD personnel all the major codes now include their own CAD-style 
interface and/or facilities to import data from proprietary surface modellers and 
mesh generators such as PATRAN and I-DEAS. Up-to-date pre-processors also give 
the user access to libraries of material properties for common fluids and a facility to 
invoke special physical and chemical process models (e.g. turbulence models, 
radiative heat transfer, combustion models) alongside the main fluid flow equations. 


Solver 


There are three distinct streams of numerical solution techniques: finite difference, 
finite element and spectral methods. In outline the numerical methods that form the 
basis of the solver perform the following steps: 


e Approximation of the unknown flow variables by means of simple functions. 

e Discretisation by substitution of the approximations into the governing flow 
equations and subsequent mathematical manipulations. 

e Solution of the algebraic equations. 


The main differences between the three separate streams are associated with the way 
in which the flow variables are approximated and with the discretisation processes. 
Finite difference methods. Finite difference methods describe the unknowns 6 of the 
flow problem by means of point samples at the node points of a grid of co-ordinate 
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lines. Truncated Taylor series expansions are often used to generate finite difference 
approximations of derivatives of @ in terms of point samples of $ at each grid point 
and its immediate neighbours. Those derivatives appearing in the governing 
equations are replaced by finite differences yielding an algebraic equation for the 
values of @ at each grid point. Smith (1985) gives a comprehensive account of all 
aspects of the finite difference method. 


Finite Element Method. Finite element methods use simple piecewise functions (e.g. 
linear or quadratic) valid on elements to describe the local variations of unknown 
flow variables o. The governing equation is precisely satisfied by the exact solution 
@. If the piecewise approximating functions for @ are substituted into the equation it 
will not hold exactly and a residual is defined to measure the errors. Next the 
residuals (and hence the errors) are minimised in some sense by multiplying them by 
a set of weighting functions and integrating. As a result we obtain a set of algebraic 
equations for the unknown coefficients of the approximating functions. The theory 
of finite elements has been developed initially for structural stress analysis. A 
standard work for fluids applications is Zienkiewicz and Taylor (1991). 


Spectral Methods. Spectral methods approximate the unknowns by means of 
truncated Fourier series or series of Chebyshev polynomials. Unlike the finite 
difference or finite element approach the approximations are not local but valid 
throughout the entire computational domain. Again we replace the unknowns in the 
governing equation by the truncated series. The constraint that leads to the algebraic 
equations for the coefficients of the Fourier or Chebyshev series is provided by a 
weighted residuals concept similar to the finite element method or by making the 
approximate function coincide with the exact solution at a number of grid points. 
Further information on this specialised method can be found in Gottlieb and Orszag 
(1977). 

The finite volume method. The finite volume method was originally developed as a 
special finite difference formulation. This book shall be solely concerned with this 
most well-established and thoroughly validated general purpose CFD technique. It is 
central to four of the five main commercially available CFD codes: PHOENICS, 
FLUENT, FLOW3D and STAR-CD. The numerical algorithm consists of the 
following steps: 


e Formal integration of the governing equations of fluid flow over all the (finite) 
control volumes of the solution domain. 

e Discretisation involves the substitution of a variety of finite-difference-type 
approximations for the terms in the integrated equation representing flow 
processes such as convection, diffusion and sources. This converts the integral 
equations into a system of algebraic equations. 

e Solution of the algebraic equations by an iterative method. 


The first step, the control volume integration, distinguishes the finite volume method 
from all other CFD techniques. The resulting statements express the (exact) 
conservation of relevant properties for each finite size cell. This clear relationship 
between the numerical algorithm and the underlying physical conservation principle 
forms one of the main attractions of the finite volume method and makes its concepts 
much more simple to understand by engineers than finite element and spectral 
methods. The conservation of a general flow variable $, for example a velocity 
component or enthalpy, within a finite control volume can be expressed as a balance 
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between the various processes tending to increase or decrease it. In words we 
have: 


Rate of change Net flux of 
of œ in the the control | _ | ó due to 
volume with ~ | convection into 
respect to time the control volume 
Net flux of 
due to 
Mr 


diffusion into the 
control volume 
Net rate of creation 
+ | of $ inside the 


control volume 





CFD codes contain discretisation techniques suitable for the treatment of the key 
transport phenomena, convection (transport due to fluid flow) and diffusion 
(transport due to variations of @ from point to point) as well as for the source terms 
(associated with the creation or destruction of $) and the rate of change with respect 
to time. The underlying physical phenomena are complex and non-linear so an 
iterative solution approach is required. The most popular solution procedures are the 
TDMA line-by-line solver of the algebraic equations and the SIMPLE algorithm to 
ensure correct linkage between pressure and velocity. Commercial codes may also 
give the user a selection of further, more recent, techniques such as Stone's algorithm 
and conjugate gradient methods. 


Post-processor 


As in pre-processing a huge amount of development work has recently taken place in 
the post-processing field. Owing to the increased popularity of engineering 
workstations, many of which have outstanding graphics capabilities, the leading 
CFD packages are now equipped with versatile data visualisation tools. These 
include: 


Domain geometry and grid display 

Vector plots 

Line and shaded contour plots 

2D and 3D surface plots 

Particle tracking 

View manipulation (translation, rotation, scaling etc.) 
Colour postscript output 


More recently these facilities may also include animation for dynamic result display 
and in addition to graphics all codes produce trusty alphanumeric output and have 
data export facilities for further manipulation external to the code. As in many other 
branches of CAE the graphics output capabilities of CFD codes have revolutionised 
the communication of ideas to the non-specialist. 


Problem solving with CFD 


In solving fluid flow problems we need to be aware that the underlying physics is 
complex and the results generated by a CFD code are at best as good as the physics 
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(and chemistry) embedded in it and at worst as good as its operator. Elaborating on 
the latter issue first, the user of a code must have skills in a number of areas. Prior to 
setting up and running a CFD simulation there is a stage of identification and 
formulation of the flow problem in terms of the physical and chemical phenomena 
that need to be considered. Typical decisions that might be needed are whether to 
model a problem in two or three dimensions, to exclude the effects of ambient 
temperature or pressure variations on the density of an air flow, to choose to solve 
the turbulent flow equations or to neglect the effects of small air bubbles dissolved in 
tap water. To make the right choices requires good modelling skills, because in all 
but the simplest problems we need to make assumptions to reduce the complexity to 
a manageable level whilst preserving the salient features of the problem in hand. It is 
the appropriateness of the simplifications introduced at this stage that at least partly 
governs the quality of the information generated by CFD, so the user must 
continually stay aware of all the assumptions, clear-cut and tacit ones, that have been 
made. 

A good understanding of the numerical solution algorithm is also crucial. Three 
mathematical concepts are useful in determining the success or otherwise of such 
algorithms: convergence, consistency and stability. Convergence is the property ofa 
numerical method to produce a solution which approaches the exact solution as the 
grid spacing, control volume size or element size is reduced to zero. Consistent 
numerical schemes produce systems of algebraic equations which can be 
demonstrated to be equivalent to the original governing equation as the grid 
spacing tends to zero. Stability is associated with damping of errors as the numerical 
method proceeds. If a technique is not stable even roundoff errors in the initial data 
can cause wild oscillations or divergence. 

Convergence is usually very difficult to establish theoretically and in practice we 
use Lax's equivalence theorem which states that for linear problems a necessary and 
sufficient condition for convergence is that the method is both consistent and stable. 
In CFD methods this theorem is of limited use since we shall see in Chapter 2 that 
the governing equations are non-linear. In such problems consistency and stability 
are necessary conditions for convergence, but not sufficient. 

Our inability to prove conclusively that a numerical solution scheme is 
convergent is perhaps somewhat unsatisfying from a theoretical standpoint, but 
we need not be too concerned since the process of making the mesh spacing very 
close to zero is not feasible on computing machines with a finite representation of 
numbers (eight digits on Real*4). Roundoff errors would swamp the solution long 
before a grid spacing of zero is actually reached. Engineers need CFD codes that 
produce physically realistic results with good accuracy in simulations with finite 
(sometimes quite coarse) grids. Patankar (1980) has formulated rules which yield 
robust finite volume calculation schemes. These are discussed further in Chapter 5; 
here we highlight three crucial properties of robust methods: conservativeness, 
boundedness and transportiveness. 

The finite volume approach guarantees local conservation of a fluid property ó 
for each control volume. Numerical schemes which possess the conservativeness 
property also ensure global conservation of the fluid property for the entire domain. 
This is clearly important physically and is achieved by means of consistent 
expressions for fluxes of $ through the cell faces of adjacent control volumes. The 
boundedness property is akin to stability and requires that in a linear problem 
without sources the solution is bounded by the maximum and minimum boundary 
values of the flow variable. Boundedness can be achieved by placing restrictions on 
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the magnitude and signs of the coefficients of the algebraic equations. Although flow 
problems are non-linear it is important to study the boundedness of a finite volume 
scheme for closely related, but linear, problems. 

Finally all flow processes contain effects due to convection and diffusion. In 
diffusive phenomena, such as heat conduction, a change of temperature at one 
location affects the temperature in more or less equal measure in all directions 
around it. Convective phenomena involve influencing exclusively in the flow 
direction so that a point only experiences effects due to changes at upstream 
locations. Finite volume schemes with the transportiveness property must account 
for the directionality of influencing in terms of the relative strength of diffusion to 
convection. 

Conservativeness, boundedness and transportiveness are designed into all finite 
volume schemes and have been widely shown to lead to successful CFD simulations. 
Therefore, they are now commonly accepted as alternatives for the more 
mathematically rigorous concepts of convergence, consistency and stability. Good 
CFD often involves a delicate balancing act between solution accuracy and stability. 
The user needs a thorough appraisal of the extent to which conservativeness, 
boundedness and transportiveness requirements are satisfied by a code. 

Performing the actual CFD computation itself requires operator skills of a 
different kind. Specification of the domain geometry and grid design are the main 
tasks at the input stage and subsequently the user needs to obtain a successful 
simulation result. The two aspects that characterise such a result are convergence of 
the iterative process and grid independence. The solution algorithm is iterative in 
nature and in a converged solution the so-called residuals — measures of the overall 
conservation of the flow properties — are very small. Progress towards a converged 
solution can be greatly assisted by careful selection of the settings of various 
relaxation factors and acceleration devices. There are no straightforward guidelines 
for making these choices since they are problem dependent. Optimisation of the 
solution speed requires considerable experience with the code itself, which can only 
be acquired by extensive use. There is no formal way of estimating the errors 
introduced by inadequate grid design for a general flow. Good initial grid design 
relies largely on an insight into the expected properties of the flow. A background in 
the fluid dynamics of the particular problem certainly helps and experience with 
gridding of similar problems is also invaluable. The only way to eliminate errors due 
to the coarseness of a grid is to perform a grid dependence study, which is a 
procedure of successive refinement of an initially coarse grid until certain key results 
do not change. Then the simulation is grid independent. A systematic search for 
grid-independent results forms an essential part of all high quality CFD studies. 

Every numerical algorithm has its own characteristic error patterns. Well-known 
CFD euphemisms for the word error are terms such as numerical diffusion, false 
diffusion or even numerical flow. The likely error patterns can only be guessed on 
the basis of a thorough knowledge of the algorithms. At the end of a simulation the 
user must make a judgement whether the results are ‘good enough’. It is impossible 
to assess the validity of the models of physics and chemistry embedded in a program 
as complex as a CFD code or the accuracy of its final results by any means other 
than comparison with experimental test work. Anyone wishing to use CFD in a 
serious way must realise that it is no substitute for experimentation, but a very 
powerful additional problem-solving tool. Validation of a CFD code requires highly 
detailed information concerning the boundary conditions of a problem and generates 
a large volume of results. To validate these in a meaningful way it is necessary to 
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produce experimental data of similar scope. This may involve a programme of point 
flow velocity measurements with hot-wire or laser Doppler anemometry. However, if 
the environment is too hostile for such delicate laboratory equipment or if it is 
simply not available, static pressure and temperature measurements complemented 
by pitot-static tube traverses can also be useful to validate some aspects of a flow 
field. 

Sometimes the facilities to perform experimental work may not (yet) exist in 
which case the CFD user must rely on (i) previous experience, (ii) comparisons with 
analytical solutions of similar but simpler flows and (iii) comparisons with high 
quality data from closely related problems reported in the literature. Excellent 
sources of the last type of information can be found in Transactions of the ASME (in 
particular the Journal of Fluids Engineering, Journal of Engineering for Gas 
Turbines and Power and Journal of Heat Transfer), AIAA Journal, Journal of Fluid 
Mechanics and Proceedings of the IMechE. 

CFD computation involves the creation of a set of numbers that (hopefully) 
constitutes a realistic approximation of a real-life system. One of the advantages of 
CFD is that the user has an almost unlimited choice of the level of detail of the 
results, but in the prescient words of C. Hastings (1955), written in pre-IT days: ‘The 
purpose of computing is insight not numbers’. The underlying message is rightly 
cautionary. We should make sure that the main outcome of any CFD exercise 1s 
improved understanding of the behaviour of a system, but since there are no cast iron 
guarantees with regard to the accuracy of a simulation we need to validate our results 
frequently and stringently. 

It is clear that there are guidelines for good operating practice which can assist the 
user of a CFD code and repeated validation plays a key role as the final quality 
control mechanism. However, the main ingredients for success in CFD are 
experience and a thorough understanding of the physics of fluid flows and the 
fundamentals of the numerical algorithms. Without these it is very unlikely that the 
user gets the best out of a code. It is the intention of this book to provide all the 
necessary background material for a good understanding of the internal workings of 
a CFD code and its successful operation. 


Scope of this book 


This book seeks to present all the fundamental material needed for a good simulation 
of fluid flows by means of the finite volume method and is split into two parts. The 
first part, consisting of Chapters 2 and 3, is concerned with the fundamentals of fluid 
flows in three dimensions and turbulence. The treatment starts with the derivation of 
the governing partial differential equations of fluid flows in Cartesian co-ordinates. 
We stress the commonalties in the resulting conservation equations and arrive at the 
so-called transport equation which is the basic form for the development of the 
numerical algorithms that are to follow. Moreover, we look at the auxiliary 
conditions required to specify a well-posed problem from a general perspective and 
quote a set of recommended boundary conditions and a number of derived ones that 
are useful in CFD practice. Chapter 3 represents the development of the concepts of 
turbulence that are necessary for a full appreciation of the finer details of CFD in 
many engineering applications. We look at the physics of turbulence and the 
characteristics of some simple turbulent flows and at the consequences of the 
appearance of the random fluctuations on the flow equations. The resulting equations 
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are not a closed or solvable set unless we introduce a turbulence model. We discuss 
the principal turbulence models that are used in industrial CFD, focusing our 
attention on the k-e model which is very popular in general purpose flow 
computations. Some of the more recent developments that are likely to have a major 
impact on CFD in the near future are also reviewed. 

Readers who are already familiar with the derivation of the three-dimensional 
flow equations can move on to section 2.4. without loss of continuity. Apart from the 
discussion of the k—e turbulence model, to which we return later, the material in 
Chapters 2 and 3 is largely self-contained. This allows the use of this book by those 
wishing to concentrate principally on the numerical algorithms, but requiring an 
overview of the fluid dynamics and the mathematics behind it for occasional 
reference in the same text. 

The second part of the book is devoted to the numerical algorithms of the finite 
volume method and covers the remaining Chapters 4 to 10. Discretisation schemes 
and solution procedures for steady flows are discussed in Chapters 4 to 7. Chapter 4 
describes the basic approach and derives the central difference scheme for diffusion 
phenomena. In Chapter 5 we emphasise the key properties of discretisation schemes, 
conservativeness, boundedness and transportiveness, which are used as a basis for 
the further development of the upwind, hybrid and QUICK schemes for the 
discretisation of convective terms. The non-linear nature of the underlying flow 
phenomena and the linkage between pressure and velocity in variable density fluid 
flows requires special treatment which is the subject of Chapter 6. We introduce the 
SIMPLE algorithm and some of its more recent derivatives and also discuss the 
PISO algorithm. In Chapter 7 we describe the TDMA algorithm for the solution of 
the systems of algebraic equations that appear after the discretisation stage. 

The theory behind all the numerical methods is developed around a set of worked 
examples which can be easily programmed on a PC. This presentation gives the 
opportunity for a detailed examination of all aspects of the discretisation schemes, 
which form the basic building blocks of practical CFD codes, including the 
characteristics of their solutions. 

In Chapter 8 we assess the advantages and limitations of various schemes to deal 
with unsteady flows and Chapter 9 completes the development of the numerical 
algorithms by considering the practical implementation of the most common 
boundary conditions in the finite volume method. 

The book is primarily aimed at supporting those who have access to a CFD 
package, so that the issues raised in the text can be explored in greater depth. 
Readers without access to a commercial CFD package can acquire the renowned 
TEAM CFD code free of charge from the public domain software bank HENSA. 
The solution procedures in this book are nevertheless sufficiently well documented 
for the interested reader to be able to start developing a CFD code from scratch. 

In Chapter 10 we discuss ways in which advanced additional features such as 
models of combustion and buoyancy effects can be incorporated into a CFD code 
and evaluate the advantages of body-fitted co-ordinate systems. Finally we illustrate 
the application of the techniques developed in the previous chapters by means of a 
series of examples ranging from a benchmark test to the very complex subject of fire 
modelling. These clearly demonstrate the power of the finite volume method when 
used with appropriate backup of experimental validations. 
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Conservation Laws of Fluid Motion 
and Boundary Conditions 


In this chapter we develop the mathematical basis for a comprehensive general 
purpose model of fluid flow and heat transfer from the basic principles of 
conservation of mass, momentum and energy. This leads to the governing equations 
of fluid flow and a discussion of the necessary auxiliary conditions — initial and 
boundary conditions. The main issues covered in this context are: 


e Derivation of the system of partial differential equations (PDEs) that govern flows 
in Cartesian (x, y, z) co-ordinates 

e Thermodynamic equations of state 

e Newtonian model of viscous stresses leading to the Navier-Stokes equations 

e Commonalities between the governing PDEs and the definition of the transport 
equation 

e Integrated forms of the transport equation over a finite time interval and a finite 
control volume 

e Classification of physical behaviours into three categories: elliptic, parabolic and 

hyperbolic 

Appropriate boundary conditions for each category 

Classification of fluid flows 

Auxiliary conditions for viscous fluid flows 

Problems with boundary condition specification in high Reynolds number and 

high Mach number flows 


Governing equations of fluid flow and heat transfer 


The governing equations of fluid flow represent mathematical statements of the 
conservation laws of physics. 


e The mass of a fluid is conserved. 

e The rate of change of momentum equals the sum of the forces on a fluid particle 
(Newton's second law). 

e The rate of change of energy is equal to the sum of the rate of heat addition to and 
the rate of work done on a fluid particle (first law of thermodynamics). 


Fig. 2. Fluid element 
for conservation laws 
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The fluid will be regarded as a continuum. For the analysis of fluid flows at 
macroscopic length scales (say 1 um and larger) the molecular structure of matter 
and molecular motions may be ignored. We describe the behaviour of the fluid in 
terms of macroscopic properties, such as velocity, pressure, density and temperature, 
and their space and time derivatives. These may be thought of as averages over 
suitably large numbers of molecules. A fluid particle or point in a fluid is then the 
smallest possible element of fluid whose macroscopic properties are not influenced 
by individual molecules. 

We consider such a small element of fluid with sides ôx, dy and óz (Figure 2.1). 





The six faces are labelled N, S, E, W, T, B which stands for North, South, East, 
West, Top and Bottom. The positive directions along the co-ordinate axes are also 
given. The centre of the element is located at position (x, y, z). A systematic account 
of changes in the mass, momentum and energy of the fluid element due to fluid flow 
across its boundaries and, where appropriate, due to the action of sources inside the 
element, leads to the fluid flow equations. 

All fluid properties are functions of space and time so we would strictly need to 
write p(x,y,z, t), pG, y, z, t), T(x,y,z,t) and u(x,y,z,t) for the density, pressure, 
temperature and the velocity vector respectively. To avoid unduly cumbersome 
notation we will not explicitly state the dependence on space co-ordinates and time. 
For instance, the density at the centre (x, y, z) of a fluid element at time ¢ is denoted 
by p and the x-derivative of, say, pressure p at (x,y,z) and time t by Op/Ox. This 
practice will also be followed for all other fluid properties. 

The element under consideration is so small that fluid properties at the faces can 
be expressed accurately enough by means of the first two terms of a Taylor series 
expansion. So, for example, the pressure at the E and W faces, which are both at a 
distance of 1/26x from the element centre, can be expressed as 


Op 
p——vtdx and px 


Mass conservation in three dimensions 


The first step in the derivation of the mass conservation equation is to write down a 
mass balance for the fluid element. 


Rate of increase Net rate of flow 


of mass in = of mass into 
fluid element fluid element 
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Fig. 2.2 Mass flows in 
and out of fluid element 


The rate of increase of mass in the fluid element 1s 
ð Op 
— (pdxdydz) = — óxóyó 2.1 
= (pôxòyòz) = F- ôxôyðz (2.1) 


Next we need to account for the mass flow rate across a face of the element which is 
given by the product of density, area and the velocity component normal to the face. 
From Figure 2.2 it can be seen that the net rate of flow of mass into the element 
across its boundaries is given by 


aoe ə 
CM EA Y (pu - 209 s ais - (ou + (pu) T 
XL 








4- X Ox 
O(pv) O(pv) 
+ (o -5 jo) óxóz — (o + y + dy | dxdz 
+ (ow — dv) jas) ÓxÓy — (> + we) jas) óxóy (2.2) 
z z 


Flows which are directed into the element produce an increase of mass in the 
element and get a positive sign and those flows that are leaving the element are given 
a negative sign. 





The rate of increase of mass inside the element (2.1) is now equated to the net rate 
of flow of mass into the element across its faces (2.2). All terms of the resulting mass 
balance are arranged on the left hand side of the equals sign and the expression is 
divided by the element volume óxóyóz. 

This yields 


Op , (pu) alev) _ Wew) _ 4 (2.3) 








Ot Ox Oy Oz 


or in more compact vector notation 


(2.4) 





Equation (2.4) is the unsteady, three-dimensional mass conservation or 
continuity equation at a point in a compressible fluid. The first term on the left 
hand side is the rate of change in time of the density (mass per unit volume). The 


2.1.2 
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second term describes the net flow of mass out of the element across its boundaries 
and is called the convective term. 

For an incompressible fluid (i.e. a liquid) the density p is constant and equation 
(2.4) becomes 


divu — 0 (2.5) 
or in longhand notation 

Ou Ov Ow 

“4747 -=9 2.6 

ax Oy Oz (2.6) 


Rates of change following a fluid particle and for a fluid element 


The momentum and energy conservation laws make statements regarding the 
changes of properties of a fluid particle. Each property of such a particle is a function 
of the position (x, y,z) of the particle and time f. Let the value of a property per unit 
mass be denoted by œ. The total or substantive derivative of $ with respect to time 
following a fluid particle, written as Dó/Dt, is 

Dó öp 0$ dx OQ dy Od dz 


Dt ðt Ox dt Oy dt” Oz dt 


A fluid particle follows the flow, so dx/dt — u, dy/dt — v and dz/dt — w. Hence the 
substantive derivative of @ is given by 

Dé Odd Od Op Od Od 

D ort ot ay "gp gp gd é (2.7) 
Dó/Dt defines the rate of change of property œ per unit mass. As in the case of the 
mass conservation equation we are interested in developing equations for rates of 
change per unit volume. The rate of change of property $ per unit volume for a fluid 
particle is given by the product of D@/Dt and density p, hence 


D ð n 

The most useful forms of the conservation laws for fluid flow computation are 
concerned with changes of a flow property for a fluid element which is stationary in 
space. The relationship between the substantive derivative of $, which follows a 
fluid particle, and rate of change of $ for a fluid element is now developed. 

The mass conservation equation contains the mass per unit volume (i.e. the 
density p) as the conserved quantity. The sum of the rate of change of density and 
the convective term in the mass conservation equation (2.4) for a fluid element is 


Op 
Ot 
The generalisation of these terms for an arbitrary conserved property is 


0(pó) , .. 
3r + div(pou) (2.9) 


Formula (2.9) expresses the rate of change of $ per unit volume plus the net flow of 
o out of the fluid element per unit volume. It is now re-written to illustrate its 


+ div( pu) 
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relationship with the substantive derivative of @: 


Hd) + div(póu) = p E +u- grad ó +o B + divou) =p oe 


Ot Ot t 
(2.10) 


The term $[0p/Ot + div(pu)] is equal to zero by virtue of mass conservation (2.4). 
In words, relationship (2.10) states 


Rate of increase Net rate of flow Rate of increase 
of $ of + of $ out of = of $ fora 


fluid element fluid element fluid particle 





To construct the three components of the momentum equation and the energy 
equation the relevant entries for $ and their rates of change per unit volume as 
defined in (2.8) and (2.10) are given below: 


nr 
x-momentum p — 
Dt 
D O(pv 
D o 
DE | O(pE) 
E E — iv( pE 


Both the conservative (or divergence) form and non-conservative form of the rate of 
change can be used as alternatives to express the conservation of a physical quantity. 
The non-conservative forms are used in the derivations of momentum and energy 
equations for a fluid flow in sections 2.4 and 2.5 for brevity of notation and to 
emphasise that the conservation laws are fundamentally conceived as statements that 
apply to a particle of fluid. In the final section 2.8 we shall return to the conservative 
form which is used in finite volume CFD calculations. 


















o 








Momentum equation in three dimensions 


Newton's second law states that the rate of change of momentum of a fluid particle 
equals the sum of the forces on the particle. 


Rate of increase Sum of forces 
of momentum of — on 


fluid particle fluid particle 





Fig. 2.3 Stress 
components on three faces 
of fluid element 


Fig. 2.4 Stress 
components in the 
x-direction 
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The rates of increase of x-, y- and z- momentum per unit volume of a fluid particle 
are given by 
Du Dv Dw 


— — — 2.11 
p p PT (2.11) 


We distinguish two types of forces on fluid particles: 


e surface forces pressure forces 
— viscous forces 
gravity force 

— centrifugal force 
— Coriolis force 


— electromagnetic force 


e body forces 


It is common practice to highlight the contributions due to the surface forces as 
separate terms in the momentum equation and to include the effects of body forces 
as source terms. 

The state of stress of a fluid element is defined in terms of the pressure and the 
nine viscous stress components shown in Figure 2.3. The pressure, a normal stress, 
is denoted by p. Viscous stresses are denoted by t. The usual suffix notation 1j; is 
applied to indicate the direction of the viscous stresses. The suffices i and j in ty 
indicate that the stress component acts in the j-direction on a surface normal to the 
i-direction. | 





First we consider the x-components of the forces due to pressure p and stress 
components Tex, Tyx and 74, shown in Figure 2.4. The magnitude of a force resulting 
from a surface stress is the product of stress and area. Forces aligned with the 
direction of a co-ordinate axis get a positive sign and those in the opposite direction 
a negative sign. The net force in the x-direction is the sum of the force components 
acting in that direction on the fluid element. 
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On the pair of faces (E, W) we have 


Op , Ot | 
|(r A jx) — (s. E jx) Lye 


Op , Oty | 
E(t)» (oot) 


Op Otx 
= | —-— + — ] 6x0 2.12 
( 3x t E yóz (2.12a) 


The net force in the x-direction on the pair of faces (N, S) is 





OT yx OTyx x 
— (s. — 5. iy) óxOz + (v. + 3 i») Óxóz = 2 OxOVOZ 


(2.12b) 


Finally the net force in the x-direction on faces T and B is given by 





Oz 


The total force per unit volume on the fluid due to these surface stresses is equal to 
the sum of (2.12a), (2.12b) and (2.12c) divided by the volume OxO OZ: 


O(—p + tx) + tx.) 4 Ote ta 
Ox Oy Oz 


Without considering the body forces in further detail their overall effect can be 
included by defining a source Sm of x-momentum per unit volume per unit time. 

The x-component of the momentum equation is found by setting the rate of 
change of x-momentum of the fluid particle (2.11) equal to the total force in the 
x-direction on the element due to surface stresses (2.13) plus the rate of increase of 
x-momentum due to sources: 


—{ tx — Itz 5 6z | dxdy + | Tx + Ota. 50z |óxóy = Pta 5. 5y52 (2.12c) 
Oz Oz 


(2.13) 


Du O(—pttx) Ty | Otz 


LM AEP T Teo | OO UE Su 2.14 
P Di Ox toy tS, 7M (2.14a) 





It is not too difficult to verify that the y-component of the momentum equation is 
given by 


(2.14b) 





(2.14c) 





The sign associated with the pressure is opposite to that associated with the normal 
viscous stress, because the usual sign convention takes a tensile stress to be the 
positive normal stress so that the pressure, which is by definition a compressive 
normal stress, has a minus sign. 
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The effects of surface stresses are accounted for explicitly; the source terms $45, 
Sy, and Smz in (2.14a—c) include contributions due to body forces only. For example, 
the body force due to gravity would be modelled by Sy, — 0, Sy, — 0 and 
Suz = —pg. 


Energy equation in three dimensions 


The energy equation is derived from the first law of thermodynamics which states 
that the rate of change of energy of a fluid particle is equal to the rate of heat addition 
to the fluid particle plus the rate of work done on the particle. 


Rate of increase Net rate of Net rate of work 


of energy of = heat added to + done on 
fluid particle fluid particle fluid particle 





As before we will be deriving an equation for the rate of increase of energy of a 
fluid particle per unit volume which is given by 
DE 
—— 2.15 
PT (2.15) 


Work done by surface forces 


The rate of work done on the fluid particle in the element by a surface force is 
equal to the product of the force and velocity component in the direction of the force. 
For example, the forces given by (2.12a-c) all act in the x-direction. The work done 
by these forces is given by 


I - Au) jas) - (sun - Aet) jas) 
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The net rate of work done by these surface forces acting in the x-direction is given by 
[Apt eo] Own), Aer 
Ox Oy Oz 
Surface stress components in the y- and z-direction also do work on the fluid particle. 
A repetition of the above process gives the additional rates of work done on the fiuid 
particle due to the work done by these surface forces: 
po n 9|v(-p * t»)] | 9(vo) 


Ox ay + 2d ÓxÓyóz (2. 16b) 


Óxóyóz (2.16a) 


and 
Abeta), Oris) , Ap sa 


Ox Dy Az | Óxóyóz (2.16c) 
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The total rate of work done per unit volume on the fluid particle by all the surface 
forces is given by the sum of (2.16a—c) divided by the volume óxóyóz. The terms 
containing pressure can be collected together and written more compactly in vector 
form: 


This yields the following total rate of work done on the fluid particle by surface 














stresses: 
. O(uty) O (uT) O(utz) O(vt,) (vt) 
O(vtzy) O(wty;) O(wrye) O(wtz) 
t-g ta y 5t (2.17) 


Energy flux due to heat conduction 


The heat flux vector q has three components qx, qy and g, (Figure 2.5). 


Fig. 2.5 Components of 
the heat flux vector 





i The net rate of heat transfer to the fluid particle due to heat flow in the x- 
y direction is given by the difference between the rate of heat input across face W and 
the rate of heat loss across face Æ: 


his \ qx | 04 
(a ax 2 x) (a. + 2 jx), Óyóz = EN Óxóyóz (2.182) 


Similarly, the net rates of heat transfer to the fluid due to heat flows in the y- and z- 
direction are 











ð 0q; 
— ot §x5y5z and — = OxOVOZ (2.18b-c) 


The total rate of heat added to the fluid particle per unit volume due to heat flow 
across its boundaries is the sum of (2.18a—c) divided by the volume óxóyóz 


x Q zZ 
0d. dy Od. dq (2.19) 
Z 





Fouriers law of heat conduction relates the heat flux to the local temperature 
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gradient. So 
OT OT OT 
x = —k — = —k — z = —k — 
1 Ox dy Oy 4 az 
This can be written in vector form as follows: 
q = —k grad T (2.20) 


Combining (2.19) and (2.20) yields the final form ofthe rate of heat addition to the 
fluid particle due to heat conduction across element boundaries: 


—div q — div(k grad T) (2.21) 


Energy equation 


Thus far we have not defined the specific energy F of a fluid. Often the energy of 
a fluid is defined as the sum of internal (thermal) energy i, kinetic energy 
3 (u? + v^ + w^) and gravitational potential energy. This definition takes the view 
that the fluid element is storing gravitational potential energy. It is also possible to 
regard the gravitational force as a body force which does work on the fluid element 
as it moves through the gravity field. 

Here we shall take the latter view and include the effects of potential energy 
changes as a source term. As before we define a source of energy Sg per unit volume 
per unit time. Conservation of energy of the fluid particle is ensured by equating the 
rate of change of energy of the fluid particle (2.15) to the sum of the net rate of work 
done on the fluid particle (2.17) and the net rate of heat addition to the fluid (2.21) 
and the rate of increase of energy due to sources. The energy equation is 


DE OUT xx) 
p — div(pu) + Ax 


Dt 
Oy Oz Ox 
+ div(k grad T) + Sc (2.22) 





In equation (2.22) we have E = i - 1(? + v^ +w’). 

Although (2.22) is a perfectly adequate energy equation it is common practice to 
extract the changes of the (mechanical) kinetic energy to obtain an equation for 
internal energy i or temperature 7: The part of the energy equation attributable to the 
kinetic energy can be found by multiplying the x-momentum equation (2.14a) by 
velocity component u, the y-momentum equation (2.14b) by v and the z-momentum 
equation (2.14c) by w and adding the results together. It can be shown that this yields 
the following conservation equation for the kinetic energy: 
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Subtracting (2.23) from (2.22) and defining a new source term as S; = Sg — u.Sy 
yields the internal energy equation 
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In the special case of an incompressible fluid we have i = cT, where c is the specific 
heat, and div u = 0. This allows us to recast equation (2.24) into a temperature 
equation 


DT o Ó 
pc Dr — div(k grad T) E SE 


(2.25) 





For compressible flows equation (2.22) is often re-arranged to give an equation for 
the enthalpy. The specific enthalpy ^ and the specific total enthalpy Ao of a fluid are 
defined as 


h=i+p/p and hh=h+i(W+v+w’) 
Combining these two definitions with the one for specific energy E we get 
ho =i+p/p +} +y +w) =E+p/p (2.26) 


Substituting of (2.26) into equation (2.22) and some re-arrangement yields the 
(total) enthalpy equation 
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It should be stressed that equations (2.24), (2.25) and (2.27) are not new (extra) 
conservation laws but merely alternative forms of the energy equation (2.22). 
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Equations of state 


The motion of a fluid in three dimensions is described by a system of five partial 
differential equations: mass conservation (2.4), x-, y- and z-momentum equations 
(2.14a—c) and energy equation (2.22). Among the unknowns are four thermo- 
dynamic variables: p, p, i and T. In this brief discussion we point out the linkage 
between these four variables. Relationships between the thermodynamic variables 
can be obtained through the assumption of thermodynamic equilibrium. The fluid 
velocities may be large, but they are usually small enough that, even though the 
properties of a fluid particle change rapidly from place to place, the fluid can 
thermodynamically adjust itself to new conditions so quickly that the changes are 
effectively instantaneous. Thus the fluid always remains in thermodynamic 
equilibrium. The only exceptions are certain flows with strong shockwaves, but 
even some of those are often well enough approximated by equilibrium assumptions. 

We can describe the state of a substance in thermodynamic equilibrium by means 
of just two state variables. Equations of state relate the other variables to the two 
state variables. If we use p and T as state variables we have state equations for 
pressure p and specific internal energy i: 


p-—p(p,T) and i=i(p, T) (2.28) 
For a perfect gas the following, well-known, equations of state are useful: 
p=pRT and i-CGT (2.29) 


The assumption of thermodynamic equilibrium eliminates all but the two 
thermodynamic state variables. In the flow of compressible fluids the equations 
of state provide the linkage between the energy equation on the one hand and mass 
conservation and momentum equations on the other. This linkage arises through the 
possibility of density variations as a result of pressure and temperature variations in 
the flow field. 

Liquids and gases flowing at low speeds behave as incompressible fluids. 
Without density variations there is no linkage between the energy equation and the 
mass conservation and momentum equations. The flow field can often be solved by 
considering mass conservation and momentum equations only. The energy equation 
only needs to be solved alongside the others if the problem involves heat transfer. 
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The governing equations contain as further unknowns the viscous stress components 
tjj. The most useful forms of the conservation equations for fluid flows are obtained 
by introducing a suitable model for the viscous stresses ty. In many fluid flows the 
viscous stresses can be expressed as functions of the local deformation rate (or strain 
rate). In three-dimensional flows the local rate of deformation is composed of the 
linear deformation rate and the volumetric deformation rate. 

All gases and many liquids are isotropic. Liquids which contain significant 
quantities of polymer molecules may exhibit anisotropic or directional viscous stress 
properties as a result of the alignment of the chain-like polymer molecules with the 
flow. Such fluids are beyond the scope of this introductory course and we shall 
continue the development by assuming that the fluids are isotropic. 
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The rate of linear deformation of a fluid element has nine components in three 
dimensions, six of which are independent in isotropic fluids (Schlichting, 1979). 
They are denoted by the symbol ej. The suffix system is identical to that for stress 
components (see section 2.4). There are three linear elongating deformation 


components: 
Cx = Ou Ey = Ov ez = Ow (2.30a) 
Ox » y 7 ^ Oz no 
There are also six shearing linear deformation components: 
| 4,(9u , 0v [ðu Ow 
€xy = €x = 2 ay | Ox €y; = Ex = 5 on! Ox 
Cy, = Cx = (S + ar) (2.30b) 
Oz Oy 
The volumetric deformation is given by 
Ou Ov Ow 
— —-— = di 2.30c 
Ox T Oy + Oz Mis 


In a Newtonian fluid the viscous stresses are proportional to the rates of 
| deformation. The three-dimensional form of Newton's law of viscosity for 
compressible flows involves two constants of proportionality: the (first) dynamic 
viscosity, u, to relate stresses to linear deformations, and the second viscosity, A, to 
relate stresses to the volumetric deformation. The nine viscous stress components, of 
which six are independent, are 


aH oY aem 


+ eter, 
A 


Ou, ð ð 
ty = uz +À divu ty = 2u 5 + idivu ta = 2u = + Adivu 


ty =e =H Gta) te = te = Bl aT x 


ðv Ow 
Tyz = ty ZH az oy 


Not much is known about the second viscosity 4, because its effect is small in 
practice. For gases a good working approximation can be obtained by taking the 
value A= —tu (Schlichting, 1979). Liquids are incompressible so the mass 
conservation equation is div u — 0 and the viscous stresses are just twice the local 
rate of linear deformation times the dynamic viscosity. 
Substitution of the above shear stresses (2.31) into (2.14a-c) yields the so-called 
.  , Navier-Stokes equations named after the two 19th century scientists who derived 
D ^ them independently: 


(2.31) 


Du ð ð 
p—=-S4+—]2 


Dt | OÓx Ox 
(2.32a) 
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Dv | Op ð Ou Ov ð Qv 
TCR a + ) +2 fou Z+ Aaval 


dy Ox]| Oy| dy 


— l^ e + 3.) + Suy (2.32b) 





Dw | op ôf (du, aw 
PD az Ox" Oz Ox 
o p, ov 


+ p» 2 z +A div 1 + Su (2.32c) 





Often it is useful to re-arrange the viscous stress terms as follows: 


Bonn] Sb e] tee) 
ax ^" ax me Oy H Oy Ox az |"\az | x 
o Qu o Qu o Qu 
"x x) * 5) ENE) 
ð Ou ð Ov o Ow 
m) (Hae) ta (^x) 


ð 
+ EN (A div u) = div(u grad u) + sux 


The viscous stresses in the y- and z-component equations can be re-cast in a similar 
manner. We clearly intend to simplify the momentum equations by ‘hiding’ the two 
smaller contributions to the viscous stress terms in the momentum source. Defining 


a new source by 

Su = Su + SM (2.33) 
the Navier-Stokes equations can be written in the most useful form for the 
development of the finite volume method: 


Du Op 
Pap = A + div(u grad u) + Sw (2.34a) 


ð 
= — iy + div(u grad v) + Sy, (2.34b) 


7 
- = + div(u grad w) + y. (2.34c) 





If we use the Newtonian model for viscous stresses in the internal energy equation 
(2.24) we obtain after some re-arrangement 


Di 
P> =P div u + div(k grad T) + 9 + S; (2.35) 
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2.4 


Table 2.1 Governing 
equations of the flow of 
a compressible 
Newtonian fluid 


All the effects due to viscous stresses in this internal energy equation are described 
by the dissipation function ® which, after considerable algebra, can be shown to be 


equal to 
o ON N AN] a (9e, 09V 
-HMV X) Tay) Va 3y ax 


Qu aw\” (dv 8wM ) 
Qu Ow) (9v ow A (di 2.36 
(m (zm) E (div u) (2.36) 


The dissipation function is non-negative since it only contains squared terms and 
represents a source of internal energy due to deformation work on the fluid particle. 
This work is extracted from the mechanical agency which causes the motion and is 
converted into internal energy or heat. 


Conservative form of the governing equations of 
fluid flow 


To summarize the findings thus far we quote in Table 2.1 the conservative or 
divergence form of the system of equations which governs the time-dependent three- 
dimensional fluid flow and heat transfer of a compressible Newtonian fluid. 





Mass 2p + div(pu) = 0 (2.4) 

x-momentum teu) + div(puu) = — dd + div(u grad u) + Sm (2.372) 
y-momentum uud + div(pvu) = — H + diy(u grad v) + Suy (2.37b) 
z-momentum 2v) + div(pwu) = — p + div(u grad w) + Sy; (2.37c) 


Opi 
Internal energy oe + div(piu) = —p div u + div(k grad T) + ® +S; (2.38) 


Equations of state p — p(p, T) and i= i(p, T) (2.28) 
e.g. perfect gas 
p= pRT and i = C,T (2.29) 





Momentum source Sy and dissipation function ® are defined by (2.33) and 
(2.36) respectively. 

It is interesting to note that the thermodynamic equilibrium assumption of section 
2.2 has supplemented the five flow equations (PDEs) with two further algebraic 
equations. The further introduction of the Newtonian model, which expresses the 
viscous stresses in terms of gradients of velocity components has resulted in a 
system of seven equations with seven unknowns. With an equal number of equations 
and unknown functions this system is mathematically closed, i.e. it can be solved 
provided that suitable auxiliary conditions, initial and boundary conditions, are 
supplied. 
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25 Differential and integral forms of the general transport 
equations 


It is clear from Table 2.1 that there are significant commonalities between the various 
equations. If we introduce a general variable œ the conservative form of all fluid flow 
equations, including equations for scalar quantities such as temperature and pollutant 
concentration etc., can usefully be written in the following form: 


Ap) ——— + div(pQu) = div(T grad $) + Sọ (2.39) 


In words 


Rate of increase Net rate of flow Rate of increase Rate of increase 
of dof fluid + of $ out of = of ¢ due to + of $ due to 


element fluid element diffusion sources 





The equation (2.39) is the so-called transport equation for property ¢. It clearly 
highlights the various transport processes: the rate of change term and the 
convective term on the left hand side and the diffusive term (T —diffusion 
coefficient) and the source term respectively on the right hand side. In order to bring 
out the common features we have, of course, had to hide the terms that are not shared 
between the equations in the source terms. Note that equations (2.39) can be made to 
work for the internal energy equation by changing i into 7 by means of an equation 
of state. 

The equation (2.39) is used as the starting point for computational procedures in 
the finite volume method. By setting $ equal to 1, u, v, w and i (or T or ho) and 
selecting appropriate values for the diffusion coefficient [ and source terms we 
obtain special forms of Table 2.1 for each of the five partial differential equations for 
mass, momentum and energy conservation. The key step of the finite volume 
method, which is to be developed from Chapter 4 onwards, is the integration of 
(2.39) over a three-dimensional control volume CV yielding 


| “ee dV + | div(póu)dV = | div(T grad $)dV + l Sod 


CV CV CY CV 
(2.40) 


The volume integrals in the second term on the left hand side, the convective term, 
and in the first term on the right hand side, the diffusive term, are re-written as 
integrals over the entire bounding surface of the control volume by using Gauss' 
divergence theorem. For a vector a this theorem states 


| div adV = | n . adA (2.41) 
CV 4 


The physical interpretation of n.a is the component of vector a in the direction of the 
vector n normal to surface element dA. Thus the integral of the divergence of a 
vector a over a volume is equal to the component of a in the direction normal to the 
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surface which bounds the volume summed (integrated) over the entire bounding 
surface 4. Applying Gauss' divergence theorem, equation (2.40) can be written as 
follows: 


at | pody + | n. (ppu)dA = | n. (T grad Q)dA + | S,dV 
cr 4 A CV 
(2.42) 


The order of integration and differentiation has been changed in the first term on the 
left hand side of (2.42) to illustrate its physical meaning. This term signifies the rate 
of change of the total amount of fluid property ¢ in the control volume. The 
product n.(p@u) expresses the flux component of property $ due to fluid flow along 
the outward normal vector n, so the second term on the left hand side of (2.42), the 
convective term, is therefore the net rate of decrease of fluid property ó of the 
fluid element due to convection. 

A diffusive flux is positive in the direction of a negative gradient of the fluid 
property $, i.e. along direction -grad $. For instance, heat is conducted in the 
direction of negative temperature gradients. Thus, the product n. (-I' grad 4) is the 
component of diffusion flux along the outward normal vector, and so out of the fluid 
element. Similarly, the product n. (T grad $), which is also equal to I' (Cn. (-grad 
$)), can be interpreted as a positive diffusion flux in the direction of the inward 
normal vector —n, i.e. into the fluid element. The first term on the right hand side of 
(2.42), the diffusive term, is thus associated with a flux into the element and 
represents the net rate of increase of fluid property ¢ of the fluid element due to 
diffusion. The final term on the right hand side of this equation gives the rate of 
increase of property ¢ as a result of sources inside the fluid element. 

In words, relationship (2.42) for the fluid in the control volume can be expressed 
as follows: 


Net rate of Rate of increase 
Rate of decrease of @ dueto of $ due to Net rate of 


increase of $ ` convection across diffusion across creation of ó 
the boundaries the boundaries 





This discussion clarifies that integration of the partial differential equation generates 
a statement of the conservation of a fluid property for a finite size (macroscopic) 
control volume. 

In steady state problems the rate of change term of (2.42) is equal to zero. This 
leads to the integrated form of the steady transport equation 


| n.(p$u)dA = | n.(T grad $)dA + | Sed V (2.43) 
A 


A CY 





In time-dependent problems it is also necessary to integrate with respect to time t 
over a small interval At from, say, t until t+ At. This yields the most general 
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integrated form of the transport equation: 


I5 | (po) dV ar + | | n.(pou)a4 dt 


At CV At A 


| | n. (To grad $)dA dt + | | SydV dt (2.44) 
At A At CV 
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Fig. 2.6 Steady state 
temperature distribution 
of an insulated rod 


Now that we have derived the conservation equations of fluid flows the time has 
come to turn our attention to the issue of the initial and boundary conditions which 
are needed in conjunction with the equations to construct a well-posed mathematical 
model of a fluid flow. First we distinguish two principal categories of physical 
behaviour: 


e Equilibrium problems 
e Marching problems 


Equilibrium problems 


The problems in the first category are steady state situations, e.g. the steady state 
distribution of temperature in a rod of solid material, the equilibrium stress 
distribution of a solid object under a given applied load as well as many steady fluid 
flows. These and many other steady state problems are governed by elliptic 
equations. The prototype elliptic equation is Laplace’s equation which describes the 
irrotational flow of an incompressible fluid and steady state conductive heat transfer. 
In two dimensions we have 


rp Od 

—~F,l*_9 2.45 
ax * Oy (2.45) 

A very simple example of an equilibrium problem is the steady state heat conduction 

(where $ = T in equation (2.45)) in an insulated rod of metal whose ends at x = 0 

and x = L are kept at constant, but different, temperatures Tọ and T; (Figure 2.6). 


This problem is one-dimensional and governed by the equation kd? T /dx* = 0. 
Under the given boundary conditions the temperature distribution in the x-direction 


Problem specification Solution 


T; 


Heat flux q =0 
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Fig. 2.7 Transient 
distribution of 
temperature in an 
insulated rod 


will, of course, be a straight line. A unique solution to this and all elliptic problems 
can be obtained by specifying conditions on the dependent variable (here the 
temperature or its normal derivative, the heat flux) on all the boundaries of the 
solution domain. Problems requiring data over the entire boundary are called 
boundary-value problems. 

An important feature of elliptic problems is that a disturbance in the interior of the 
solution, for example a change in temperature due to the sudden appearance of a 
small local heat source, changes the solution everywhere else. Disturbance signals 
travel in all directions through the interior solution. Consequently, the solutions to 
physical problems described by elliptic equations are always smooth even if the 
boundary conditions are discontinuous, which is a considerable advantage to the 
designer of numerical methods. To ensure that information propagates in all 
directions, the numerical techniques for elliptic problems must allow events at each 
point to be influenced by all its neighbours. 


Marching problems 


Transient heat transfer, all unsteady flows and wave phenomena are examples of 
problems in the second category, the marching or propagation problems. These 
problems are governed by parabolic or hyperbolic equations. However, not all 
marching problems are unsteady. We will see further on that certain steady flows are 
described by parabolic or hyperbolic equations. In these cases the flow direction acts 
as a time-like co-ordinate along which marching is possible. 

Parabolic equations describe time-dependent problems which involve signifi- 
cant amounts of dissipation. Examples are unsteady viscous flows and unsteady heat 
conduction. The prototype parabolic equation is the diffusion equation 

2 

9$ -— 9 (2.46) 

Ot Ox? 
The transient distribution of temperature (again @ = T) in an insulated rod of metal 
whose ends at x = 0 and x = L are kept at constant and equal temperature To is 
governed by the diffusion equation. This problem arises when the rod cools down 
after an initially uniform source is switched off at time t= 0. The temperature 
distribution at the start is a parabola with a maximum at x = L/2 (Figure 2.7). 


Problem specification Solution 


T(x, t = 0) = f(x) and 
heat flux q =0 





The steady state consists of a uniform distribution of temperature T — To 
throughout the rod. The solution of the diffusion equation (2.46) yields the 
exponential decay of the initial quadratic temperature distribution. Initial conditions 


Fig. 2.8 Vibrations of a 
string under tension 
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are needed in the entire rod and conditions on all its boundaries are required for all 
times ¢ > 0. This type of problem is termed an initial-boundary-value problem. 

A disturbance at a point in the interior of the solution region (i.e. 0 « x « L and 
time 7, > 0) can only influence events at later times £ > t; (unless we allow time 
travel!). The solutions move forward in time and diffuse in space. The occurrence of 
dissipative effects ensures that the solutions are always smooth in the interior at 
times t > 0 even if the initial conditions contain discontinuities. The steady state is 
reached as time £ — oo and is elliptic. This change of character can be easily seen by 
setting Op /Ot = 0 in equation (2.46). The governing equation is now equal to the one 
governing the steady temperature distribution in the rod. 

Hyperbolic equations dominate the analysis of vibration problems. In general 
they appear in time-dependent processes with negligible amounts of dissipation. The 
prototype hyperbolic equation is the wave equation 


Op  j,0$ 
on Ax? 
The above form of the equation governs the transverse displacement ($ = y) of a 
string under tension during small amplitude vibrations and also acoustic oscillations. 
The constant c is the wave speed. It is relatively straightforward to compute the time 
evolution of the fundamental mode of vibration of a string of length L using (2.47) . 


(2.47) 


Problem specification Solution 
X(x, f= 0) = f(x) and dy/dx(x, t = 0) =0 for first cycle 0 < t < 2L/c 


t=0, 2L/c 





y=0 y=0 
x=0 x=0 


x20 x=L 


Solutions to the wave equation (2.47) and other hyperbolic equations can be 
obtained by specifying two initial conditions on the displacement y of the string and 
one condition on all boundaries for times ¢ > 0. Thus hyperbolic problems are also 
initial-boundary-value problems. 

If the initial amplitude is given by a, the solution of this problem is 


(x, 1) = TC | (RX 

y(x, t) = acos( I ) sin( 7) 
The solution shows that the vibration amplitude remains constant, which 
demonstrates the lack of damping in the system. This absence of damping has a 
further important consequence. Consider, for example, initial conditions correspond- 
ing to a near-triangular initial shape whose apex is a section of a circle with very 
smali radius of curvature. This initial shape has a sharp discontinuity at the apex, but 
it can be represented by means of a Fourier series as a combination of sine waves. 
The governing equation is linear so each of the individual Fourier components (and 
also their sum) would persist in time without change of amplitude. The final result is 


30 
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that the discontinuity remains undiminished due to the absence of a dissipation 
mechanism to remove the kink in the slope. 

Compressible fluid flows at speeds close to and above the speed of sound exhibit 
shockwaves and it turns out that the inviscid flow equations are hyperbolic at these 
speeds. The shockwave discontinuities are manifestations of the hyperbolic nature of 
such flows. Computational algorithms for hyperbolic problems are shaped by the 
need to allow for the possible existence of discontinuities in the interior of the 
solution. 

It will be shown that disturbances at a point can only influence a limited region in 
space. The speed of disturbance propagation through an hyperbolic problem is finite 
and equal to the wave speed c. In contrast parabolic and elliptic models assume 
infinite propagation speeds. 


The role of characteristics in hyperbolic equations 


Hyperbolic equations have a special behaviour which is associated with the finite 
speed, namely the wave speed, at which information travels through the problem. 
This distinguishes hyperbolic equations from the two other types. To develop the 
ideas about the role of characteristic lines in hyperbolic problems we consider again 
a simple hyperbolic problem described by the wave equation (2.47). It can be shown 
(Open University, 1984) that a change of variables to & = x — ct andy = x + ct 
transforms the wave equation into the following standard form: 


Oo B 
ðn | 


The transformation requires repeated application of the chain rule for differentiation 
to express the derivatives of equation (2.47) in terms of the derivatives of the 
transform variables. The equation (2.48) can be solved very easily. The solution is, 
of course, (t, n) = Fi(C) + Fo(y), where F; and F can be any function. 

A return to the original variables yields the general solution of equation (2.47): 


(x, t) = Fi(x — ct) + Fo(xt+ ct) (2.49) 


The first component of the solution, function F4, is constant if x — ct is constant, and 
hence along lines of slope dt/dx = 1/c in the x-t plane. The second component F2 
is constant if x + ct is constant, so along lines of slope dt/dx = —1/c. The lines 
x — ct = const and x + ct = const are called the characteristics. Functions Fi and F> 
represent the so-called simple wave solutions of the problem which are travelling 
waves with velocities --c and —c without change of shape or amplitude. 

The particular forms of functions F, and F can be obtained from the initial and 
boundary conditions of the problem. Let us consider a very long string 
(—oo « x « oo) and let the following initial conditions hold: 





0 (2.48) 


p(x, 0) —f(x) and 04$/Ot(x, 0) = g(x) (2.50) 
Combining (2.49) and (2.50) we obtain 
Fi(x) + Fix) = f(x) and —cF(() + oF (x) = g(x) (2.51) 


It can be shown (Bland, 1988) that the particular solution of wave equation (2.47) 


Fig. 2.9 Domain of 
dependence and zone of 
influence for an 
hyperbolic problem 


Fig. 2.10 Domains of 
dependence for 

(a) hyperbolic, 

(b) parabolic and 

(c) elliptic problem 
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with initial conditions (2.50) is given by 


pa, N= seo) foe] | aas (2.52) 
x—ct 
Careful inspection of formula (2.52) shows that @ at point (x,t) in the solution 
domain depends only on the initial conditions in the interval (x — ct, x + ct). It is 
particularly important to note that this implies that the solution at (x,t) does not 
depend on initial conditions outside this interval. : 
Figure 2.9 seeks to illustrate this point. The characteristics x — ct = constant and 
x+ ct = constant through the point (x,t) intersect the x-axis at the points 
(x — ct^, 0) and (x' + ct', 0) respectively. The region in the x — t plane enclosed by 
the x-axis and the two characteristics is termed the domain of dependence. 


t 






Zone of 
influence 


Domain of 
dependence 






(x’ — ct’, 0) (x’ + ct’, 0) x 


In accordance with formula (2.52) the solution at (x’,/’) is influenced only by 
events inside the domain of dependence and not those outside. Physically this is 
caused by the limited propagation speed (equal to wave speed c) of mutual 
influences through the solution domain. Changes at the point (x’, ¢’) influence events 
at later times within the zone of influence shown in Figure 2.9, which is again 
bounded by the characteristics. 

Figure 2.10a shows the situation for the vibrations of a string fixed at x = 0 and 
x = L. For points very close to the x-axis the domain of dependence is enclosed by 
two characteristics which originate at points on the x-axis. The characteristics 
through points such as P intersect the problem boundaries. The domain of 


P(x, t) 


SY 


AN 


Domain of Domain of 
dependence Domain of dependence 


AN 


dependence 





32 Conservation laws of fluid motion and boundary conditions 


dependence of P is bounded by these two characteristics and the lines ¢ = 0, x = 0 
and x = L. 

The shape of the domains of dependence (see Figure 2.10b and c) in parabolic 
and elliptic problems is different because the speed of information travel is assumed 
to be infinite. The bold lines which demarcate the boundaries of each domain of 
dependence give the regions for which initial and/or boundary conditions are needed 
in order to be able to generate a solution at the point P(x, 1) in each case. 

The way in which changes at one point affect events at other points depends on 
whether a physical problem represents a steady state or a transient phenomenon and 
whether the propagation speed of disturbances is finite or infinite. This has resulted 
in a classification of physical behaviours, and hence attendant PDEs, into elliptic, 
parabolic and hyperbolic problems. The distinguishing features of each of the 
categories was illustrated by considering three simple prototype second-order 
equations. In the following sections we shall discuss methods of classifying more 
complex PDEs and briefly state the limitations of the computational methods that 
will be developed later in this text in terms of the classification of the flow problems 
to be solved. A summary of the main features which have been identified so far 1s 
given in Table 2.2. 


Table 2.2 Classification of physical behaviours 


Problem type 


Equilibrium 
problems 


Marching 
problems with 
dissipation 


Marching 
problems 
without 
dissipation 


Equation type Prototype equation Conditions Solution Solution 
domain smoothness 
Elliptic div grad à = 0 Boundary Closed domain Always 
conditions smooth 
Parabolic ob = a div grad à Initial and Open domain Always 
ot boundary smooth 
conditions 
, Fp a, » 
Hyperbolic a8 c div grad $ Initial and Open domain May be 
i boundary discontinuous 
conditions 


O_O 


2.8 Classification method for simple partial differential 


equations 


A practical method of classifying PDEs is developed for a general second-order PDE 
in two co-ordinates x and y. Consider 


rh Ze Po öp do 
pL pe £ yrd tte 
ag P aay ^p Ox O 


Oy 0 
At first we shall assume that the equation is linear and a, b, c, d, e, f and g are 
constants. 

The classification of a PDE is governed by the behaviour of its highest order 
derivatives, so we need only consider the second-order derivatives. The class of a 
second-order PDE can be identified by searching for possible simple wave solutions. 
If they exist this indicates an hyperbolic equation. If not the equation is parabolic or 
elliptic. 

Simple wave solutions occur if the characteristic equation (2.54) below has two 


+fotg=0 (2.53) 


Table 2.3 
Classification of linear 
second-order PDEs 
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b? — 4ac Equation type Characteristics 
20 Hyperbolic Two real characteristics 
—0 Parabolic One real characteristic 
<0 Elliptic No characteristics 
real roots: 
dyV | (dy 
a{—} —b{|—}]+c=0 2.54 
(=) (Ss eM 


The existence or otherwise of roots of the characteristic equation depends on the 
value of discriminant (b? — 4ac). Table 2.3 outlines the three cases. 

It is left as an exercise for the reader to verify the nature of the three prototype 
PDEs in section 2.6 by evaluating the discriminant. 

The classification method by searching for the roots of the characteristic equation 
also applies if the coefficients a, b and c are functions of x and y or if the equation is 
non-linear. In the latter case a, b and c may be functions of dependent variable $ or 
its first derivatives. It is now possible that the equation type differs in various regions 
of the solution domain. As an example we consider the following equation: 

Po 0$ 


Lr alc- 2.55 
"38 * y 0 (2.55) 


. We look at the behaviour within the region -1<y<1. Hence 


a = a(x,y) = y,b = 0 and c = 1. The value of discriminant (b? — 4ac) is equal to 
—4y. We need to distinguish three cases: 


e If y « 0: b^ — 4ac > 0 so the equation is hyperbolic. 
e If y — 0: b^ — 4ac = 0 so the equation is parabolic. 
e If y 5 0: b^ — 4ac < 0 hence the equation is elliptic. 


Equation (2.55) is of mixed type. The equation is locally hyperbolic, parabolic or 
elliptic depending on the value of y. For the non-linear case similar remarks apply. 
The classification of the PDE depends on the local values of a, 5 and c. 

Second-order PDEs in N independent variables (xi, x2, ..., xw) can be classified 
by re-writing them first in the following form with Aj, = Ax; : 


N N rd 
An ——-+H = 2. 
> > Ain Aag t= ° (2.56) 


j=l k=l 


Fletcher (1991) explains that the equation can be classified on the basis of the 
eigenvalues of a matrix with entries Aj. Hence we need to find values for A for 
which 


det| A; — AI] = 0 (2.57) 
The classification rules are: 


e if any eigenvalue A = 0, the equation is parabolic 

e if all eigenvalues A Æ 0 and they are all of the same sign, the equation is elliptic 

e if all eigenvalues A Æ 0 and all but one are of the same sign, the equation is 
hyperbolic 


In the cases of the Laplace equation, the diffusion equation and the wave equation it 
is simple to venfy that this method yields the same results as the solution of 
characteristic equation (2.54). 
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2.9 


Table 2.4 
Classification of the 
main categories of fluid 
flow 


Classification of fluid flow equations 


Systems of first-order PDEs with more than two independent variables are similarly 
cast in matrix form. Their classification involves finding eigenvalues of the resulting 
matrix. Systems of second-order PDEs or mixtures of first- and second-order PDEs 
can also be classified with this method. The first stage of the method involves the 
introduction of auxiliary variables which express each second-order equation in first- 
order equations. Care must be taken to select the auxiliary variables in such a way 
that the matrix which appears is non-singular. 

The Navier-Stokes equation and its reduced forms can be classified using such a 
matrix approach. The details are beyond the scope of this short introduction to the 
subject. We quote the main results in Table 2.4 and refer the interested reader to 
Fletcher (1991) for a full discussion. 








Steady flow Unsteady flow 
Viscous flow Elliptic Parabolic 
Inviscid flow M < | elliptic Hyperbolic 

M > 1 hyperbolic 
Thin shear layers Parabolic Parabolic 





The classifications in Table 2.4 are the ‘formal’ classifications of the flow 
equations. In practice many fluid flows behave in a complex way. The steady Navier- 
Stokes equations and the energy (or enthalpy) equations are formally elliptic and the 
unsteady equations are parabolic. 

The mathematical classification of inviscid flow equations is different from the 
Navier-Stokes and energy equations due to the complete absence of the (viscous) 
higher order terms. The classification of the resulting equation set depends on the 
extent to which fluid compressibility plays a role and hence on the magnitude of the 
Mach number M. The elliptic nature of inviscid flows at Mach numbers below 1 
originates from the action of pressure. If M « 1 the pressure can propagate 
disturbances at the speed of sound which is greater than the flow speed. But if 
M » 1 the fluid velocity is greater than the propagation speed of disturbances and 
the pressure is unable to influence events in the upstream direction. Limitations to 
the zone of influence are a key feature of hyperbolic phenomena, so the supersonic 
inviscid flow equations are hyperbolic. Below we shall see a simple example which 
demonstrates this behaviour. 

In thin shear layer flows all velocity derivatives in the flow (x- and z-)direction are 
much smaller than those in the cross-stream (y-)direction. Boundary layers, jets, 
mixing layers and wakes as well as fully developed duct flows fall within this 
category. In these conditions the governing equations contain only one (second- 
order) diffusion term and are therefore classified as parabolic. 

As an illustration of the complexities which may arise in inviscid flows we 
analyse the potential equation which governs steady, isentropic, inviscid, 
compressible flow past a slender body (Shapiro, 1953) with a free stream Mach 
number M,,: 


-0 (2.58) 


Fig. 2.11 Sketch of 
around an aerofoil at 
supersonic Mach free 
stream speed 


flow 
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Taking x; =x and x?;—y im equation (2.56) we have matrix elements 
Ay, =1- MZ, Aj. = Az; = 0 and Ax» = 1. To classify the equation we need to 
solve 


1-M2)-4 0 


0 1-4| 9 


det ( 
The two solutions are 4; = 1 and A, = 1 — MŽ. If the free stream Mach number is 
smaller than 1 (subsonic flow) both eigenvalues are greater than zero and the flow is 
elliptic. If the Mach number is greater than 1 (supersonic flow) the second 
eigenvalue is negative and the flow is hyperbolic. The reader is left to demonstrate 
that these results are identical to those obtained by considering the discriminant of 
characteristic equation (2.54). 

It is interesting to note that we have discovered an instance of hyperbolic 
behaviour in a steady flow where both independent variables are space co-ordinates. 
The flow direction behaves in a time-like manner in hyperbolic inviscid flows and 
also in the parabolic thin shear layers. These problems are of the marching type and 
flows can be computed by marching in the time-like direction of increasing x. 

The above example shows the dependence of the classification of compressible 
flows on the parameter Mœ. The general equations of inviscid compressible flow 
(the Euler equations) exhibit similar behaviour, but the classification parameter is 
now the local Mach number M. This complicates matters greatly when flows around 
and above M = 1 are to be computed. Such flows may contain shock discontinuities 
and regions of subsonic (elliptic) flow and supersonic (hyperbolic) flow, whose exact 
locations are not known a priori. Figure 2.11 gives a sketch of the flow around an 
aerofoil at a Mach number somewhat greater than 1. 





Auxiliary conditions for viscous fluid flow equations 


The complicated mixture of elliptic, parabolic and hyperbolic behaviours has 
implications for the way in which boundary conditions enter into a flow problem, in 
particular at locations where flows are bounded by fluid boundaries. Unfortunately 
few theoretical results regarding the range of permissible boundary conditions are 
available for compressible flows. CFD practice is guided here by physical arguments 
and the success of its simulations. The boundary conditions for a compressible 
viscous flow are given in Table 2.5. 

In the table suffices n and t indicate directions normal (outward) and tangential to 
the boundary respectively and F is the given surface stress. 

It is unnecessary to specify outlet or solid wall boundary conditions for the 
density because of the special character of the continuity equation which describes 
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Table 2.5 Boundary 


conditions for 


compressible viscous 


flow 
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(M ——— — 


Initial conditions for unsteady flows: 
e Everywhere in the solution region p, u and 7 must be given at time ¢ = 0 
Boundary conditions for unsteady and steady flows: 


e On solid walls u = u, (no-slip condition) 

T = T, (fixed temperature) or KOT /On = —qy (fixed heat flux) 
e On fluid boundaries inlet: p, u and T must be known as a function of position 

outlet: —p + pOu,/On = F, and pOu,/On = F, (stress continuity) 


—À——— —MM HM MÓ—— E T ——— ——— —— ————— 


the changes of density experienced by a fluid particle along its path for a known 
velocity field. At the inlet the density needs to be known. Everywhere else the 
density emerges as part of the solution and no boundary values need to be specified. 
For an incompressible viscous flow there are no conditions on the density, but all ` 
the other above conditions apply without modification. 

Commonly outflow boundaries are positioned at locations where the flow is 
approximately unidirectional and where surface stresses take known values. For high 
Reynolds number flows far from solid objects in an external flow or in the fully 
developed flow out of a duct there is no change in any of the velocity components in 
the direction across the boundary and F, = —p and F, = 0. This gives the outflow 
condition which is almost universally used in the finite volume method: 


specified pressure, Ou,/On =0 and OT/On =Q 


Gresho (1991) reviews the intricacies of open boundary conditions in incompress- 
ible flow and states that there are some ‘theoretical concerns’ regarding open 
boundary conditions which use Ou,,/On = 0; however, its success in CFD practice 
leaves him to recommend it as the simplest and cheapest form when compared with 
theoretically more satisfying selections. 

Figure 2.12 illustrates the application of boundary conditions for a typical internal 
and external viscous flow. 

General purpose CFD codes also often include inlet and outlet pressure boundary 
conditions. The pressures are set at fixed values and sources and sinks of mass 
placed on the boundaries to carry the correct mass flow into and out of the solution 
zone across the constant pressure boundaries. Furthermore, symmetric and cyclic 
boundary conditions are supplied to take advantage of special geometrical features 
of the solution region: 


e Symmetry boundary condition: 0¢/On = 0 
e Cyclic boundary condition: @, = $; 


Figure 2.13 shows typical boundary geometries for which symmetry and cyclic 
boundary conditions (bc) may be useful. 


Problems in transonic and supersonic compressible 
flows 


Difficulties arise when calculating flows at speeds near to and above the speed of 
sound. At these speeds the Reynolds number is usually very high and the viscous 
regions in the flow are usually very thin. The flow in a large part of the solution 


Problems in transonic and supersonic compressible flows 


Velocity = 0, temperature or 
heat flux given 


Solid wall 
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Fig. 2.12 (a) Boundary 
conditions for an internal 
flow problem; 

(b) boundary condition 
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region behaves effectively inviscid. This gives rise to problems in external flows, 
because the part of the flow where the boundary conditions are applied behaves in an 
inviscid way which differs from the (viscous) region of flow on which the overall 
classification is based. 

The standard SIMPLE pressure correction algorithm for finite volume 
calculations (see Chapter 6.4) needs to be modified. The transient version of the 
algorithm needs to be adopted to make use of the favourable character of parabolic/ 
hyperbolic procedures. To cope with the appearance of shockwaves in the solution 
interior and with reflections from the domain boundaries artificial damping needs to 
be introduced. It is further necessary to ensure that the limited domain of 
dependence of effectively inviscid (hyperbolic) flows at Mach numbers greater than 
1 is adequately modelled. Issa and Lockwood (1977) and McGuirk and Page (1990) 
give lucid papers which identify the main issues relevant to the finite volume 
method. 

Open (far field) boundary conditions give the most serious problems for the 
designer of general purpose CFD codes. Subsonic inviscid compressible flow 
equations require fewer inlet conditions (normally only p and u are specified) than 
viscous flow equations and only one outlet condition (typically specified pressure). 
Supersonic inviscid compressible flows require the same number of inlet boundary 
conditions as viscous flows, but do not admit any outflow boundary conditions 
because the flow is hyperbolic. 

Without knowing a great deal about the flow before solving a problem it is very 
difficult to specify the precise number and nature of the allowable boundary 
conditions on any fluid/fluid boundary in the far field. Issa and Lockwood's work 
(1977) reports the solution of a shock/boundary layer interaction problem where part 
of the far field boundary conditions are obtained from an inviscid solution performed 
prior to the viscous solution. The usual (viscous) outlet condition O(pu,)/On is 
applied on the remainder of the far field boundary. 
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Fletcher (1991) notes that under-specification of boundary conditions normally 
leads to failure to obtain a unique solution. Over-specification, however, gives rise to 
flow solutions with severe and unphysical ‘boundary layers’ close to the boundary 
where the condition is applied. 

If the location of the outlet or far field boundaries is chosen far enough away from 
the region of interest within the solution domain it is possible to get physically 
meaningful results. Most careful solutions test the sensitivity of the interior solution 
to the positioning of outflow and far field boundaries. If results do not change in the 
interior the boundary conditions are ‘transparent’ and the results are acceptable. 

These complexities make it very difficult for general purpose finite volume CFD 
codes to cope with general subsonic, transonic and/or supersonic viscous flows. 
Although all commercially available codes claim to be able to make computations in 
all flow regimes they perform most effectively at Mach numbers well below 1 as a 
consequence of all the problems outlined above. 


Summary 


We have derived the complete set of governing equations of fluid flow from basic 
conservation principles. The thermodynamic equilibrium assumption and the 
Newtonian model of viscous stresses were enlisted to close the system 
mathematically. Since no particular assumptions were made with regard to the 
viscosity it is straightforward to accommodate a variable viscosity which is 
dependent on local conditions. This facilitates the inclusion of fluids with 
temperature-dependent viscosity and those with non-Newtonian characteristics 
within the framework of equations. 

We have identified a common differential form for all the flow equations, the so- 
called transport equation and developed integrated forms which are central to the 
finite volume CFD method: for steady state processes 


| n. (póu)d4 = | n. (T grad d)dA + | Sy dY (2.43) 
Á A CV 





and for time-dependent processes 


| (pó)dV |dt + | fa. (ppu)dA dt 


CV At A 


= | | n. (Tọ grad ġ)dA dt + | | So dV dt (2.44) 
At A At CV 





The auxiliary conditions — initial and boundary conditions — needed to solve a fluid 
flow problem were also discussed. It emerged that there are three types of distinct 
physical behaviour, elliptic, parabolic and hyperbolic, and the governing fluid flow 
equations were formally classified. Problems with this formal classification were 
identified as resulting from: (1) boundary-layer-type behaviour in flows at high 
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Reynolds numbers and (ii) compressibility effects at Mach numbers around and 
above 1. These lead to severe difficulties in the specification of boundary conditions 
for completely general purpose CFD procedures working at any Reynolds number 
and Mach number. 

Experience with the finite volume method has yielded a set of auxiliary 
conditions that give physically realistic flow solutions in many industrially relevant 
problems. The most complete problem specification includes, in addition to the 
initial values of all flow variables, the following boundary conditions: 


e complete specification of the distribution of all variables @ (except pressure) at all 
inlets to the flow domain of interest 

e specification of pressure at one location inside the flow domain 

e set gradient of all variables @ to zero in the flow direction at suitably positioned 
outlets 

e specification of all variables $ (except pressure and density) or their normal 
gradients at solid walls 


3.1 


3 





Turbulence and its Modelling 


All flows encountered in engineering practice, both simple ones such as two- 
dimensional jets, wakes, pipe flows and flat plate boundary layers and more 
complicated three-dimensional ones, become unstable above a certain Reynolds 
number (UL/v where U and L are characteristic velocity and length scales of the 
mean flow and v is the kinematic viscosity). At low Reynolds numbers flows are 
laminar. At higher Reynolds numbers flows are observed to become turbulent. A 
chaotic and random state of motion develops in which the velocity and pressure 
change continuously with time within substantial regions of flow. 

Flows in the laminar regime are completely described by the equations developed 
in Chapter 2. In simple cases the continuity and Navier-Stokes equations can be 
solved analytically (Schlichting, 1979). More complex flows can be tackled 
numerically with CFD techniques such as the finite volume method without 
additional approximations. 

Many, if not most, flows of engineering significance are turbulent so the turbulent 
flow regime is not just of theoretical interest. Fluid engineers need access to viable 
tools capable of representing the effects of turbulence. This chapter gives a brief 
introduction to the physics of turbulence and to its modelling in CFD. 

In sections 3.1 and 3.2, the nature of turbulent flows and the physics of the 
transition from laminar flow to turbulence are examined. Next, in section 3.3, 
the consequences of the appearance of the fluctuations associated with turbulence on 
the time-averaged Navier-Stokes equations are analysed and in section 3.4 the 
characteristics of some simple two-dimensional turbulent flows are described. 
The velocity fluctuations give rise to additional stresses on the fluid, the so-called 
Reynolds stresses. An engineering approach to the modelling of these extra stress 
terms and its implementation will be discussed in section 3.5. 


What is turbulence? 


Here we take a brief look at the main characteristics of turbulent flows. The 
Reynolds number of a flow gives a measure of the relative importance of inertia 
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Fig. 3.1 Typical point 
velocity measurement in 
turbulent flow 


forces (associated with convective effects) and viscous forces. In experiments on 
fluid systems it is observed that at values below the so-called critical Reynolds 
number Re,,;; the flow is smooth and adjacent layers of fluid slide past each other in 
an orderly fashion. If the applied boundary conditions do not change with time the 
flow is steady. This regime is called laminar flow. 

At values of the Reynolds number above Rej a complicated series of events 
takes place which eventually leads to a radical change of the flow character. In the 
final state the flow behaviour is random and chaotic. The motion becomes 
intrinsically unsteady even with constant imposed boundary conditions. The velocity 
and all other flow properties vary in a random and chaotic way. This regime is called 
turbulent flow. A typical point velocity measurement might exhibit the form shown 
in Figure 3.1. 


u(t) 
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The random nature of a turbulent flow precludes computations based on a 
complete description of the motion of all the fluid particles. Instead the velocity in 
Figure 3.1 can be decomposed into a steady mean value U with a fluctuating 
component u'(t) superimposed on it: u(t) = U +u'(t). In general, it is most 
attractive to characterise a turbulent flow by the mean values of flow properties (U, 1; 
W, P etc.) and the statistical properties of their fluctuations (v’, V, w', p! etc.). 

Even in flows where the mean velocities and pressures vary in only one or two 
space dimensions, turbulent fluctuations always have a three-dimensional spatial 
character. Furthermore, visualisations of turbulent flows reveal rotational flow 
structures, so-called turbulent eddies, with a wide range of length scales. Figure 
3.2, which depicts a cross-sectional view of a turbulent boundary layer on a flat 
plate, shows eddies whose length scale is comparable to that of the flow boundaries 
as well as eddies of intermediate and small size. 

Particles of fluid which are initially separated by a long distance can be brought 
close together by the eddying motions in turbulent flows. As a consequence, heat, 
mass and momentum are very effectively exchanged. For example, a streak of dye 
which is introduced at a point in a turbulent flow will rapidly break up and be 
dispersed right across the flow. Such effective mixing gives rise to high values of 
diffusion coefficients for mass, momentum and heat. 

The largest turbulent eddies interact with and extract energy from the mean flow 
by a process called vortex stretching. The presence of mean velocity gradients in 
sheared flows distorts the rotational turbulent eddies. Suitably aligned eddies are 
stretched because one end is forced to move faster than the other. 


Fig. 3.2 Visualisation of 
a turbulent boundary layer 


What is turbulence? 43 





The characteristic velocity 9 and characteristic length £ of the larger eddies are of 
the same order as the velocity scale U and length scale L of the mean flow. Hence a 
‘large eddy’ Reynolds number (= 97/v) formed by combining these eddy scales 
with the kinematic viscosity will be large in all turbulent flows (since UL/v is also 
large) so these large eddies are dominated by inertia effects and viscous effects are 
negligible. 

The large eddies are therefore effectively inviscid and angular momentum is 
conserved during vortex stretching. This causes the rotation rate to increase and the 
radius of their cross-sections to decrease. Thus the process creates motions at smaller 
transverse length scales and also at smaller time scales. The stretching work done by 
the mean flow on the large eddies provides the energy which maintains the 
turbulence. 

Smaller eddies are themselves stretched strongly by somewhat larger eddies and 
more weakly by the mean flow. In this way the kinetic energy is handed down from 
large eddies to progressively smaller and smaller eddies in what is termed the energy 
cascade. All the fluctuating properties of a turbulent flow contain energy across a 
wide range of frequencies or wavenumbers (= 2z/ /U where f = frequency). This is 
demonstrated in Figure 3.3 which gives the energy spectrum of turbulence 
downstream of a grid. 

The smallest scale of motion which can occur in a turbulent flow is dictated by 
viscosity. The Reynolds number of the smallest eddies based on their characteristic 
velocity v and characteristic length (= v/v) is equal to 1. At these scales (lengths 
on the order of 0.1 to 0.01 mm and frequencies around 10 kHz in typical turbulent 
engineering flows) viscous effects become important. Work is performed against the 
action of viscous stresses, so that the energy associated with the eddy motions is 
dissipated and converted into thermal internal energy. This dissipation results in 
increased energy losses associated with turbulent flows. 

The structure of the largest eddies is highly anisotropic (directional) and flow 
dependent due to their strong interaction with the mean flow. The diffusive action of 
viscosity tends to smear out directionality at small scales. At high mean flow 
Reynolds numbers the smallest eddies in a turbulent flow are, therefore, isotropic 
(non-directional). 


44 Turbulence and its modelling 
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Transition from laminar to turbulent flow 


The initial cause of the transition to turbulence can be explained by considering the 
stability of laminar flows to small disturbances. A sizeable body of theoretical work 
is devoted to the analysis of the inception of transition: hydrodynamic instability. 
In many relevant instances the transition to turbulence is associated with sheared 
flows. Linear hydrodynamic stability theory seeks to identify conditions which give 
rise to the amplification of disturbances. Of particular interest in an engineering 
context is the prediction of the values of the Reynolds numbers Re, ;(— UXerir/v) at 
which disturbances are amplified and Re, (= Ux,/v) at which transition to fully 
turbulent flow takes place. 

A mathematical discussion of the theory is beyond the scope of this brief 
introduction. White (1991) gives a useful overview of theory and experiments. The 
subject matter is fairly complex but its confirmation has led to a series of 
experiments which reveal an insight into the physical processes causing the 
transition from laminar to turbulent flow. Most of our knowledge stems from work 
on two-dimensional incompressible flows. All such flows are sensitive to two- 
dimensional disturbances with a relatively long wavelength, several times the 
transverse distance over which velocity changes take place (e.g. six times the 
thickness of a flat plate boundary layer). 


Fig. 3.4 Velocity 
profiles susceptible to 

(a) inviscid instability and 
(b) viscous instability 
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Hydrodynamic stability of laminar flows 


Two fundamentally different instability mechanisms operate, which are associated 
with the shape of the two-dimensional laminar velocity profile of the base flow. 
Flows with a velocity distribution which contains a point of inflexion as shown in 
Figure 3.4a are always unstable with respect to infinitesimal disturbances if the 
Reynolds number is large enough. This instability was first identified by making an 
inviscid assumption in the equations describing the evolution of the disturbances. 
Subsequent refinement of the theory by inclusion of the effect of viscosity changed 
its results very little, so this type of instability is known as inviscid instability. 
Velocity profiles of the type shown in Figure 3.4a are associated with jet flows, 
mixing layers and wakes and also with boundary layers over flat plates under the 
influence of an adverse pressure gradient (Op/Ox > 0). The role of viscosity is to 
dampen out fluctuations and stabilise the flow at low Reynolds numbers. 


y 


j 
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Point of 
inflexion 





—»- Velocity —»- Velocity 


(a) (b) 


Flows with laminar velocity distributions without a point of inflexion such as the 
profile shown in Figure 3.4b are susceptible to viscous instability. The approximate 
inviscid theory predicts unconditional stability for these velocity profiles, which are 
invariably associated with flows near solid walls such as pipe, channel and boundary 
layer flows without adverse pressure gradients (Op/Ox < 0). Viscous effects play a 
more complex role providing damping at low and high Reynolds numbers, but 
contributing to the destabilisation of the flows at intermediate Reynolds numbers. 


Transition to turbulence 


The point where instability first occurs is always upstream of the point of transition 
to fully turbulent flow. The distance between the point of instability where the 
Reynolds number equals Re, .,;; and the point of transition Re, depends on the 
degree of amplification of the unstable disturbances. The point of instability and 
the onset of the transition process can be predicted with the linear theory of 
hydrodynamic instability. There is, however, no comprehensive theory regarding the 
path leading from initial instability to fully turbulent flows. Below we describe the 


46 Turbulence and its modelling 


Fig. 3.5 Transition in a 
jet flow 


main, experimentally observed, characteristics of three simple flows: jets, flat plate 
boundary layers and pipe flows. 

Jet flow: an example of a flow with a point of inflexion. Flows which possess one or 
more points of inflexion amplify long wavelength disturbances at all Reynolds 
numbers typically above about 10. The transition process is explained by 
considering the sketch of a jet flow (Figure 3.5). 





Vortex Vortex 
roll-up X pairing 


Fully 
turbulent 
flow 


After the flow emerges from the orifice the laminar exit flow produces the rolling 

up of a vortex fairly close to the orifice. Subsequent amplification involves the 
formation of a single vortex of greater strength through the pairing of vortices. A 
short distance further downstream three-dimensional disturbances cause the vortices 
to become heavily distorted and less distinct. The flow breaks down generating a 
large number of small scale eddies and undergoes rapid transition to the fully 
turbulent regime. Mixing layers and wakes behind bluff bodies exhibit a similar 
sequence of events leading to transition and turbulent flow. 
Boundary layer on a flat plate: an example of a flow without a point of inflexion. In 
flows with a velocity distribution without a point of inflexion viscous instability 
theory predicts that there is a finite region of Reynolds numbers around Res = 1000 
(6 = boundary layer thickness) where infinitesimal disturbances are amplified. The 
developing flow over a flat plate is such a flow and the transition process has been 
extensively researched for this case. 

The precise sequence of events is sensitive to the level of disturbance of the 
incoming flow. However, if the flow system creates sufficiently smooth conditions 
the instability of a boundary layer flow to relatively long wavelength disturbances 
can be clearly detected. A sketch of the processes leading to transition and fully 
turbulent flow is given in Figure 3.6. 

If the incoming flow is laminar numerous experiments confirm the predictions of 
the theory that initial linear instability occurs around Re, cerit = 91000. The unstable 
two-dimensional disturbances are called Tollmien-Schlichting (T-S) waves. These 
disturbances are amplified in the flow direction. 

The subsequent development depends on the amplitude of the waves at maximum 
(linear) amplification. Since amplification takes place over a limited range of 
Reynolds numbers, it is possible that the amplified waves are attenuated further 
downstream and that the flow remains laminar. If the amplitude is large enough a 
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Fig. 3.6 Plan view Re = Regi Re =Re,, 
sketch of transition 
processes in boundary 
layer flow over a flat plate 
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secondary, non-linear, instability mechanism causes the Tollmien-Schlichting waves 
to become three dimensional and finally evolve into hairpin A-vortices. In the most 
common mechanism of transition, the so-called K-type transition, the hairpin 
vortices are aligned. 

Above the hairpin vortices a high shear region is induced which subsequently 
intensifies, elongates and rolls up. Further stages of the transition process involve a 
cascading breakdown of the high shear layer into smaller units with the frequency 
spectra of measurable flow parameters approaching randomness. Regions of intense 
and highly localised changes occur at random times and locations near the solid 
wall. Triangular turbulent spots burst from these locations. These turbulent spots are 
carried along with the flow and grow by spreading sideways which causes increasing 
amounts of laminar fluid to take part in the turbulent motion. 

Transition of a natural flat plate boundary layer involves the formation of 

turbulent spots at active sites and the subsequent merging of different turbulent spots 
convected downstream by the flow. This takes place at Reynolds numbers 
Re, + œ% 10°. Figure 3.7 is a plan view snapshot of a flat plate boundary layer that 
illustrates this process. 
Pipe flow transition. The transition in a pipe flow represents an example of a special 
category of flows without an inflexion point. The viscous theory of hydrodynamic 
stability predicts that these flows are unconditionally stable to infinitesimal 
disturbances at all Reynolds numbers. In practice, transition to turbulence takes 
place between Re(— UD/v) 2000 and 10?. Various details are still unclear, which 
illustrates the limitations of current stability theories. 

The cause of the apparent failure of the theory is almost certainly the role played 
by distortions of the inlet velocity profile and the finite amplitude disturbances due 
to entry effects. Experiments show that in pipe flows, as in flat plate boundary layers, 
turbulent spots appear in the near wall region. These grow, merge and finally 
subsequently fill the pipe cross-section to form turbulent slugs. In industrial pipe 
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Fig. 3.7 Merging of 
turbulent spots and 
transition to turbulence in 
a natural flat plate 
boundary layer 





flows the intermittent formation of turbulent slugs takes place at Reynolds numbers 
around 2000 giving rise to alternate turbulent and laminar regions along the length 
of the pipe. At Reynolds numbers above 2300 the turbulent slugs link up and the 
entire pipe is filled with turbulent flow. 


Final comments 


It is clear from the above descriptions of transition in jets, flat plate boundary layers 
and pipe flows that there are a number of common features in the transition 
processes: (i) the amplification of initially small disturbances, (11) the development 
of areas with concentrated rotational structures, (iii) the formation of intense small 
scale motions and finally (iv) the growth and merging of these areas of small scale 
motions into fully turbulent flows. 

The transition to turbulence is strongly affected by factors such as pressure 
gradient, disturbance levels, wall roughness and heat transfer. The discussions only 
apply to subsonic incompressible flows. The appearance of significant compress- 
ibility effects in flows at Mach numbers above about 0.7 greatly complicates the 
stability theory. 

It should be noted that although a great deal has been learnt from simple flows 
there is no comprehensive theory of transition. Recent advances in supercomputer 
technology have made it possible to simulate the events leading up to transition, 
including turbulent spot formation, by solving the complete, time-dependent Navier- 
Stokes equations at modest Reynolds numbers for a number of very simple 
geometries. Kleiser and Zang (1991) give a review of the state of the art which 
highlights very favourable agreement between experiments and (extremely 
expensive) computations. 

For engineering purposes the major case where the transition process influences a 
sizeable fraction of the flow is that of external wall boundary layer flows at 
intermediate Reynolds numbers. This occurs in certain turbomachines, helicopter 
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rotors and some low speed aircraft wings. Cebeci (1989) presents an engineering 
calculation method based on a combination of inviscid far field and boundary layer 
computations in conjunction with a linear stability analysis to identify the critical 
and transition Reynolds numbers. Transition is deemed to have occurred at the point 
where an (arbitrary) amplification factor e?(z« 8000) of initial disturbances is found. 
The procedure, which includes a mixing length model (see section 3.5.1) for the 
fully turbulent part of the boundary layer, has proved very effective for aerofoil 
calculations, but requires a substantial amount of empirical input and therefore lacks 
generality. 

Commercially available general purpose CFD procedures often ignore transition 
entirely and classify flows as either laminar or fully turbulent. The transition region 
often comprises only a very small fraction of the size of the flow domain and in those 
cases it is assumed that the errors made by neglecting its detailed structure are only 
small. 


Effect of turbulence on time-averaged Navier-Stokes 
equations 


The crucial difference between visualisations of laminar and turbulent flows is the 
appearance of eddying motions of a wide range of length scales in turbulent flows. A 
typical flow domain of 0.1 by 0.1 m with a high Reynolds number turbulent flow 
might contain eddies down to 10 to 100 um size. We would need computing meshes 
of 10? up to 10!? points to be able to describe processes at all length scales. The 
fastest events take place with a frequency on the order of 10 kHz so we would need 
to discretise time into steps of about 100 ys. Speziale (1991) states that the direct 
simulation of a turbulent pipe flow at a Reynolds number of 500000 requires a 
computer which is 10 million times faster than a current generation CRAY 
supercomputer. 

With present day computing power it has only recently started to become possible 
to track the dynamics of eddies in very simple flows at transitional Reynolds number 
(see section 3.2). The computing requirements for the direct solution of the time- 
dependent Navier-Stokes equations of fully turbulent flows at high Reynolds 
numbers are truly phenomenal and must await major developments in computer 
hardware. 

Meanwhile, engineers need computational procedures which can supply adequate 
information about the turbulent processes, but which avoid the need to predict the 
effects of each and every eddy in the flow. Fortunately this category of CFD users is 
almost always satisfied with information about the time-averaged properties of the 
flow (e.g. mean velocities, mean pressures and mean stresses etc.). In this section we 
examine the effects of the appearance of turbulent fluctuations on the mean flow 
properties. 


Reynolds equations 
First we define the mean ©® of a flow property « as follows: 


At 


| p(t) dt (3.1) 
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In theory we should take the limit of time interval At approaching infinity, but At 1s 
large enough if it exceeds the time scales of the slowest variations (due to the largest 
eddies) of property o. This definition of the mean of a flow property is adequate for 
steady mean flows. In time-dependent flows the mean of a property at time f is taken 
to be the average of the instantaneous values of the property over a large number of 
repeated identical experiments: the so-called ‘ensemble average’. 

The flow property o is time dependent and can be thought of as the sum of a 
steady mean component ® and a time-varying fluctuating component Q' with zero 
mean value; hence (t) = ® + q'(f). From now on we shall not write down the time 
dependence of q and q' explicitly, so we write p = © + gq’. The time average of the 
fluctuations q' is, by definition, zero: 


At 
| o (t)dt = 0 (3.2) 
0 


! ll. 
9 UN 


Information regarding the fluctuating part of the flow can, for example, be obtained 
from the root-mean-square (rms) of the fluctuations: 

Ar 1/2 

— 3 ] 
2 2 
om = VOF = |x, | 0 a (3.3) 

0 
The rms values of the velocity components are of particular importance since they 
can be easily measured with a velocity probe sensitive to the turbulent fluctuations 
(e.g. a hot-wire anemometer) and simple electrical circuitry. The kinetic energy k 
(per unit mass) associated with the turbulence is defined as 


1 — — 
k=5 (uw? +¥ +w) (3.4) 


The turbulence intensity T; is linked to the kinetic energy and a reference mean flow 
velocity U,, as follows: 
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(3.5) 


Before deriving the mean flow equations for a turbulent flow we summarise the 
following rules which govern the time averages of fluctuating properties o = ® + q' 
and yy = Y + / and their combinations, derivatives and integrals: 


— un — dg 00 
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P+H=O+Y¥; oj — Y co; QE =OP; o"P —0 (3.6) 
These relationships can be easily verified by application of (3.1) and (3.2) noting 
that the time-averaging operation is itself an integration and that therefore the order 
of time averaging and a further integration or differentiation can be swapped. 
Since div and grad are both differentiations the above rules can be extended to a 
fluctuating vector quantity a — A 4- a' and its combinations with a fluctuating scalar 
9 — 9-9: 
diva = div A; div(qa) = div(qa) = div(@A) + div(g'a!); 
div grad ~ = div grad ® (3.7) 
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To illustrate the influence of turbulent fluctuations on the mean flow we consider the 
instantaneous continuity and Navier-Stokes equations for an incompressible flow 
with constant viscosity. This considerably simplifies the algebra involved without 
detracting from the main messages. As usual we take Cartesian co-ordinates so that 
the velocity vector u has x-component u, y-component v and z-component w: 


divu = 0 (3.8) 
` + div(uu) = -> êp + v div grad u (3.92) 
+ div(vu) = - - v div grad v (3.9b) 
ow + div(wu) = — ; êp + y div grad w (3.9c) 


To investigate the effects of fluctuations we replace in equations (3.8) and (3.9a-c) 
the flow variables u (hence also u, v and w) and p by the sum of a mean and 
fluctuating component. Thus 


u=Ut+u;u=U4u; v=V +v; w= Ww; p=Psp' 


Then the time average is taken applying the rules stated in (3.7). Considering the 
continuity equation (3.8) first we note that divu =div U. This yields the continuity 
equation for the mean flow 

div U = 0 (3.10) 


A similar process is now carried out on the x-momentum equation (3.9a). The time 
averages of the individual terms in this equation can be written as follows: 


du OU —— a 
a Or: div(uu) = div(UU) + div(u'w’) 
1 à | OP — n 
-5a A v div grad u = v div grad U 
Substitution of these results gives the time-average x-momentum equation 
QU — 1 OP 
a + UU) + div(w'w') = 75 By ^" div grad U (3.11a) 
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Repetition of this process on equations (3.9b) and (3.9c) yields the time-average y- 
and z-momentum equations 


uM | OP 
“+ div(VU) + div(v'u') = -7 By | div grad 4 (3.11b) 
D m qm v) V 

— 1 OP 
oe + div(WU) + div(ww) 775 ^ v div grad W (3.11c) 
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It is important to note that the terms (1), (IT), (IV) and (V) in (3.11a-c) also appear in 
the instantaneous equations (3.9a-c), but the process of time averaging has 
introduced new terms (III) in the resulting time-average momentum equations. The 
terms involve products of fluctuating velocities and constitute convective momentum 
transfer due to the velocity fluctuations. It is customary to place these terms on the 
right hand side of the equations (3.11a-c) to reflect their role as additional turbulent 
stresses on the mean velocity components U, V and W: 


QU 1 OP Ou? Owv  Oww 
—— + di(UU) = —— — + v div grad U + aa LT 
Ot p Ox 


Ox 


OV 1 OP 


W 1 OP Ouw  Ovw Ow" 
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"m iv(WU) > Oz + v div grad -| 3x aa 





(3.12c) 


The extra stress terms have been written out in longhand to clarify their structure. 
They result from six additional stresses, three normal stresses and three shear 
stresses: 


I 


Txx 


— pu? Ty = —py? tz = — pw? 
Ty = Ty = —puV te = Tx = puw Ty = Ty = —pvw' (3.13) 


These extra turbulent stresses are termed the Reynolds stresses. In turbulent flows 
the normal stresses —pw2, —pv? and —pw? are always non-zero because they 
contain squared velocity fluctuations. The shear stresses —pu'v, —pu'w’, and 
— pv'w/ are associated with correlations between different velocity components. If, 
for instance, u’ and v were statistically independent fluctuations the time average of 
their product u'y would be zero. However, the turbulent shear stresses are also non- 
zero and usually very large compared to the viscous stresses in a turbulent flow. The 
equation set (3.12a—c) is called the Reynolds equations. 

Similar extra turbulent transport terms arise when we derive a transport equation 
for an arbitrary scalar quantity. The time average transport equation for scalar Qo 
is 





Oo 
— + div(®U) = div(I$ grad P) + 


Ot 





Effect of turbulence on time-averaged Navier-Stokes equations 53 


So far we have assumed that the fluid density is constant, but in practical flows the 
mean density may vary and the instantaneous density always exhibits turbulent 
fluctuations. Bradshaw et al (1981) state that small density fluctuations do not appear 
to affect the flow significantly. If rms velocity fluctuations are on the order of 5% of 
the mean speed they show that density fluctuations are unimportant up to Mach 
numbers around 3 to 5. In free turbulent flows we shall see in section 3.4 that 
velocity fluctuations can easily reach values around 20% of the mean velocity. In 
such circumstances density fluctuations start to affect the turbulence around Mach 
numbers of 1. To summarise the results of the current section we quote, without 
proof, in Table 3.1 the density-weighted averaged (or Favre-averaged, see Anderson 
et al, 1984) form of the mean flow equations for compressible turbulent flows where 
the effects of density fluctuations are neglible but the mean density variations are 
not. This form is widely used in commercial CFD packages. The symbol p stands for 
the mean density. 


Table 3.1 Turbulent flow equations for compressible flows 





Continuity 
2p + div(pU) = 0 


Reynolds equations 





(3.15) 
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Closure problem - the need for turbulence modelling 


The instantaneous continuity and Navier-Stokes equations (3.8) and (3.9a—c) form a 
closed set of four equations with four unknowns u, v, w and p. In the introduction to 
this section it was demonstrated that these equations could not be solved directly in 
the foreseeable future. 

Engineers are content to focus their attention on certain mean quantities. 
However, in performing the time-averaging operation on the momentum equations 
we throw away all details concerning the state of the flow contained in the 
instantaneous fluctuations. As a result we obtain six additional unknowns, the 
Reynolds stresses, in the time averaged momentum equations. Similarly, time 
average scalar transport equations show extra terms containing u'o’, vq! and w'o'. 
The complexity of turbulence usually precludes simple formulae for the extra 
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3.4 


3.4.1 


stresses and turbulent scalar transport terms. It is the main task of turbulence 
modelling to develop computational procedures of sufficient accuracy and generality 
for engineers to predict the Reynolds stresses and the scalar transport terms. 


Characteristics of simple turbulent flows 


Most of the theory of turbulent flow and its modelling was initially developed by 
careful examination of the turbulence structure of thin shear layers. In such flows 
large velocity changes are concentrated in thin regions. Expressed more formally, the 
rates of change of flow variables in the (x-)direction of the flow are negligible 
compared to the rates of change in the cross-stream (y-)direction (0/0x < O/ Oy). 
Furthermore, the cross-stream width 6 of the region over which changes take place is 
always small compared to any length scale L in the flow direction (0/L « 1). In the 
context of this brief introduction we review the overall characteristics of some 
simple two-dimensional incompressible turbulent flows with constant imposed 
pressure. The following flows will be considered here: 


Free turbulent flows 


e mixing layer 

e jet 

e wake 

Boundary layers near solid walls 


e flat plate boundary layer 
e pipe flow 


Given an engineer's recognised interest in mean quantities we review data for the 
mean velocity distribution U — U(y) and the pertinent Reynolds stresses 
—pu?, —py?, —pw? and —pu'v. Local values of the above-mentioned quantities 
can be measured very effectively by means of hot-wire anemometry (Comte-Bellot, 
1976). More recently laser doppler anemometers have been widely used for mean 
flow and turbulence measurements (Buchhave et al, 1979). 


Free turbulent flows 


Among the simplest flows of significant engineering importance are those in the 
category of free turbulent flows: mixing layers, jets and wakes. A mixing layer forms 
at the interface of two regions: one with fast and the other with slow moving fluid. In 
a jet a region of high speed flow is completely surrounded by stationary fluid. A 
wake is formed behind an object in a flow, so here a slow-moving region is 
surrounded by fast-moving fluid. Figure 3.8 gives a sketch of the development of the 
mean velocity distribution in the streamwise direction for these free turbulent flows. 

It is clear that velocity changes across an initially thin layer are important in all 
three flows: transition to turbulence occurs after a very short distance in the flow 
direction from the point where the different streams initially meet, the turbulence 
causes vigorous mixing of adjacent fluid layers and rapid widening of the region 
across which the velocity changes take place. 

Figure 3.9 shows a visualisation of a jet flow. It is immediately clear that the 
turbulent part of the flow contains a wide range of length scales. Large eddies with a 
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Jet Mixing layer Wake 


Fig. 3.8 Free turbulent flows 


size comparable to the width across the flow are occurring alongside eddies of very 
small size. 

The visualisation correctly suggests that the flow inside the jet region is fully 
turbulent, but the flow in the outer region far away from the jet is smooth and largely 
unaffected by the turbulence. The position of the edge of the turbulent zone is 
determined by the (time-dependent) passage of individual large eddies. Close to the 
edge these will occasionally penetrate into the surrounding region. During the 
resulting bursts of turbulent activity in the outer region — called intermittency — 
fluid from the surroundings is drawn into the turbulent zone. This process is termed 
entrainment and is the main cause of the spreading of turbulent flows (including 
wall boundary layers) in the flow direction. 

Initially fast moving jet fluid will lose momentum to speed up the stationary 
surrounding fluid. Owing to the entrainment of the surrounding fluid the velocity 
gradients decrease in magnitude in the flow direction. This causes the decrease of the 
mean speed of the jet at its centreline. Similarly the difference between the speed of 
the wake fluid and its fast-moving surroundings will decrease in the flow direction. 
In mixing layers the width of the layer containing the velocity change continues to 
increase in the flow direction but the overall velocity difference between the two 
outer regions is unaltered. 

Experimental observations of many such turbulent flows show that after a certain 
distance their structure becomes independent of the exact nature of the flow source. 
Only the local environment appears to control the turbulence in the flow. The 
appropriate length scale is the cross-stream layer width (or half width) 5. We find 
that if y 1s the distance in the cross-stream direction 


i-r 


U max = Umin 





for mixing layers for jets for wakes 


In these formulae Uma, and Urpin represent the maximum and minimum mean 
velocity at a distance x downstream of the source (see Figure 3.8). Hence, if these 
local mean velocity scales are chosen and x is large enough, the functions f, g and h 
are independent of distance x in the flow direction. Such flows are called self- 
preserving. 
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Fig. 3.9 Visualisation of a jet flow 


3.4.2 
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The turbulence structure also reaches a self-preserving state albeit after a greater 
distance from the flow source than the mean velocity. Then 





The velocity scale U,, is, as above, (Umax — Umin) for a mixing layer and wakes and 
Umax for jets. The precise form of functions f, g, h and f; varies from flow to flow. 
Figure 3.10 gives mean velocity and turbulence data for a mixing layer (Champagne 
et al, 1976), a jet (Gutmark and Wygnanski, 1976) and a wake flow (Wygnanski et 
al, 1986). 

The largest values of u?, v2, w2 and —u'v are found in the region where the 
mean velocity gradient OU /Oy is largest highlighting the intimate connection 
between turbulence production and sheared mean flows. In the flows shown above 
the component w’ gives the largest of the normal stresses; its rms value has a 
maximum of 15—40% of the local maximum mean flow velocity. The fact that the 
fluctuating velocities are not equal implies an anisotropic structure of the turbulence. 

As |y/b| increases above 1 the mean velocity gradients tend to zero and likewise 
the values of the turbulence properties drop off to zero. The absence of shear means 
that turbulence cannot be sustained in this region. 

The mean velocity gradient is also zero at the centreline of jets and wakes and 
hence no turbulence is produced here. Nevertheless, the values of u?, v? and w^? do 
not decrease very much because vigorous eddy mixing transports turbulent fluid 
from nearby regions of high turbulence production towards and across the centreline. 
By symmetry the value of — V/v has to become zero at the centreline of jet and wake 
flows since the shear stress must change sign here. 


Flat plate boundary layer and pipe flow 
Next we will examine the characteristics of two turbulent flows near solid walls. 
Owing to the presence of the solid boundary the flow behaviour and turbulence 
structure are considerably different from free turbulent flows. Dimensional analysis 
has greatly assisted in correlating the experimental data. In turbulent thin shear layer 
flows a Reynolds number based on a length scale L in the flow direction (or pipe 
radius), Rez, is always very large (e.g. U = 1 m/s, L = 0.1 m and v = 10 5m? /s 
gives Re; = 10°). This implies that the inertia forces are overwhelmingly larger than 
the viscous forces at these scales. 

If we form a Reynolds number based on a distance y away from the wall 
(Re, = Uy/ v) we see that if the value of y is on the order of L the above argument 
holds. Inertia forces dominate in the flow far away from the wall. As y is decreased to 
zero, however, a Reynolds number based on y will also decrease to zero. Just before 
y reaches zero there will be a range of values of y for which Re, is on the order of 1. 
At this distance from the wall and closer the viscous forces will be equal in order of 
magnitude to the inertia forces or larger. To sum up, in flows along solid boundaries 
there is usually a substantial region of inertia-dominated flow far away from the wall 
and a thin layer within which viscous effects are important. 

Close to the wall the flow is influenced by viscous effects and does not depend on 
free stream parameters. The mean flow velocity only depends on the distance y from 
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Fig. 3.10 Mean velocity 
distributions and 
turbulence properties for 
(a) two-dimensional 
mixing layer, (b) planar 
turbulent jet and (c) wake 
behind a solid strip 
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the wall, fluid density p and viscosity u and the wall shear stress 1,,. So 
U — f(y, P, H, Tw) 


Dimensional analysis shows that 


(3.18) 





Formula (3.18) is called the law of the wall and contains the definitions of two 
important dimensionless groups u* and y+. Note that the appropriate velocity scale 
is u, = (ty/p)?, the so-called friction velocity. 

Far away from the wall we expect the velocity at a point to be influenced by the 
retarding effect of the wall through the value of the wall shear stress, but not by the 
viscosity itself. The length scale appropriate to this region is the boundary layer 
thickness à. In this region we have 


U = gly, Ô, p; Tw) 


Dimensional analysis yields 


tno) 


The most useful form emerges if we view the wall shear stress as the cause of a 
velocity deficit Umax — U which decreases the closer we get to the edge of the 
boundary layer or the pipe centreline. Thus 


(3.19) 





This formula is called the velocity-defect law. 


Linear sub-layer - the fluid layer in contact with a smooth wall 


At the solid surface the fluid is stationary. Turbulent eddying motions must also stop 
very close to the wall. In the absence of turbulent (Reynolds) shear stress effects the 
fluid closest to the wall is dominated by viscous shear. This layer is in practice 
extremely thin (y* « 5) and we may assume that the shear stress is approximately 
constant and equal to the wall shear stress t,, throughout the layer. Thus 


t(y) = Tw 


"ay 
After integration with respect to y and application of boundary condition U = 0 if 
y — 0 we obtain a linear relationship between the mean velocity and the distance 


from the wall: 
y 
H 


After some simple algebra and making use of the definitions of u^ and y* this leads 
to 


u^ = yt (3.20) 
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Because of the linear relationship between velocity and distance from the wall the 
fluid layer adjacent to the wall is often known as the linear sub-layer. 


Log-law layer - the turbulent region close to a smooth wall 


Outside the viscous sublayer (30 < y^ < 500) a region exists where viscous and 
turbulent effects are both important. The shear stress t varies slowly with distance 
from the wall and within this inner region it is assumed to be constant and equal to 
the wall shear stress. One further assumption regarding the length scale of turbulence 
(mixing length £,, = Ky, see section 3.5.1 and Schlichting, 1979) allows us to derive 
a dimensionally correct form of the functional relationship between u* and y* 


(3.21) 





Numerical values for the constants are found from measurements. We find x = 0.4 
and B — 5.5 (or E — 9.8) for smooth walls; wall roughness causes a decrease in the 
value of B. The values of x and B are universal constants valid for all turbulent flows 
past smooth walls at high Reynolds number. Because of the logarithmic relationship 
between u* and y^ formula (3.21) is often called the log-law and the layer where y+ 
takes values between 30 and 500 the log-law layer. 


Outer layer - the inertia-dominated region far from the wall 


Experimental measurements show that the log-law is valid in the region 
0.02 < y/d < 0.2. For larger values of y the velocity-defect law (3.19) provides 
the correct form. In the overlap region the log-law and velocity-defect law have to 
become equal. Tennekes and Lumley (1972) show that a matched overlap is obtained 
by assuming the following logarithmic form: 


(3.22) 





where 4 is a constant. This velocity-defect law is often called the law of the wake. 
Figure 3.11 from Schlichting (1979) shows the close agreement between 
theoretical equations (3.20) and (3.21) in their respective areas of validity and 
experimental data. 
The turbulent boundary layer adjacent to a solid surface is composed of two 
regions: 


e The inner region: 10 to 2096 of the total thickness of the wall layer; the shear 
stress is (almost) constant and equal to the wall shear stress t,,. Within this region 
there are three zones; in order of increasing distance from the wall we have: 

— the linear sub-layer: viscous stresses dominate the flow adjacent to the surface 
— the buffer layer: viscous and turbulent stresses are of similar magnitude 
— the log-law layer: turbulent (Reynolds) stresses dominate. 

e The outer region or law-of-the-wake layer: inertia-dominated core flow far from 

wall; free from direct viscous effects. 


Fig. 3.11 Velocity 
distribution near a 
solid wall 


Fig. 3.12. Mean velocity 
distribution and 
turbulence properties for a 
flat plate boundary layer 
at zero pressure gradient 
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log y* 


Figure 3.12 shows the mean velocity and turbulence property distribution data for a 
flat plate boundary layer with a constant imposed pressure (Klebanoff, 1955). 

The mean velocity is at a maximum far away from the wall and sharply decreases 
in the region y/ó < 0.2 due to the no-slip condition. High values of u?, v?, w? and 
—u'v are found adjacent to the wall where the large mean velocity gradients ensure 
that turbulence production 1s high. The eddying motions and associated velocity 
fluctuations are, however, also subject to the no-slip condition at the wall. Therefore 
all turbulent stresses decrease sharply to zero in this region. The turbulence is 
anisotropic near the wall since the production process mainly creates component u^. 
This is borne out by the fact that this is the largest of the mean-squared fluctuations 


in Figure 3.12. 
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In the case of the flat plate boundary layer the turbulence properties 
asymptotically tend towards zero as y/ó increases above a value of 0.8. The rms 
values of all fluctuating velocities become almost equal here indicating that the 
turbulence structure becomes more isotropic far away from the wall. 

In pipe flows the eddying motions transport turbulence across the centreline from 
areas of high production. Therefore, the rms fluctuations remain comparatively large 
in the centre of a pipe. By symmetry the value of —u’v’ has to go to zero and change 
sign at the centreline. 
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3.4.3 


3.5 


Table 3.2 Turbulence 
models 


The multi-layer structure is a universal feature of turbulent boundary layers near 
solid surfaces. Monin and Yaglom (1971) plotted data from Klebanoff and Laufer in 
the near wall region and found not only the universal mean velocity distribution but 
also that data for the Reynolds stresses for flat plates and pipes collapse onto a single 
curve if they are non-dimensionalised with the proper velocity scale u. 

Between these distinct layers there are intermediate zones which ensure that the 
various velocity distribution laws merge smoothly. Interested readers may find 
further details including formulae which cover the whole inner region and the log- 
law/law-of-the-wake layer in Schlichting (1979) and White (1991). 


Summary 


In these sections we have reviewed the characteristics of a number of two- 
dimensional turbulent flows. Although many common features were found it has 
become clear that, even in these relatively simple thin shear layers, the details of the 
turbulence structure are very much dependent on the flow itself. In particular the 
geometry of the boundaries which create and maintain the turbulence is important. 
Viscous shear stresses depend on the viscosity, a fluid property, but turbulent 
Reynolds stresses are also affected by the flow itself. Computational procedures 
must be able to cope with this complication. 


Turbulence models 


A turbulence model is a computational procedure to close the system of mean flow 
equations (3.15), (3.16a—c) and (3.17) so that a more or less wide variety of flow 
problems can be calculated. For most engineering purposes it is unnecessary to 
resolve the details of the turbulent fluctuations. Only the effects of the turbulence on 
the mean flow are usually sought. In particular, we always need expressions for the 
Reynolds stresses in equations (3.16a—c) and the turbulent scalar transport terms in 
equation (3.17). For a turbulence model to be useful in a general purpose CFD code 
it must have wide applicability, be accurate, simple and economical to run. The most 
common turbulence models are classified in Table 3.2. 


Classical models Based on (time-averaged) Reynolds equations 
l. zero equation model — mixing length model 
2. two-equation model — k-e model 
3. Reynolds stress equation model 
4. algebraic stress model 

Large eddy simulation — Based on space-filtered equations 


The classical models use the Reynolds equations developed in section 3.3 and 
form the basis of turbulence calculations in currently available commercial CFD 
codes. Large eddy simulations are turbulence models where the time-dependent 
flow equations are solved for the mean flow and the largest eddies and where the 
effects of the smaller eddies are modelled. It was argued earlier that the largest 
eddies interact strongly with the mean flow and contain most of the energy so this 
approach results in a good model of the main effects of turbulence. Large eddy 
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simulations are at present at the research stage and the calculations are too costly to 
merit consideration in general purpose computation at present. Although anticipated 
improvements in computer hardware may change this perspective in the future we 
will not discuss these models further; the interested reader may find a brief 
introduction to these and other more advanced turbulence models in Abbott and 
Basco (1989). 

Of the classical models the mixing length and k—e models are presently by far the 
most widely used and validated. They are based on the presumption that there exists 
an analogy between the action of viscous stresses and Reynolds stresses on the mean 
flow. Both stresses appear on the right hand side of the momentum equation and in 
Newton's law of viscosity the viscous stresses are taken to be proportional to the rate 
of deformation of fluid elements. For an incompressible fluid this gives 


Ou; Ou; 
wy = ney = (Se S (2.31) 





In order to simplify the notation the so-called suffix notation has been used here. The 
convention of this notation is that i or j = 1 corresponds to the x-direction, i orj = 2 
the y-direction and i or j — 3 the z-direction. So for example 


a7 a= yf 9 Om) _ (Ou | Ov 
n2 = ay SB Ox. Ox, TA Oy Ox 


It is experimentally observed that turbulence decays unless there is shear in 
isothermal incompressible flows. Furthermore, turbulent stresses are found to 
increase as the mean rate of deformation increases. It was proposed by Boussinesq in 
1877 that Reynolds stresses could be linked to mean rates of deformation. Using the 
suffix notation we get 


(3.23) 





The right hand side is analogous to formula (2.31) above except for the appearance 
of the turbulent or eddy viscosity u, (dimensions Pa s). There is also a kinematic 
turbulent or eddy viscosity denoted by v, = y,/p, with dimensions m^ /s. 
Turbulent transport of heat, mass and other scalar properties is modelled similarly. 
Formula (3.23) shows that turbulent momentum transport is assumed to be 
proportional to mean gradients of velocity (i.e. gradients of momentum per unit 
mass). By analogy turbulent transport of a scalar is taken to be proportional to the 
gradient of the mean value of the transported quantity. In suffix notation we get 


——À OD 
Fe — 
pug — T, ax, (3.24) 
where I’, is the turbulent diffusivity. 

Since turbulent transport of momentum and heat or mass is due to the same 
mechanism — eddy mixing — we expect that the value of the turbulent diffusivity I’, is 
close to that of the turbulent viscosity u, We introduce a turbulent Prandtl/Schmidt 
number defined as follows: 


6, = r (3.25) 
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3.5.1 


Experiments in many flows have established that this ratio is often nearly constant. 
Most CFD procedures assume this to be the case and use values of c; around 1. 

It has become clear from our discussions of simple turbulent flows in section 3.4 
that turbulence levels and turbulent stresses vary from point to point in a flow. 
Mixing length models attempt to describe the stresses by means of simple algebraic 
formulae for 4, as a function of position. The k-e model is a more sophisticated and 
general, but also more costly, description of turbulence which allows for the effects 
of transport of turbulence properties by the mean flow and diffusion and for the 
production and destruction. of turbulence. Two transport equations (partial 
differential equations or PDEs), one for the turbulent kinetic energy k and a 
further one for the rate of dissipation of turbulent kinetic energy e, are solved. 

The underlying assumption of both these models is that the turbulent viscosity u, 
is isotropic, in other words that the ratio between Reynolds stress and mean rate of 
deformation is the same in all directions. This assumption fails in many categories of 
flow where it leads to inaccurate flow predictions. Here it is necessary to derive and 
solve transport equations for the Reynolds stresses themselves. It may at first seem 
strange to think that a stress can be subject to transport. However, it is only necessary 
to remember that the Reynolds stresses initially appeared on the left hand side of the 
momentum equations and are physically due to convective momentum exchanges as 
a consequence of turbulent velocity fluctuations. Fluid momentum - mean 
momentum as well as fluctuating momentum - can be transported by fluid particles 
and therefore the Reynolds stresses can also be transported. 

The six transport equations, one for each Reynolds stress, contain diffusion, 
pressure-strain and dissipation terms whose individual effects are unknown and 
cannot be measured. In Reynolds stress equation models (also known in the 
literature as second-order or second-moment closure models) assumptions are made 
about these unknown terms and the resulting PDEs are solved in conjunction with 
the transport equation for the rate of dissipation of turbulent kinetic energy e. The 
design of Reynolds stress equation models is an area of vigorous research and the 
models have not been validated as widely as the mixing length and k-e model. 
Solving the seven extra PDEs gives rise to a substantial increase in the cost of CFD 
simulations when compared to the k-e model, so the application of Reynolds stress 
equation models outside the academic fraternity is relatively recent. 

A much more far-reaching set of modelling assumptions reduces the PDEs 
describing Reynolds stress transport to algebraic equations to be solved alongside 
the k and £ equations of the k-e model. This approach leads to the algebraic stress 
models that are the most economical form of Reynolds stress model able to 
introduce anisotropic turbulence effects into CFD simulations. 

In the following sections the mixing length and k—e models will be discussed in 
detail and the main features of the Reynolds stress equation and algebraic stress 
models will be outlined. Moreover, the results of some of the current research which 
is likely to impact on industrial turbulence modelling in the immediate future are 
briefly considered. 


Mixing length model 
On dimensional grounds we assume that the kinematic turbulent viscosity v, which 


has dimensions m^ /s, can be expressed as a product of a turbulent velocity scale 9 
(m/s) and a length scale £ (m). If one velocity scale and one length scale suffice to 
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describe the effects of turbulence dimensional analysis yields 
v, = CH (3.26) 


where C is a dimensionless constant of proportionality. Of course the dynamic 
turbulent viscosity is given by 


H, = Cpve 


Most of the kinetic energy of turbulence is contained in the largest eddies and the 
turbulence length scale £ is therefore characteristic of these eddies which interact 
with the mean flow. If we accept that there is a strong connection between the mean 
flow and the behaviour of the largest eddies we can attempt to link the characteristic 
velocity scale of the eddies with the mean flow properties. This has been found to 
work well in simple two-dimensional turbulent flows where the only significant 
Reynolds stress is ty = Tx = —pu'v/ and the only significant mean velocity 
gradient is OU /Oy. For such flows it is at least dimensionally correct to state that, if 
the eddy length scale is £, 


QU 


oy 
where c is a dimensionless constant. The absolute value is taken to ensure that the 
velocity scale is always a positive quantity irrespective of the sign of the velocity 
gradient. 

Combining (3.26) and (3.27) and absorbing the two constants C and c which 
appear in these formulae into a new length scale £,, we obtain 





9 — ct (3.27) 








(3.28) 





This is Prandtl’s mixing length model. Using formula (3.23) and noting that 
OU /ðy is the only significant mean velocity gradient the turbulent Reynolds stress is 
described by 


(3.29) 





Turbulence is a function of the flow and if the turbulence changes it is necessary to 
account for this within the mixing length model by varying én». For a substantial 
category of simple turbulent flows which include the free turbulent flows and wall 
boundary layers discussed in section 3.4 this can be achieved by means of simple 
algebraic formulae. Some examples (source: Rodi, 1980) are given in Table 3.3. 

The mixing length model can also be used to predict turbulent transport of scalar 
quantities. The only turbulent transport term which matters in the two-dimensional 
flows for which the mixing length is useful is modelled as follows: 


(3.30) 





where T, = u,/6o, and v; is found from (3.28). Rodi (1980) recommends values for 
o, of 0.9 in near wall flows, 0.5 for jets and mixing layers and 0.7 in axisymmetric 
jets. 


66 Turbulence and its modelling 


Table 3.3 Mixing lengths 


for two-dimensional turbulent flows 








Flow Mixing length lm L 
Mixing layer 0.07L Layer width 
Jet 0.09L Jet half width 
Wake 0.16L Wake half width 
Axisymmetric jet 0.075L Jet half width 
Boundary layer (Op/Ox = 0) 

viscous sub-layer and 

log-law layer (y/L « 0.22) Ky[1 — exp(—y* /26)] Boundary layer 

thickness 

outer layer (y/L > 0.22) 0.09L 

Pipes and channels L[0.14 — 0.08(1 — y/L)? —0.06(1 — y/L)'] Pipe radius or 


(fully developed flow) 


channel half width 





Fig. 3.13 Results of 
calculations using mixing 
length model for 

(a) planar jet and 

(b) wake behind a 

long slender circular 
cylinder 


In the table y represents the distance from the wall and x = 0.41 is von Karman's 
constant. The expressions give very good agreement between computed results and 
experiments for mean velocity distributions, wall friction coefficients and other flow 
properties such as heat transfer coefficients etc. in simple two-dimensional flows. 
The results for two flows from Schlichting (1979) are given in Figure 3.13a and b. 
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Table 3.4 Mixing 


length model 
assessment 


3.5.2 
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The mixing length is clearly very useful in flows where the turbulence properties 
develop in proportion to a mean flow length scale, so that £,, can be described as a 
function of position by means of a simple algebraic formula. This explains its 
universal popularity in calculations of flows around wing sections. Sophisticated 
modifications of the formulae for £,, to describe the effects of pressure gradients, 
small scale separation and boundary layer blowing or suction are available. Mixing 
length models such as those developed by Baldwin and Lomax (1978) and Cebeci 
and Smith (1974) are the most widely used turbulence models in external 
aerodynamics calculations in the aerospace industry. 

An overall assessment of the mixing length model is given in Table 3.4. 


Advantages 


e easy to implement and cheap in terms of computing resources 
e good predictions for thin shear layers: jets, mixing layers, wakes and boundary layers 
e well established 


Disadvantages 


e completely incapable of describing flows with separation and recirculation 
e only calculates mean flow properties and turbulent shear stress 


The k-c model 


In two-dimensional thin shear layers the changes in the flow direction are always so 
slow that the turbulence can adjust itself to local conditions. If the convection and 
diffusion of turbulence properties can be neglected it is possible to express the 
influence of turbulence on the mean flow in terms of the mixing length. If convection 
and diffusion are not negligible — as 1s the case for example in recirculating flows — a 
compact algebraic prescription for the mixing length is no longer feasible. The 
mixing length model lacks this kind of generality. The way forward is to consider 
statements regarding the dynamics of turbulence. The k-e model focuses on the 
mechanisms that affect the turbulent kinetic energy. 

Some preliminary definitions are required first. The instantaneous kinetic energy 
k(t) of a turbulent flow is the sum of the mean kinetic energy 
K =1(U? + V? + W?) and the turbulent kinetic energy k = 4 (u2 + v? + w°): 


k(t)=K+k 


In the developments below we extensively need to use the rate of deformation and 
the turbulent stresses. To facilitate the subsequent calculations it is common to write 
the components of the rate of deformation ej; and the stresses t; in tensor (matrix) 
form: 


Cx Ey Cx Tzx Ta Tz 


Decomposition of the rate of deformation of a fluid element in a turbulent flow into a 


mean and a fluctuating component, ej(t) = Ej + ej; gives the following matrix 
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elements: 
OU Ou OV ðv 
= l = t) =E l = M: 
e (f) = Es + e = AS ey (f) = By t ey, yt ay 
() = E cd o oL D 


; . .., [0U | 8V] [ðu a 
en(t) = By + ey = xlt) = Ex te= a [ay x 


o OW Ow Ow’ 
cal!) = Ea d, = eal) = Fa te d U | | u d 


—_— ———— 


dz) Ox 2| əz ` Ax 
; ; ,|OV OW , | OV Ow’ 
enl) = En +e = est) = By te m rr | Hg + 


The product of a vector a and a tensor bj; is a vector c whose components can be 
calculated by application of the ordinary rules of matrix algebra: 


bı bp bi 
ab;j = aibi = (ay ar a3 ) b>, bo b53 
bij b32 b33 
T T 
aibi) + a2b21 + a3b31 C] 
= | abi + abn ab | =| 2| 6€ 
aibı3 + a2b53 + a3b33 C3 


The scalar product of two tensors ay and bj; is evaluated as follows 


aj . by = abii + a12b12 + aisbis + a21b2) + a22b22 + a23b23 
+ 431531 + a32b32 + a33b33 


We have used the convention of the suffix notation where the x-direction is denoted 
by subscript 1, the y-direction by 2 and the z-direction by 3. It can be seen that 
products are formed by taking the sum over all possible values of every repeated 
suffix. 


Governing equation for mean flow kinetic energy K 


An equation for the mean kinetic energy K can be obtained by multiplying the x- 
component Reynolds equation (3.12a) by U, the y-component equation (3.12b) by V 
and the z-component equation (3.12c) by W. After adding the results together and a 
fair amount of algebra it can be shown that the time-average equation governing the 
mean kinetic energy of the flow is as follows (Tennekes and Lumley, 1972): 


O(pK — — 
(pK) + div(pKU) = div( -PU + 2uUE; — pUujur - 2uE;j . Ej + pu; Ey 


ð 





(T) (II) (III) (IV) (V) (VI) (VII) 
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Or in words, for the mean kinetic energy K, we have 


Rate of Transport Transport Transport 

change +of K by —of K by +of K by 

of K convection pressure viscous 
stresses 


Transport of 
+ K by 
Reynolds stress 


Rate of 
— dissipation + 
of K 


Turbulence 
production 





The transport terms (III), (IV) and (V) are all characterised by the appearance of the 
div and it is common practice to place them together inside one pair of brackets. The 
effects of the viscous stresses on K have been split into two parts: term (IV), the 
transport of K due to viscous stresses, and term (VI), the viscous dissipation of mean 
kinetic energy K. The two terms that contain the Reynolds stresses — puu, account 
for the turbulence effects: term (V) is the turbulent transport of K by means of 
Reynolds stresses and (VH) is the turbulence production term or the net decrease of 
K due to deformation work by Reynolds stresses production. In high Reynolds 
number flows the turbulent terms (V) and (VII) — are always much larger than their 
viscous counterparts (IV) and (VI). 


Governing equation for turbulent kinetic energy k 


Multiplication of each of the instantaneous Navier-Stokes equations (3.9a—c) by the 
appropriate fluctuating velocity components (i.e. x-component equation multiplied 
by w' etc.) and addition of all the results, followed by a repeat of this process on the 
Reynolds equations (3.12a—c), subtraction of the two resulting equations and very 
substantial re-arrangement yields the equation for turbulent kinetic energy k 
(Tennekes and Lumley, 1972): 





A(pk JW LOU UGLY O4 Z 2m 
A + div(pkU) = div( pw + 2uu'e/, — piu; . uu - 2ye; -€y — puit; . Ei 
(1) (I1) (III) — (IV) (V) (VI) (VII) 
(3.32) 


In words, for the turbulent kinetic energy k, we have 


Rate of Transport Transport Transport Transport 

change + ofkby = ofkby  ofkby + of k by 

of k convection pressure viscous Reynolds stress 
stresses 


Rate of 
— dissipation + 
of k 


Turbulence 
production 
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Equations (3.31) and (3.32) look very similar in many respects; however, the 
appearance of primed quantities on the right hand side of the k-equation shows that 
changes to the turbulent kinetic energy are mainly governed by turbulent 
interactions. Terms (VII) in both equations are equal in magnitude, but opposite 
in sign. In two-dimensional thin shear layers we found (see section 3.4) that the only 
significant Reynolds stress — ow'v/ was usually positive if the main term of Ey in 
such a flow, the mean velocity gradient OU /Oy, is positive. Hence term (VII) gives a 
positive contribution in the k-equation and represents a production term. In the K- 
equation, however, the term is negative, so there it destroys mean flow kinetic 
energy. This expresses mathematically the conversion of mean kinetic energy into 
turbulent kinetic energy. 
The viscous dissipation term (V) 


-2ud,.d; = -2u( eh + eB e + 2e + 208 268) 


gives a negative contribution to (3.32) due to the appearance of the sum of squared 
fluctuating deformation rates e;. The dissipation of turbulent kinetic energy is 
caused by work done by the smallest eddies against viscous stresses. The rate of 
dissipation per unit mass, whose dimensions are m^ | s°, is of vital importance in the 
study of turbulence dynamics and is denoted by 


£ = 2ve,,. ej (3.33) 


It is always the main destruction term in the turbulent kinetic energy equation, of a 
similar order of magnitude to the production term and never negligible. In contrast, 
when the Reynolds number is high, the viscous transport term (IV) in (3.32) is 
always very small compared to the turbulent transport term (VI). 


The k-e model equations 


It is possible to develop similar transport equations for all other turbulence quantities 
including the rate of viscous dissipation € (see Bradshaw ef al, 1981). The exact g- 
equation, however, contains many unknown and unmeasurable terms. The standard 
k-e model (Launder and Spalding, 1974) has two model equations, one for k and 
one for £, based on our best understanding of the relevant processes causing changes 
to these variables. 

We use k and e to define velocity scale 9 and length scale £ representative of the 
large scale turbulence as follows: 


gin 
ES 


9 = ki? £ 


One might question the validity of using the ‘small eddy’ variable ¢ to define the 
‘large eddy’ scale £. We are permitted to do this because at high Reynolds numbers 
the rate at which large eddies extract energy from the mean flow is precisely matched 
to the rate of transfer of energy across the energy spectrum to small, dissipating, 
eddies. If this was not the case the energy at some scales of turbulence could grow or 
diminish without limit. This does not occur in practice and justifies the use of e in 
the definition of £. 
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Applying the same approach as in the mixing length model we specify the eddy 
viscosity as follows: 


(3.34) 





where C, is a dimensionless constant. 
The standard model uses the following transport equations used for k and e: 


















k 
Op) + div(pkU) = div grad 1 + 2y,Fi . Ey — pe 
k 


5 (3.35) 










2 


Ope), mE € € 
— + div( peU) = div grad E| + Cis g hy „Ej — Crep n 


(3.36) 
In words the equations are 


Rate of change Transport Transport Rate of 
of kore + of k or by = of k or € by + production of 
convection diffusion kore 


Rate of 
— destruction 
of kore 





The equations contain five adjustable constants Cu, Ok, Oz, Cie and C2,. The standard 
k-e model employs values for the constants that are arrived at by comprehensive 
data fitting for a wide range of turbulent flows: 


C, =0.09; s,—1.00; s,—130; Ci, —144; C4—192 





(3.37) 


The production term in the model k-equation is derived from the exact production 
term in (3.32) by substitution of (3.23). A modelled form of the principal transport 
processes in the k- and z-equation appears on the right hand side. The turbulent 
transport terms are represented using the gradient diffusion idea introduced earlier in 
the context of scalar transport (see equation 3.24). Prandtl numbers o, and o; 
connect the diffusivities of k and e to the eddy viscosity ui, The pressure term (III) of 
the exact k-equation cannot be measured directly. Its effect is accounted for in 
equation (3.35) within the gradient diffusion term. 

Production and destruction of turbulent kinetic energy are always closely linked. 
The dissipation rate € is large where production of k is large. The model equation 
(3.36) for £ assumes that its production and destruction terms are proportional to the 
production and destruction terms of the k-equation (3.35). Adoption of such forms 
ensures that £ increases rapidly if k increases rapidly and that it decreases sufficiently 
fast to avoid (non-physical) negative values of turbulent kinetic energy if k decreases. 
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The factor ¢/k in the production and destruction terms makes these terms 
dimensionally correct in the z-equation. 

To compute the Reynolds stresses with the k—; model (3.34—3.36) an extended 
Boussinesq relationship is used: 


(3.38) 





Comparison with equation (3.23) shows that this form has an extra term on the right 
hand side which involves 5,, the Kronecker delta (0j = 1 if i — j and 0; = 0 if 
i Æj). The term serves to make the formula applicable to the normal Reynolds 
stresses for which i = j, and hence for t, = —pu?,1,, = —pv? and tz = —pw^. 
We consider an incompressible flow and explore the behaviour of the first part of 
(3.38) by itself. If we sum this over all the normal stresses (i.e. let i = 1,2 and 3 
whilst keeping i — j) we find, using continuity, that it is zero, since 


2u,Ei = 2p, FE at w = 2p, div U = 0 
Clearly in any flow the sum of the normal stresses —p (u? + y? + w?) is equal to 
minus twice the turbulence kinetic energy per unit volume (—2pk). An equal third is 
allocated to each normal stress component to ensure that their sum always has its 
physically correct value. It should be noted that this implies an isotropic assumption 
for the normal Reynolds stresses which the data in section 3.4 have shown is 
inaccurate even in simple two-dimensional flows. 


Boundary conditions 


The model equations for k and e are elliptic by virtue of the gradient diffusion term. 
Their behaviour is similar to the other elliptic flow equations, which gives rise to the 
need for the following boundary conditions: 


e inlet: distributions of k and £ must be given 

e outlet or symmetry axis: 0k/On = 0 and Oc/On = 0 

e free stream: k = 0 and £ = 0 

e solid walls: approach depends on Reynolds number (see below) 


In exploratory design calculations the detailed boundary condition information 
required to operate the model may not be available. Industrial CFD users rarely have 
measurements of k and e at their disposal. Progress can be made by entering values 
of k and £ from the literature (e.g. publications referred to in section 3.4) and 
subsequently exploring the sensitivity of the results to these inlet distributions. If no 
information is available at all, crude approximations for the inlet distributions for k 
and & in internal flows can be obtained from the turbulence intensity 7; and a 
characteristic length L of the equipment (equivalent pipe radius) by means of the 
following simple assumed forms: 


3 2 3/4 pn 
k= 3 (Ure Ti) ; E = C, PC £ = 0.07L 


The formulae are closely related to the mixing length formulae in section 3.5.1 and 
the universal distributions near a solid wall given below. 
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At high Reynolds number the standard k—e model (Launder and Spalding, 1974) 
avoids the need to integrate the model equations right through to the wall by making 
use of the universal behaviour of near wall flows discussed in section 3.4. If y is the 
co-ordinate direction normal to a solid wall, the mean velocity at a point y, with 
30 < y} < 500 satisfies the log-law (3.21) and measurements of turbulent kinetic 
energy budgets indicate that the rate of turbulence production equals the rate of 
dissipation. Using these assumptions and the eddy viscosity formula (3.34) it is 
possible to develop the following wall functions: 


(3.39) 





Von Karman's constant x = 0.41 and the wall roughness parameter E = 9.8 for 
smooth walls. Schlichting (1979) gives values of E that are valid for rough walls. 

For heat transfer we use the universal near wall temperature distribution valid at 
high Reynolds numbers (Launder and Spalding, 1974): 


T — T,)C,pu 
rt = ELTE o op, fut + P(E) (3.40) 


OT.t 


dw 





with Tp = temperature at near wall point yp Or, = turbulent Prandtl number 
T,, = wall temperature ori = uC5/Vr = Prandtl number 
qw = wall heat flux I’; = thermal conductivity 
C, = fluid specific heat at constant pressure 


Finally P is the 'pee-function', a correction function dependent on the ratio of 
laminar to turbulent Prandtl numbers (Launder and Spalding, 1974). 

At low Reynolds numbers the log-law is not valid so the above-mentioned 
boundary conditions cannot be used. Modifications to the k-e model to enable it to 
cope with low Reynolds number flows are reviewed in Patel et al (1985). Wall 
damping needs to be applied to ensure that viscous stresses take over from turbulent 
Reynolds stresses at low Reynolds numbers and in the viscous sub-layer adjacent to 
solid walls. 

The equations of the low Reynolds number k-e model, which replace (3.34- 
3.36), are given below: 


(3.41) 
















O(pk 
A + div(pkU) = div | (x + a) grad 1 t2g,Ej.Ejg — pe | (3.42) 
k 


Ape) + div( peU) = div | (n + 3 grad | 


2 
€ E 
t Cus fi i HEj Ej — Cre fap I (3.43) 
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The most obvious modification, which is universally made, is to include a viscous 
contribution in the diffusion terms in (3.42-3.43). The constants C,, Cie and C», in 
the standard k-e model are multiplied by wall-damping functions, f,, fi and f 
respectively, that are themselves functions of the turbulence Reynolds number 
(= 9£/v = k^ /(ev)) and/or similar parameters. As an example we quote the Lam and 
Bremhorst (1981) wall-damping functions which are particularly successful: 









fu = [1 — exp(-0.0165Re,)]" ( + r3 
Re, 









3 
fi- (1%) 00 fa=1— exp(-Re) 


7 (3.44) 





In function f, the parameter Re, is defined by k'?y/v. Lam and Bremhorst use 
Oc/Oy = 0 as a boundary condition. 


Assessment of performance 


The k-e model is the most widely used and validated turbulence model. It has 
achieved notable successes in calculating a wide variety of thin shear layer and 
recirculating flows without the need for case-by case adjustment of the model 
constants. The model performs particularly well in confined flows where the 
Reynolds shear stresses are most important. This includes a wide range of flows with 
industrial engineering applications, which explains its popularity. Examples of the 
application of the k-e model to a range of industrially relevant flows are given in 
Chapter 10. Versions of the model are available which incorporate effects due to 
buoyancy (Rodi, 1980). Such models are used to study environmental flows such as 
pollutant dispersion in the atmosphere and in lakes and the modelling of fires. 

In spite of the numerous successes the standard k-e model shows only moderate 
agreement in unconfined flows. The model is reported not to perform well in weak 
shear layers (far wakes and mixing layers) and the spreading rate of axisymmetric 
jets in stagnant surroundings is severely overpredicted. In large parts of these flows 
the rate of production of turbulent kinetic energy is much less than the rate of 
dissipation and the difficulties can only be overcome by making ad hoc adjustments 
to model constants C. 

Bradshaw ef al (1981) state that the practice of incorporating the pressure 
transport term of the exact k-equation in the gradient diffusion expression of the 
model equation is deemed to be acceptable on the grounds that the pressure term is 
sometimes so small that measured turbulent kinetic energy budgets balance without 
it. They note, however, that many of these measurements contain substantial errors 
and it is certainly not generally true that pressure diffusion effects are negligible. 

The model also has problems in swirling flows and flows with large, rapid, extra 
strains (e.g. highly curved boundary layers and diverging passages) since it is does 
not contain a description of the subtle effects of streamline curvature on turbulence. 
Secondary flows in long non-circular ducts, which are driven by anisotropic normal 
Reynolds stresses, can also not be predicted owing to the deficiencies of the 
treatment of normal stresses within the k-e model. Finally, the model is oblivious to 
body forces due to rotation of the frame of reference. 

A summary of the performance assessment for the standard k—e model is given in 
Table 3.5 


Table 3.5 k—s model 


assessment 


3.5.3 
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Advantages 


e simplest turbulence model for which only initial and/or boundary conditions need to be 
supplied 

e excellent performance for many industrially relevant flows 

e well established; the most widely validated turbulence model 


Disadvantages 


e more expensive to implement than mixing length model (two extra PDEs) 
e poor performance in a variety of important cases such as 
(i) some unconfined flows 
(ii) flows with large extra strains (e.g. curved boundary layers, swirling flows) 
(ii) rotating flows 
(iv) fully developed flows in non-circular ducts 


Reynolds stress equation models 


The most complex classical turbulence model is the Reynolds stress equation 
model (RSM), also called the second-order or second-moment closure model. 
Several major drawbacks of the k-e model emerge when it is attempted to predict 
flows with complex strain fields or significant body forces. Under such conditions 
the individual Reynolds stresses are poorly represented by formula (3.38) even if the 
turbulent kinetic energy is computed to reasonable accuracy. The exact Reynolds 
stress transport equation on the other hand can account for the directional effects of 
the Reynolds stress field. 

The modelling strategy originates from work reported in Launder et al (1975). We 
follow established practice in the literature by calling Ry = —t;/p = u, ju; the 
Reynolds stress, although the term kinematic Reynolds stress would be more 


precise. The exact equation for the transport of R; takes the following form: 





DR, 


qu = Pj + Dj — &j + My + Qy (3.45) 





Rate of Transport Rate of Transport Rate of 
change of + of Rj by = production + of R; by — dissipation 


Ry = uj convection of Ry diffusion of Ri 


Transport Transport 


of Ry due of Rj due to 
to turbulent rotation 


pressure- 
strain 
interactions 





Equation (3.45) describes six partial differential al equations: on one for the transport of 
each of the six x independent Reynolds stresses (v7, u2, u$, UUs, uus and ww, since 
uu, = UJU, uhu] = uw, and ww, = wuw,,). If it is compared with the exact 


transport equation for the turbulent kinetic energy (3.32) two new physical processes 
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appear in the Reynolds stress equations: the pressure-strain correlation term Ily, 
whose effect on the kinetic energy can be shown to be zero, and the rotation term Qy. 

CFD computations with the Reynolds stress transport equations retain the 
production term in its exact form 


(3.46) 





To obtain a solvable form of (3.45) we need models for the diffusion, the dissipation 
rate and the pressure-strain correlation terms on the right hand side. Launder et al 
(1975) and Rodi (1980) give comprehensive details of the most general models. For 
the sake of simplicity we quote those models derived from this approach that are 
used in some commercial CFD codes. These models lack a little detail, but their 
structure is most easy to understand and the main message is intact in all cases. 

The diffusion term Dj can be modelled by the assumption that the rate of 
transport of Reynolds stresses by diffusion is proportional to the gradients of 
Reynolds stresses. This gradient diffusion idea recurs throughout turbulence 
modelling. Commercial CFD codes often favour the simplest form 


( = div (2 grad (Ry) ) 


k 
with v, = C, > C,=9.09 and o= 1.0 






R: 
vı ORj (3.47) 





The dissipation rate £; is modelled by assuming isotropy of the small dissipative 
eddies. It is set so that it affects the normal Reynolds stresses (i — j) only and in 
equal measure. This can be achieved by 


£j = eð; (3.48) 


where £ is the dissipation rate of turbulent kinetic energy defined by (3.33). The 
Kronecker delta, ô; is given by 6; = 1 if i = j and 6; = 0 if i £ j. 

The pressure-strain interactions constitute at the same time the most difficult term 
in (3.45) and the most important one to model accurately. Their effect on the 
Reynolds stresses is caused by two distinct physical processes: pressure fluctuations 
due to two eddies interacting with each other and pressure fluctuations due to the 
interaction of an eddy with a region of flow of different mean velocity. The overall 
effect of the pressure-strain term is to re-distribute energy amongst the normal 
Reynolds stresses (i = j) so as to make them more isotropic and to reduce the 
Reynolds shear stresses (i Æ j). 

Corrections are needed to account for the influence of wall proximity on the 
pressure-strain terms. These corrections are different in nature from the wall- 
damping functions encountered in the k-e model and need to be applied irrespective 
of the value of the mean flow Reynolds number. Measurements indicate that the wall 
effect increases the anisotropy of normal Reynolds stresses by damping out 
fluctuations in the directions normal to the wall and decreases the magnitude of the 
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Reynolds shear stresses. A comprehensive model that accounts for all these effects 1s 
given in Launder et al (1975). They also give the following simpler form favoured by 
some commercially available CFD codes: 


£ 


k 


Ij = —Ci 


(Ry —2kóy) — C; (P — 2Pó;) (3.49) 





with C; = 1.8 and C, = 0.6 


The rotational term is given by 
Qy; = —20, (Rim ikv T Rim@jkn ) (3.50) 


Here w, is the rotation vector and ej; is the alternating symbol; ej; = +1 if i, j and k 
are different and in cyclic order, ej; = —1 if i, j and k are different and in anti-cyclic 
order and ej; = 0 if any two indices are the same. 

Turbulent kinetic energy k is needed in the above formulae and can be found by 
adding the three normal stresses together: 


k =} (Ri + Ro + R33) =} (W? + u? + v2). 


The six equations for Reynolds stress transport are solved along with a model 
equation for the scalar dissipation rate e. Again a more exact form is found in 
Launder et al (1975), but the equation from the standard k-e model is used in 
commercial CFD for the sake of simplicity. 


2 


. [ Vt E e 
pi 7 di( P graa e) + Cie j Ej Ej — Cn y (3.51) 


De 





where Cj, = 1.44 and Ca = 1.92 


Rate of change Transport Transport Rate of Rate of 
of € + of e by = ofeby + production of — destruction 


convection diffusion E of £ 





The usual boundary conditions for elliptic flows are required for the solution of the 
Reynolds stress transport equations: 


e inlet: specified distributions of Ry and € 
e outlet and symmetry: ORj/On = 0 and de/On = 0 

e free stream: Ry = 0 and e = 0 

e solid wall: wall functions 


In the absence of any information approximate inlet distributions for R; may be 
calculated from the turbulence intensity 7; and a characteristic length L of the 
equipment (e.g. equivalent pipe radius) by means of the following assumed 
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Table 3.6 Reynolds 
stress equation model 
assessment 


relationships: 
3 2 3/4 ? 12 
k= 3(U,eTi) ; E = C, PC f= 0.07L; “uy = k; 
ur -wuWb-Wk uw = OF Ej) 


Expressions such as these should not be used without a subsequent test of the 
sensitivity of results to the assumed inlet boundary conditions. 

For computations at high Reynolds numbers wall-function-type boundary 
conditions can be used which are very similar to those of the k—e model. Near 
wall Reynolds stress values are computed from formulae such as Ry = ulu’ = cyk 
where c; are obtained from measurements. 

Low Reynolds number modifications to the models can be incorporated to add 
the effects of molecular viscosity to the diffusion terms and to account for anisotropy 
in the dissipation rate term in the R;j-equations. Wall-damping functions to adjust the 
constants of the c-equation and a modified dissipation rate variable 
& (= e — 2v(OkV? / y^) give more realistic modelling near solid walls. So et al 
(1991) give a recent review of the performance of near wall treatments where details 
may be found. 

Similar models, involving three further model partial differential equations — one 
for every turbulent scalar flux ui’ of equation (3.17) — are available for scalar 
transport. The interested reader is referred to Rodi (1980) for further material. 
Commercial CFD codes use the simple expedient of adding a turbulent diffusion 
coefficient I', = u,/o, to the laminar diffusion coefficient with the Prandtl/Schmidt 
numbers c, for all scalars equal to 0.7. Very little is known about low Reynolds 
number modifications to the scalar transport equations in near wall flows. 

RSMs are clearly quite complex, but it is generally accepted that they are the 
‘simplest’ type of model with the potential to describe all the mean flow properties 
and Reynolds stresses without case-by-case adjustment (Table 3.6). The RSM is by 
no means as well validated as the k-e model and because of the high cost of the 
computations it is currently not widely used in industrial flow calculations. The 
extension and improvement of these models is an area of very active research. Once 
a consensus about the precise form of the component models has been reached it is 
likely that the availability of more powerful computing hardware will bring this form 
of turbulence modelling within the reach of the industrial user in the not too distant 
future. 








Advantages 


e potentially the most general of all classical turbulence models 

e only initial and/or boundary conditions need to be supplied 

e very accurate calculation of mean flow properties and a// Reynolds stresses for many 
simple and more complex flows including wall jets, asymmetric channel and non- 
circular duct flows and curved flows 


Disadvantages 


e very large computing costs (seven extra PDEs) 

e not as widely validated as the mixing length and k—e models 

e performs just as poorly as the k-e model in some flows owing to identical problems with 
the c-equation modelling (e.g. axisymmetric jets and unconfined recirculating flows) 
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3.5.4 Algebraic stress equation models 


The algebraic stress model (ASM) is an economical way of accounting for the 
anisotropy of Reynolds stresses without going to the full length of solving the 
Reynolds stress transport equations. The huge computational cost of solving the 
RSM is caused by the fact that gradients of the Reynolds stresses Rj etc. appear in 
the convective (D/Dt) and diffusive transport terms D; of (3.47) and (3.49) 
respectively. Rodi proposed the idea that if the convective and diffusive transport 
terms are removed or modelled, the Reynolds stress equations reduce to a set of 
algebraic equations. 

The simplest method is to neglect the convection and diffusion terms altogether. 
In some cases this appears to be sufficiently accurate (Naot and Rodi, 1982; 
Demuren and Rodi, 1984). A more generally applicable method is to assume that the 
sum of the convection and diffusion terms of the Reynolds stresses is proportional to 
the sum of the convection and diffusion terms of turbulent kinetic energy. Hence 


Dulu! wu, (Dk 
UP Don e — [k-transport (i.e. divers] 








Dt uk "ADI 
ul — 
=—/ (-y'u.E; —¢ 3.52 
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The terms in the brackets on the right hand side comprise the sum of the rate of 
production and the rate of dissipation of turbulent kinetic energy from the exact k- 
equation (3.32). The Reynolds stresses and the turbulent kinetic energy are both 
turbulence properties and are closely related, so (3.52) is likely not to be too bad an 
approximation provided that the ratio ulu’ k does not vary too rapidly across the 
flow. Further refinements may be obtained by relating the transport by convection 
and diffusion independently to the transport of turbulent kinetic energy. 

Introducing approximation (3.52) into the Reynolds stress transport equation 
(3.45) with production term P, (3.46), modelled dissipation rate term (3.50) and 
pressure-strain correlation term (3.49) on the right hand side yields after some 
rearrangement the following algebraic stress model: 


(3.53) 





The Reynolds stresses appear on both sides of the equation — on the right hand side 
they are contained within Pj — so (3.53) is a set of six simultaneous algebraic 
equations for the six unknown Reynolds stresses Ry that can be solved by matrix 
inversion or iterative techniques if k and £ are known. Therefore, the formulae are 
solved in conjunction with the standard k—e model equations (3.34—3.37). 

The constant Cp is adjustable to make up for the physics 'lost' in the 
approximation. One commercial CFD code recommends ASM for swirling flows 
with the following constants: 


Cp=055 and C,=22 (3.54) 


Turbulent scalar transport can also be described by algebraic models derived from 
their full transport equations that were alluded to in the previous section. Again Rodi 
(1980) gives further information for the interested reader. 
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Table 3.7 Algebraic 
stress model assessment 


3.5.5 


Demuren and Rodi (1984) report the computation of the secondary flow in non- 
circular ducts with a somewhat more sophisticated version of this model that 
includes wall corrections for the pressure-strain term and modified values of 
adjustable constants to get a good match with measured data in nearly homogeneous 
shear flows and channel flows. They achieved realistic predictions of the primary 
flow distortions and secondary flow in square and rectangular ducts. These effects 
are caused by anisotropy of the normal Reynolds stresses and can therefore not be 
represented in simulations of the same situation with the standard k-e model. 

The algebraic stress model is an economical method of incorporating the effects 
of anisotropy into the calculations of Reynolds stresses. The model is not as well 
validated as the k-e model but can be used in flows where the latter is known to 
perform poorly and where the transport assumptions made do not compromise too 
severely the calculation accuracy (Table 3.7). Recent developments in the design 
of anisotropic eddy viscosity k-e models have caused a modest loss of popularity of 
the ASM. 


Advantages 


e cheap method to account for Reynolds stress anisotropy 

e potentially combines the generality of approach of the RSM (good modelling of 
buoyancy and rotation effects possible) with the economy of the k-c model 

e successfully applied to isothermal and buoyant thin shear layers 

e if convection and diffusion terms are negligible the ASM performs as well as the RSM 


Disadvantages 


e only slightly more expensive than the k-e model (two PDEs and a system of algebraic 
equations) 

e not as widely validated as the mixing length and k-e models 

e same disadvantages as RSM apply 

model is severely restricted in flows where the transport assumptions for convective 

and diffusive effects do not apply — validation is necessary to define the performance 

limits 


Some recent advances 


The field of turbulence modelling provides an area of intense research activity for 
the CFD and fluid engineering community. The previous sections have outlined the 
modelling strategy of each of the main classical models which are applied in or are 
under development for commercially available general purpose codes. Now we 
report a necessarily small sample of recent developments. 

Behind much of the current advanced turbulence modelling research lies the 
belief that, irrespective of boundary conditions and geometry, there exists a (limited) 
number of universal features of turbulence which, when identified correctly, can 
form the basis of a complete description of flow variables of interest to an engineer. 
The emphasis must be on the word belief, because the very existence of a classical 
model — based on time-averaged equations — of this kind is contested by a number of 
renowned experts in the field. Encouraged by, for example, the success of the mixing 
length model in the external aerodynamics field, they favour the development of 
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dedicated models for limited classes of flow. These two viewpoints naturally lead to 
two distinct lines of research work: 


1. The development and optimisation of turbulence models for limited categories of 
flows. 

2. The search for a comprehensive and completely general purpose turbulence 
model. 


Industry has many pressing flow problems to solve that will not wait for the 
conception of a universal turbulence model. Fortunately many sectors of industry are 
specifically interested in a limited class of flows only — e.g. pipe flows for the oil 
transportation sector, turbines and combustors for power engineering. The large 
majority of turbulence research consists of case-by-case examination and validation 
of existing turbulence models for such specific problems. 

The literature is far too extensive even to begin to review here. The main sources 
of useful, applications-oriented information are: Transactions of the American 
Society of Mechanical Engineers — in particular the Journal of Fluids Engineering, 
Journal of Heat Transfer and Journal of Engineering for Gas Turbines and Power — 
as well as the AJAA Journal, the International Journal of Heat and Mass Transfer 
and the International Journal of Heat and Fluid Flow. 

More fundamental turbulence modelling research has recently followed various 
interesting new directions. Much of the work is published in the above-mentioned 
journals, especially the 4/44 Journal, but the Journal of Fluid Mechanics and 
Physics of Fluids A provide further and often more in-depth coverage. 

All turbulence models considered in this book have been initially conceived by 
intuition combined with a semi-empirical approach. Launder, who played a key part 
in the development of practically all the current general purpose models of 
turbulence, gave a fairly recent review (Launder, 1989) of the position of the RSMs, 
the most sophisticated models. Developments continue in this area, but Amano and 
Goel (1987) confirm doubts that even the RSM, with its ‘crude’ modelling of the 
rght hand side terms, may not be a sufficiently general purpose tool for all 
problems. They suggest that nothing short of a full third-moment closure model — 
the solution of the transport equations for the quantities uj, in the exact Reynolds 
stress transport equations — will suffice for the accurate description of recirculating 
flows such as that over a backward-facing step. Such a requirement is not without 
consequence since third-moment closures increase the computing cost of solutions. 
Moreover, it becomes progressively more difficult to make measurements to support 
the development of models of diffusion, production and destruction terms in 
transport equations of this kind. 

It is therefore encouraging that a group of researchers at NASA Langley Research 
Center led by Speziale have recently developed a framework for non-linear 
extensions of the k-e model. In addition to this work they have derived a variant of 
the ASM (Gatski and Speziale, 1993) that is claimed to be more computationally 
stable. Here we briefly discuss the new k-e models. A major drawback of the 
standard k—e model is the fact that the eddy viscosity is identical for all the Reynolds 
stresses. Measurements indicate that this is not the case even in simple turbulent 
flows. In two-dimensional thin shear layers the discrepancies often do not give cause 
for concern because only one Reynolds shear stress is important. 

The initial interest in the ASM arose from its ability to provide a cheap way of 
accounting for anisotropy of the Reynolds stresses. The group of researchers 
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NASA Langley Research Center led by Speziale have recently advanced non-linear 
k-e models. The approach consists of deriving asymptotic expansions for the 
Reynolds stresses which maintain terms that are quadratic in velocity gradients. 
Invoking some powerful constraints on the mathematical shape of the resulting 
models, most of which were first compiled and formulated by Lumley (1978), the 
following non-linear expression emerges (Speziale, 1987, 1991): 


— k? 
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The value of adjustable constant Cp was found by calibration with experimental 
data. 

Equation (3.55) is the non-linear extension of the k—e model to flows with 
moderate and large strains. Formula (3.38) is a special case of (3.55) at low rates of 
deformation when terms that are quadratic in velocity gradients may be dropped. 
Like the ASM this model can account for the secondary flow in fully developed non- 
circular duct flows. Horiuti (1990) argues in favour of a variant of this approach 
which retains terms up to third order in velocity gradients. 

The statistical mechanics approach has led to new mathematical formalisms 
which, in conjunction with a limited number of assumptions regarding the statistics 
of small scale turbulence, provide a rigorous basis for the extension of eddy viscosity 
models. The Renormalization Group (RNG) devised by Yakhot and Orszag of 
Princeton University has to date attracted most interest. 

These workers represent the effects of the small scale turbulence by means of a 
random forcing function in the Navier-Stokes equation. The RNG procedure 
systematically removes the small scales of motion from the governing equations by 
expressing their effects in terms of larger scale motions and a modified viscosity. 
The mathematics is highly abstruse; we only quote the RNG k—e model equations 
which result from the work (Yakhot et al 1992): 


ð 
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Only the constant f is adjustable; the above value is calculated from near wall 
turbulence data. All other constants are explicitly computed as part of the RNG 
process. 

The e-equation has long been suspected as one of the main sources of accuracy 
limitations for the standard version of the k—e model and the RSM in flows that 
experience large rates of deformation. It is, therefore, interesting to note that the 
model contains a strain-dependent correction term in the constant Cj; of the RNG 
model ¢-equation. The model can be applied with the isotropic Reynolds stress 
formula (3.38) or with the non-linear form (3.57). Yakhot et al report very good 
predictions of the flow over a backward-facing step, in particular when using the 
non-linear Reynolds stress expression. 

The model is essentially a variant of the k-e model and computations are only 
slightly more expensive than those with the standard version. The performance 
improvements for complex turbulent flows have aroused so much interest that a 
number of commercial CFD codes now incorporate the RNG version of this model. 
The user should, however, note that for all its promise the RNG model is only a 
relative newcomer to turbulence and still needs to be widely validated. 


Final remarks 


This chapter provides a first glimpse of the role of turbulence in defining the broad 
features of the flow and of the practice of turbulence modelling. Turbulence is a 
phenomenon of great complexity and has puzzled theoreticians for over a hundred 
years. [ts appearance causes radical changes to the flow which can range from the 
favourable (efficient mixing) to the detrimental (high energy losses) depending on 
one's point of view. The fluctuations associated with turbulence give rise to the extra 
Reynolds stresses on the mean flow. 

What makes turbulence so difficult to tackle mathematically is the wide range of 
length and time scales of motion even in flows with very simple boundary 
conditions. It should therefore be considered as truly remarkable that the two most 
widely applied models, the mixing length and k—e models, succeed in expressing the 
main features of many turbulent flows by means of one length scale and one time 
scale defining variable. The standard k—e model still comes highly recommended for 
general purpose CFD computations. Although many experts argue that the RSM is 
the only viable way forward towards a truly general purpose classical turbulence 
model, the recent advances in the area of non-linear k-e models are very likely to re- 
invigorate research on two-equation models. 

Large eddy simulation (LES) models require large computing resources and are 
not (yet?) of use as general purpose tools. Nevertheless, in simple flows LES 
computations can supply values of turbulence properties that cannot be measured in 
the laboratory owing to the absence of suitable experimental techniques. Hence LES 
models will increasingly be used to guide the development of classical models 
through comparative studies. 

Although the resulting mathematical expressions of turbulence models may be 
quite complicated it should never be forgotten that they all contain adjustable 
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constants that need to be determined as best-fit values from experimental data that 
contain experimental uncertainties. Every engineer is aware of the dangers of 
extrapolating an empirical model beyond its data range. The same risks occur when 
abusing turbulence models in this fashion. CFD calculations of ‘new’ turbulent flows 
should never be accepted without any validation against high quality experiments. 
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The Finite Volume Method for 
Diffusion Problems 


Introduction 


The nature of the transport equations governing fluid flow and heat transfer and the 
formal control volume integration were described in Chapter 2. Here we develop the 
numerical method based on this integration, the finite volume (or control volume) 
method, by considering the simplest transport process of all: pure diffusion in the 
steady state. The governing equation of steady diffusion can easily be derived from 
the general transport equation (2.39) for property $ by deleting the transient and 
convective terms. This gives 


div(T grad $) + $, — 0 (4.1) 


The control volume integration, which forms the key step of the finite volume 
method that distinguishes it from all other CFD techniques, yields the following 
form: 


| div(T grad $)dV + | SgdV = | n . (T grad $)dA + | SgdV =0 
CV CV A CV 
(4.2) 


By working with the one-dimensional steady state diffusion equation the 
approximation techniques that are needed to obtain the so-called discretised 
equations are introduced. Later the method is extended to two- and three- 
dimensional diffusion problems. Application of the method to simple one- 
dimensional steady state heat transfer problems is illustrated through a series of 
worked examples and the accuracy of the method is gauged by comparing numerical 
results with analytical solutions. 
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Fig. 4.1 


Fig. 4.2 


The finite volume method for diffusion problems 


4.2 


Finite volume method for one-dimensional steady state 
diffusion 


Consider the steady state diffusion of a property $ in a one-dimensional domain 
defined in Figure 4.1. The process is governed by 


d (dd 7 
(re) +s=0 (4.3) 


where T is the diffusion coefficient and S is the source term. Boundary values of $ at 
points A and B are prescribed. An example of this type of process, one-dimensional 
heat conduction in a rod, is studied in detail in section 4.3. 


Control volume boundaries 


4 = constant 
bo 
pg = constant 





Control volume Nodal points 


Step 1: Grid generation 


The first step in the finite volume method is to divide the domain into discrete 
control volumes. Let us place a number of nodal points in the space between A and 
B. The boundaries (or faces) of control volumes are positioned mid-way between 
adjacent nodes. Thus each node is surrounded by a control volume or cell. It is 
common practice to set up control volumes near the edge of the domain in such a 
way that the physical boundaries coincide with the control volume boundaries. 

At this point it is appropriate to establish a system of notation that can be used in 
future developments. The usual convention of CFD methods is shown in Figure 4.2. 

A general nodal point 1s identified by P and its neighbours in a one-dimensional 
geometry, the nodes to the west and east, are identified by Wand E respectively. The 
west side face of the control volume is referred to by ‘w’ and the east side control 
volume face by ‘e’. The distances between the nodes Wand P, and between nodes P 
and E, are identified by dxwp and Óxpg respectively. Similarly the distances between 
face w and point P and between P and face e are denoted by 6x,p and Óxp, 
respectively. Figure 4.2 shows that the control volume width is Ax = ÔXwe. 
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Step 2: discretisation 


The key step of the finite volume method is the integration of the governing equation 
(or equations) over a control volume to yield a discretised equation at its nodal point 
P. For the control volume defined above this gives 


| ar Jar + | Say = (ra 2) - (ra Ea SAV =0 
Ar av (4.4) 


Here A is the cross-sectional area of the control volume face, AV is the volume and S 
is the average value of source S over the control volume. It is a very attractive feature 
of the finite volume method that the discretised equation has a clear physical 
interpretation. Equation (4.4) states that the diffusive flux of @ leaving the east face 
minus the diffusive flux of $ entering the west face is equal to the generation of $, 
i.e. it constitutes a balance equation for $ over the control volume. 

In order to derive useful forms of the discretised equations, the interface diffusion 
coefficient I and the gradient d$ /dx at east (‘e’) and west (‘w’) are required. 
Following well-established practice, the values of the property @ and the diffusion 
coefficient are defined and evaluated at nodal points. To calculate gradients (and 
hence fluxes) at the control volume faces an approximate distribution of properties 
between nodal points 1s used. Linear approximations seem to be the obvious and 
simplest way of calculating interface values and the gradients. This practice is called 
central differencing (see Appendix A). In a uniform grid linearly interpolated values 
for I and I, are given by 


D,-— — (4.5a) 
T D 
T, = E E (4.5b) 
And the diffusive flux terms are evaluated as 
do Pr — Pp 
T4 — | =T.A, . 
( 2). (ae ÓXpg (4-6) 
do Pp — Oy 
DIA = [.A4, 4.7 
( dx 2). (set Óxwp 47) 


In practical situations, as illustrated later, the source term S may be a function of the 
dependent variable. In such cases the finite volume method approximates the source 
term by means of a linear form: 


SAV =S,+Spbp (4.8) 
Substitution of equations (4.6), (4.7) and (4.8) into equation (4.4) gives 
L.A, $e- 9r) _ LA, Pp — Ow + (S, + Spp) = 0 (4.9) 
^ Óxpp XPE Oxy 


This can be re-arranged as 
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4.3 


Example 4.1 


Identifying the coefficients of @y and ġp in equation (4.10) as aw and az, and the 
coefficient of p as ap, the above equation can be written as 


app — awQw + agQg + Sy (4.11) 


where 





The values of S, and S, can be obtained from the source model (4.8): 
SAV = S, + S,óp. Equations (4.11) and (4.8) represent the discretised form of 
the equation (4.1). This type of discretised equation is central to all further 
developments. 


Step 3: Solution of equations 


Discretised equations of the form (4.11) must be set up at each of the nodal points in 
order to solve a problem. For control volumes that are adjacent to the domain 
boundaries the general discretised equation (4.11) is modified to incorporate 
boundary conditions. The resulting system of linear algebraic equations is then 
solved to obtain the distribution of the property at nodal points. Any suitable 
matrix solution technique may be enlisted for this task. In Chapter 7 we describe 
matrix solution methods that are specially designed for CFD procedures. The 
techniques of dealing with different types of boundary conditions will be examined 
in detail in Chapter 9. 


Worked examples: one-dimensional steady state 
diffusion 


The application of the finite volume method to the solution of simple diffusion 
problems involving conductive heat transfer is presented in this section. The 
equation governing one-dimensional steady state conductive heat transfer is 


d dT 

4 (i47) 45-0 an 
where thermal conductivity k takes the place of I in equation (4.3) and the 
dependent variable is temperature 7. The source term can, for example, be heat 
generation due to an electrical current passing through the rod. The incorporation of 
boundary conditions as well as the treatment of source terms will be introduced by 
means of three worked examples. 


Consider the problem of source-free heat conduction in an insulated rod whose ends 
are maintained at constant temperatures of 100 °C and 500 °C respectively. The one- 


Fig. 4.3 


Solution 


Fig. 4.4 The grid used 
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Area (A) 


dimensional problem sketched in Figure 4.3 is governed by 


IC z) =0 (4.13) 


Calculate the steady state temperature distribution in the rod. Thermal conductivity k 
equals 1000 W/mK, cross-sectional area A is 10 x 10^? m". 


Let us divide the length of the rod into five equal control volumes as shown in Figure 
4.4. This gives ôx = 0.1 m. 





ox/2 | Óx | dx | dx/2 


The grid consists of five nodes. For each one of nodes 2, 3 and 4 temperature values 
to the east and west are available as nodal values. Consequently, discretised 
equations of the form (4.10) can be readily written for control volumes surrounding 
these nodes: 


ke kw kw ke 
Ae Ay | T, A A, | T, 4.14 
Gs ar ») Po Er J v (e PE ) . (4.14) 
The thermal conductivity (ke = k, = k), node spacing (ôx) and cross-sectional area 


(A, = Aw = A) are constants. Therefore the discretised equation for nodal points 
2, 3 and 4 is 





apTp = awly + agTg (4.15) 


with 


ay + ag 





Su and 5, are zero in this case since there is no source term in the governing equation 
(4.13). 

Nodes 1 and 5 are boundary nodes, and therefore require special attention. 
Integration of equation (4.13) over the control volume surrounding point 1 gives 


(Lm (EL) -0 (4.16) 
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This expression shows that the flux through control volume boundary A has been 
approximated by assuming a linear relationship between temperatures at boundary 
point A and node P. We can re-arrange (4.16) as follows: 


Eau, Tp = 0.Tw + Ky Te + ($4 T4 (4.17) 
Ox Ox Ox Ox 


Comparing equation (4.17) with equation (4.10) it can be easily identified that the 
fixed temperature boundary condition enters the calculation as a source term 
(S, + S, Tp) with S, = (2k4/óx)T4 and S, = —2kA/6x and that the link to the (west) 
boundary side has been suppressed by setting coefficient aw to zero. 

Equation (4.17) may be cast in the same form as (4.11) to yield the discretised 
equation for boundary node 1: 


apIp = awTw + agTg + Su (4.18) 
pow fof [9 s 


pee ww 
aw + ag — -2 | CT 


The control volume surrounding node 5 can be treated in a similar manner. Its 
discretised equation is given by 


kA (ZE) — kA (=) =0 (4.19) 


As before we assume a linear temperature distribution between node P and boundary 
point B to approximate the heat flux through the control volume boundary. Equation 
(4.19) can be re-arranged as 


k 2k k 2k 
(5 At 4)Te= (EA) tw +0. Te (54) Te (4.20) 


The discretised equation for boundary node 5 is 


apTp = awTy + agTg + Su (4.21) 


with 








where 





The discretisation process has yielded one equation for each of the nodal points 1 to 
5. Substitution of numerical values gives kA /dx = 100 and the coefficients of each 
discretised equation can easily be worked out. Their values are given in Table 4.1. 


Table 4.1 


Fig. 4.5 Comparison of 
the numerical result with 
the analytical solution 
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Node ay ag S, Sp ap = dy + ag — Sp 
l 0 100 2007; —200 300 
2 100 100 0 0 200 
3 100 100 0 0 200 
4 100 100 0 0 200 
5 100 0 20075 —200 300 





The resulting set of algebraic equations for this example is 


3007; = 1007, + 200T, 
20072 = 1007, + 1007; 


20075 = 10075 + 1007; (4.22) 
20074 = 1007; + 1007; 
3007; = 1007; + 200775 
This set of equations can be re-arranged as 
300 —100 0 0 01/7, 200T, 
—100 200 -100 0 04117 0 
0 —100 200 -100 0||7n|- 0 (4.23) 
0 0 —100 200 —100 | | T; 0 
0 0 0 —100 300] | 7; 20075 


The above set of equations yields the steady state temperature distribution of the 
given situation. For simple problems involving a small number of nodes the resulting 
matrix equation can easily be solved with a software package such as MATLAB 
(The Student Edition of MATLAB, The Math Works Inc., 1992). For T4 = 100 and 
Tg — 500 the solution of (4.23) can obtained by using, for example, Gaussian 
elimination: 


Ti 140 
T; 220 
T; | = | 300 (4.24) 
Ta 380 
Ts 460 


The exact solution is a linear distribution between the specified boundary 
temperatures: T = 800x + 100. Figure 4.5 shows that the exact solution and the 
numerical results coincide. 


Š 


Numerical 


Temperature (°C) 
UJ 
= 





0 9.05 0.15 0.25 0.35 0.45 0.5 


Distance x (m) 
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Example 4.2 Now we discuss a problem that includes sources other than those arising from 


Fig. 4.6 


Solution 


Fig. 4.7 The grid used 


boundary conditions. 

Figure 4.6 shows a large plate of thickness L — 2 cm with constant thermal 
conductivity k = 0.5 W/m/K and uniform heat generation q = 1000 kW/m?. The 
faces A and B are at temperatures of 100 °C and 200 °C respectively. Assuming that 
the dimensions in the y- and z-directions are so large that temperature gradients are 
significant in the x-direction only, calculate the steady state temperature distribution. 
Compare the numerical result with the analytical solution. The governing equation is 


(4.25) 





As before the method of solution is demonstrated using a simple grid. The domain is 
divided into five control volumes (see Figure 4.7) giving óx — 0.004 m; a unit area 
is considered in the y—z plane. 





| dx/2 | ` 8x | dx | | dx/2 | 


Formal integration of the governing equation over a control volume gives 


d dT 
—Iik-——idV dV —0 4.26 
ET T) IE (4.26) 
AV AV 


We treat the first term of the above equation as in the previous example. The second 
integral, the source term of the equation, is evaluated by calculating the average 
generation (i.e. SAV = qAV) within each control volume. Equation (4.26) can be 
written as 


(u) - (u) ] caa -o aam 


ke A Te Io) kA Te- TW) Lo4ox = 0 (4.28) 
Ox Ox 
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The above equation can be re-arranged as 


ke A k,, A — ke A kp A 


This equation is written in the general form of (4.11): 


apTp = ay Tw + aETE -+ Su (4.30) 


Since ke = k, = k we have the following coefficients: 














Equation (4.30) is valid for control volumes at nodal points 2, 3 and 4. 

To incorporate the boundary conditions at nodes 1 and 5 we apply the linear 
approximation for temperatures between a boundary point and the adjacent nodal 
point. At node | the temperature at the west boundary is known. Integration of 
equation (4.25) at the control volume surrounding node 1 gives 








dT dT 
kå — | — | kA— AV =0 4.31 
(HE) - (a), | ** M 
Introduction of the linear approximation for temperatures between A and P yields 
Tg — Tp Tp — Ty 
kA — k4A Adx = 0 4.32 
ea) a (Apt) | ani 492) 


The above equation can be re-arranged, using ke = k4 = k, to yield the discretised 
equation for boundary node 1: 


apTp = awTy + agTg + Sy (4.33) 


where 





At nodal point 5, the temperature on the east face of the control volume is known. 
The node is treated in a similar way to boundary node 1. At boundary point 5 we 


have 
dT dT 
(ka) - c3 --qAV =0 (4.34) 


Tg — Tp Tp — Tw 
kg A — = 
E ( 372 by Al = ) + aaa 0 (4.35) 


The above equation can be re-arranged, noting that kg =k, =k, to give the 
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Table 4.2 


discretised equation for boundary node 5: 


apTp = awTy + agfTg + S, (4.36) 


where 





Substitution of numerical values for A = 1, k = 0.5 W/m/K, q = 1000 kW/m? and 
ôx = 0.004 m everywhere gives the coefficients of the discretised equations 
summarised in Table 4.2. 


Node ay ar Su S, ap = dày T ag — Sp 
1 0 125 4000 + 2507, —250 375 
2 125 125 4000 0 250 
3 125 125 4000 0 250 
4 125 125 4000 0 250 
5 125 0 4000 + 250T75 —250 375 


Given directly in matrix form the equations are 


375  —125 0 0 OIT 29000 
—125 250 -125 0 0| | % 4000 
0 —125 250 -125 0||73| = | 4000 (4.37) 
0 0 —125 250 -125| 74 4000 
0 0 0 -125 À375,||T75 54000 
The solution to the above set of equations is 
Ti 150 
T; 218 
Tz | = | 254 (4.38) 
T4 258 
Ts 230 


Comparison with the analytical solution 


The analytical solution to this problem may be obtained by integrating equation 
(4.25) twice with respect to x and by subsequent application of the boundary: 
conditions. This gives 
| dca - T4 
t L 


T 





q 
(p 4.39 
ta x)|x + T4 ( ) 


The comparison between the finite volume solution and the exact solution is shown 
in Table 4.3 and Figure 4.8 and it can be seen that, even with a coarse grid of five 
nodes, the agreement is very good. 


Table 4.3 


Fig. 4.8 Comparison of 
the numerical results with 
the analytical solution 


Example 4.3 


Fig. 4.9 The geometry 
for Example 4.3 
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Node number 1 2 3 4 5 


x (m) 0.002 0.006 0.01 0.014 0.018 
Finite volume solution 150 218 254 258 230 
Exact solution 146 214 250 254 226 
Percentage error 2.73 1.86 1.60 1.57 1.76 


300 


ho 
A 
© 


ho 
2 
e 


Exact 


Temperature (°C) 
CA 
o 


Numerical 


z 


A 
e 





0.0 0.4 0.8 1.2 


Distance (cm) 


2.0 


In the final worked example of this chapter we discuss the cooling of a circular fin by 
means of convective heat transfer along its length. Convection gives rise to a 
temperature-dependent heat loss or sink term in the governing equation. 

Shown in Figure 4.9 is a cylindrical fin with uniform cross-sectional area A. The 
base is at a temperature of 100 °C (Tg) and the end is insulated. The fin is exposed to 
an ambient temperature of 20 °C. One-dimensional heat transfer in this situation is 
governed by 


dT 


HC T) —hP(T — T4) = 0 


= (kA — (4.40) 


where h is the convective heat transfer coefficient, P the perimeter, k the thermal 
conductivity of the material and 7,, the ambient temperature. Calculate the 
temperature distribution along the fin and compare the results with the analytical 
solution given by 


T—T x  cosh[n(L x) 
Tg — T%  cosh(nL) 


where n^ = hP / (kA), L is the length of the fin and x the distance along the fin. Data: 
L = ] m, AP/(kA) = 25 m ? (note kA is constant). 


(4.41) 


Insulated 
(zero heat flux 
across this boundary) 






Tambient 
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Solution The governing equation in the example contains a sink term, —hP(T — Tœ), the 


Fig. 4.10 The grid used 
in Example 4.3 


convective heat loss, which is a function of the local temperature 7. As before the 
first step in solving the problem by the finite volume method is to set up a grid. We 
use a uniform grid and divide the length into five control volumes so that 
ôx = 0.2 m. The grid is shown in Figure 4.10. 





Tg» 100°C | 





When kA = constant, the governing equation (4.40) can be written as 


T 
£ (S — (T — T4) = 0 where n^ = hp/(kA) (4.42) 
Integration of the above equation over a control volume gives 
d (dT 
—{—|dV— | (T — T4)dV =0 4.43 
| (ao | «r9 (443) 
AV AV 


The first integral of the above equation is treated as in Examples 4.1 and 4.2; the 
second integral due to the source term in the equation is evaluated by assuming that 
the integral is locally constant within each control volume. 


(4 5) - (4 5) | - |n? (Tp — T.)Adx| = 0 


First we develop a formula valid for nodal points 2, 3 and 4 by introducing the usual 
linear approximations for the temperature gradient. Subsequent division by cross- 
sectional area A gives 


EA- E rm- ay 


This can be re-arranged as 


|] | ; ; 
(s + x) Tp (s) + (s) E mox n XAP ) 





For interior nodal points 2, 3 and 4 we write, using general form (4.11), 


apTp = apy Ty + agTg + Su (4.46) 


with 





Next we apply the boundary conditions at node points 1 and 5. At node 1 the west 
control volume boundary is kept at a specified temperature. It is treated in the same 


Table 4.4 


Worked examples: one-dimensional steady state diffusion 97 


way as Example 4.1, 1.e. 


(ex) - Cat) T- ra =0 (4.47) 


The coefficients of the discretised equation at boundary node 1 are 











At node 5 the flux across the east boundary is zero since the east side of the control 
volume is an insulated boundary: 


0 — (=>) — [r^ (Tp — T4,)óx| = 0 (4.48) 


Hence the east coefficient is set. to zero. There are no additional source terms 
associated with the zero flux boundary condition. The coefficients at boundary 
node 5 are given by 











Node ay aE S, Sp dp = dy + ag — $p 
l 0 5 100 + 10775 —15 20 
2 5 5 100 —§ 15 
3 5 5 100 —5 15 
4 5 5 100 —§ 15 
5 5 0 100 —5 10 


The matrix form of the equations set is 


20 —5 0 0 O01] 7; 1100 

-5 145 —5 0 01175 100 
0 —5 15 -5 0||73|—| 100 (4.49) 
0 0 -5 15 5 Ta 100 
0 0 0 —5 10||T; 100 

The solution to the above system is 

Ti 64.22 

Tə 36.91 

T3 | = | 26.50 (4.50) 

T4 22.60 


Ts 21.30 
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Table 4.5 


Fig. 4.11 Comparison 
of numerical and 
analytical results 


Table 4.6 


Comparison with the analytical solution 


Table 4.5 compares the finite volume solution with analytical expression (4.41). The 
maximum percentage error ((analytical solution — finite volume solution)/analytical 
solution) is around 6%. Given the coarseness of the grid used in the calculation the 
numerical solution is reasonably close to the exact solution. 


Node Distance Finite volume Analytical Difference Percentage 
solution solution Error 

1 0.1 64.22 68.52 4.30 6.27 

2 0.3 36.91 37.86 0.95 2.5] 

3 0.5 26.50 26.61 0.11 0.41 

4 0.7 22.60 22.53 — 0.07 —0.31 

5 0.9 21.30 21.21 — 0.09 — 0.42 


The numerical solution can be improved by employing a finer grid. Let us 
consider the same problem with the rod length subdivided into 10 control volumes. 
The derivation of the discretised equations is the same as before, but the numerical 
values of the coefficients and source terms are different owing to the smaller grid 
spacing of óx — 0.1 m. The comparison of results of the second calculation with the 
analytical solution is shown in Figure 4.11 and Table 4.6. The second numerical 
results show better agreement with the analytical solution; now the maximum 
deviation is only 296. 


== The analytical solution 
€ Numerical solution (coarse grid) 
B Numerical solution (fine grid) 


Temperature (°C) 








0.0 0.2 0.4 0.6 0.8 1.0 

Distance (m) 
Node Distance Finite volume Analytical Difference Percentage 

solution solution error 
l 0.05 80.59 82.31 1.72 2.08 
2 0.15 56.94 57.79 0.85 1.47 
3 0.25 42.53 42.93 0.40 0.93 
4 0.35 33.74 33.92 0.18 0.53 
5 0.45 28.40 28.46 0.06 0.21 
6 0.55 25.16 25.17 0.01 0.03 
7 0.65 23.21 23.19 — 0.02 — 0.08 
8 0.75 22.06 22.03 — 0.03 — 0.13 
9 0.85 21.47 21.39 — 0.08 — 0.37 
10 0.95 21.13 21.11 — 0.02 — 0.09 


— a i A—————————" 
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4.4 Finite volume method for two-dimensional diffusion 


Fig. 4.12 A part of the 
two-dimensional grid 


problems 


The methodology used in deriving discretised equations in the one-dimensional case 
can be easily extended to two-dimensional problems. To illustrate the technique let 
us consider the two-dimensional steady state diffusion equation given by 


8 8 
3 x (T x) *E e(r x) +5=0 (4.51) 


A portion of the two-dimensional grid used for the discretisation is shown in Figure 
4.12. 





In addition to the east (E) and west (W) neighbours a general grid node P now 
also has north (N) and south (S) neighbours. The same notation as in the one- 
dimensional analysis is used for faces and cell dimensions. When the above equation 
is formally integrated over the control volume we obtain 


[e(t [arias [nra m 
AV AV 


So, noting that A, = A,, = Ay and A, = A, = Ax, we obtain: 


rs). rs). 


4 r, An (2 - T, A, (3) | + SAV =0 (4.53) 


As before this equation represents the balance of the generation of $ in a control 
volume and the fluxes through its cell faces. Using the approximations introduced in 
the previous section we can write expressions for the flux through control volume 
faces: 











Flux across the west face = I, A, 09 = IA, (Gp — Pw) (4.54a) 
" Ox w OXwp 

Flux across the east face = I, A, 9$ = [. A, ($c — $r) bp) (4.54b) 

Ox e ÓXpE 

0 _ 

Flux across the south face = I, A, 0$ =T, A; (bp — Ps) (4.54c) 
Oy s ÔYSP 

Flux across the north face = I, A, 00 =], A, (On — bp) 9p) (4.54d) 
Oy |, — ÓypN — 





100 


The finite volume method for diffusion problems 


4.5 


By substituting the above expressions into equation (4.53) we obtain 


T, A. (Gz — $p) - T. A, (dp — (p — Ow) r a, (On — $p) 
O OXpE Ox XWP ÔYPN 
- T, A, (P2= 95) | Say — 0 (4.55) 
Óysp 


When the source term is represented in linearised form SAV = S, + Sp@p, this 
equation can be re-arranged as 


(fe Vs As Ion s) 
Óxwp | ÓXpk | Óysp  ÔYPN P 


epe (eo (Geos (Geo os 


Equation (4.56) is now cast in the general discretised equation form for interior 


nodes: 
aphp = ayQy + agQg + ashs + any + Sy (4.57) 











where 


aw + ag + as +an — Sp 





The face areas in a two-dimensional case are A, = 4, = Ay; 4, = As = Ax. 

We obtain the distribution of the property $ in a given two-dimensional situation 
by writing discretised equations of the form (4.57) at each grid node of the 
subdivided domain. At the boundaries where the temperatures or fluxes are known 
the discretised equations are modified to incorporate boundary conditions in the 
manner demonstrated in Examples 4.1 and 4.2. The boundary side coefficient is set 
to zero (cutting the link with the boundary) and the flux crossing the boundary 1s 
introduced as a source which is appended to any existing S, and $, terms. 
Subsequently, the resulting set of equations is solved to obtain the two-dimensional 
distribution of the property @. Example 7.2 in Chapter 7 shows how the method can 
be applied to calculate conductive heat transfer in two-dimensional situations. 


Finite volume method for three-dimensional diffusion 
problems 


Steady state diffusion in a three-dimensional situation is governed by 


06 Ao oe 
(ra) +S (PB) (r 2) s= 0 (4.58) 


Now a three-dimensional grid is used to subdivide the domain. A typical control 
volume is shown in Figure 4.13. 


Fig. 4.13 A cell in three 


dimensions and 
neighbouring nodes 
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A cell containing node P now has six neighbouring nodes identified as west, east, 
south, north, bottom and top nodes (W, E, S, N, B, T). As before, the notation, w, e, s, 
n, b and t are used to refer to the west, east, south, north, bottom and top cell faces 
respectively. 

Integration of Equation (4.58) over the control volume shown gives 


Ag ad Ad ag 
r, Ac (3) - tw Aw eJ | + r, ^ (£) - bs As (S) 


+ r. A, ($) — I, A, e | + SAV =0 (4.59) 
0z J, Oz J, 


Following the procedure developed for one- and two-dimensional cases the 
discretised form of the equation (4.59) is obtained: 


r. (Pe pM... (ds - $e 


ÓXpE OX wp 
4 r, (Py — bp)An | r, ($p — bats 
OYPN Óysp 
— $p)A — $5)A 
+ [rr tele r, o oo) l + (+5560) =0 (460 
ZPT OZ BP 
As before this can be re-arranged as to give the discretised equation for interior 
nodes: 
apPp = awhy + arb; + agis + any + apby t+ arbr +S, | (4.61) 
where 


ay + ag t as + ay 
ÓZpp ÓzpT +ag tar — Sp 





Boundary conditions can be introduced by cutting links with the appropriate face(s) 
and modifying the source term as described in section 4.3. 
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4.6 Summary of discretised equations for diffusion problems 


e The discretised equations for one-, two- and three-dimensional diffusion problems 
have been found to take the following general form: 


aphp = M ^ anb Pus + Su 


(4.62) 


where X indicates summation over all neighbouring nodes (nb), and anb are 
the neighbouring coefficients, ay,ag in 1D, aw,ag,as,ay in 2D and 
Aw,dgp,as,ay,ap,ar in 3D; @,, are the values of the property @ at the 


neighbouring nodes and (S, + Sp@,) is the linearised source term. 
e In all cases the coefficients around point P satisfy the following relation: 


(4.63) 


e A summary of the neighbour coefficients for one-, two- and three-dimensional 


diffusion problems is given in Table 4.7. 


Table 4.7 


DA, 
OXwp 
DA, 
OXwp 
D,4A4, 
ÓXwp 





2D 





3D 





ag 


Tede 
OxPE 
IA, 
OXPE 
Fede 
OX PE 








as 


I’, As 
Óysp 
I, Á S 
Óysp 








an 


Tp An 
Oyen 
DA, 
yen 


I, Ap 
Óypp 








Ár 


T4, 
OZpr 








e Source terms can be included by identifying their linearised form SAV = 


Su + Spp and specifying values for S, and Sp. 


e Boundary conditions are incorporated by cutting the link to the boundary side and 
introducing the boundary side flux — exact or linearly approximated-through 
additional source terms S, and S,. For a one-dimensional control volume of width 
AC with a boundary B: 


link cutting : 


source contributions : 


set coefficient ag = 0 


fixed flux qg : 


fixed value $5 : $, — 


—C— Pp; 





Sy Spp = qp 


(4.64) 


(4.65) 


(4.66) 
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The Finite Volume Method for 
Convection-Diffusion Problems 


Introduction 


In problems where fluid flow plays a significant role we must account for the effects 
of convection. Diffusion always occurs alongside convection in nature so here we 
examine methods to predict combined convection and diffusion. The steady 
convection-diffusion equation can be derived from the transport equation (2.39) for 
a general property @ by deleting the transient term 


div(pu$) = div(T grad $) + S; (5.1) 
Formal integration over a control volume gives 

| n.(pou)dA = | n.(I grad $)dA + | Sed V (5.2) 

A A CV 


This equation represents the flux balance in a control volume. The left hand side 
gives the net convective flux and the right hand side contains the net diffusive flux 
and the generation or destruction of the property @ within the control volume. 

The principal problem in the discretisation of the convective terms is the 
calculation of the value of transported property $ at control volume faces and its 
convective flux across these boundaries. In Chapter 4 we introduced the central 
differencing method of obtaining discretised equations for the diffusion and source 
terms on the nght hand side of equation (5.2). It would seem obvious to try out this 
practice, which worked so well for diffusion problems, on the convective terms. 
However, the diffusion process affects the distribution of a transported quantity 
along its gradients in all directions, whereas convection spreads influence only in the 
flow direction. This crucial difference manifests itself in a stringent upper limit to the 
grid size, that is dependent on the relative strength of convection and diffusion, for 
stable convection—diffusion calculations with central differencing. 

Naturally, we also present the case for a number of alternative discretisation 
practices for the convective effects which enable stable computations under less 
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5.2 


Fig. 5.1 A control 
volume around node P 


restrictive conditions. In the current analysis no reference will be made to the 
evaluation of face velocities. It is assumed that they are ‘somehow’ known. The 
method of computing velocities will be discussed in Chapter 6. 


Steady one-dimensional convection and diffusion 


In the absence of sources, the steady convection and diffusion of a property $ in a 
given one-dimensional flow field u is governed by 





d d do 
lu ——(r— 3 
(oud) = S (rE) (5.3) 
The flow must also satisfy continuity so 
d(pu) 
= 0 . 
L (5.4) 


We consider the one-dimensional control volume shown in Figure 5.1 and use the 
notation introduced in Chapter 4. Our attention is focused on a general node P; 
the neighbouring nodes are identified by W and E and the control volume faces by 
w and e. 





Integration of transport equation (5.3) over the control volume of Figure 5.1 gives 


E 0$ Op 
(pug), - (ua), = (1428) - (r43) (5.5) 
And integration of continuity equation (5.4) yields 
(puA), — (puA), = 0 (5.6) 


To obtain discretised equations for the convection-diffusion problem we must 
approximate the terms in equation (5.5). It is convenient to define two variables F 
and D to represent the convective mass flux per unit area and diffusion conductance 
at cell faces: 





F — pu and D=— (5.7) 
Ox 
The cell face values of the variables F and D can be written as 
Fy =(pu),, Fe = (pu), (5.8a) 
B D 
vo, =o 5.8b 
OX wp OXPE 09-88) 


We develop our techniques assuming that 4,, = Ae = A and employ the central 
differencing approach to represent the contribution of the diffusion terms on the right 


5.3 
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hand side. The integrated convection-diffusion equation (5.5) can now be written as 
Fede — Fubu = De(be — bp) — Dw(Gp — oy) (5.9) 

and the integrated continuity equation (5.6) as 
F,—F,-—0 (5.10) 


We also assume that the velocity field is somehow known', which takes care of the 
values of Fe and F,. In order to solve equation (5.9) we need to calculate the 
transported property $ at the e and w faces. Schemes for this purpose are assessed in 
the following sections. 


The central differencing scheme 


The central differencing approximation has been used to represent the diffusion 
terms which appear on the right hand side of equation (5.9) and it seems logical to 
try linear interpolation to compute the cell face values for the convective terms on 
the left hand side of this equation. For a uniform grid we can write the cell face 
values of property @ as 


Pe = (bp + 6z)/2 (5.1 1a) 

Pw = (Ow + Gp)/2 (5.11b) 
Substitution of the above expressions into the convection terms of (5.9) yields 

Fe 


X (6p be) => (Øw + be) = Dele — be) ~Dwl(br— y) (512) 


This can be re-arranged to give 


(o--5)- (o) (one (0-8) 
F 


Fy Fe 
= (06+ )by (n. - e can 


Identifying the coefficients of $,, and $, as ay and ag the central differencing 
expressions for the discretised convection-diffusion equation are 


where 


ay ^- ag + (Fe — Fw) 
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Example 5.1 


Fig. 5.2 


Solution 


Fig. 5.3 The grid used 
for discretisation 


It can be easily recognised that equation (5.14) for steady convection-diffusion 
problems takes the same general form as equation (4.11) for pure diffusion 
problems. The difference is that the coefficients of the former contain additional 
terms to account for convection. To solve a one-dimensional convection-diffusion 
problem we write discretised equations of the form (5.14) for all grid nodes. This 
yields a set of algebraic equations that is solved to obtain the distribution of the 
transported property $. The process is now illustrated by means of a worked 
example. 


A property ó is transported by means of convection and diffusion through the one- 
dimensional domain sketched in Figure 5.2. The governing equation is (5.3); 
boundary conditions are $y = 1 at x = 0 and ¢, = 0 at x = L. Using five equally 
spaced cells and the central differencing scheme for convection and diffusion 
calculate the distribution of $ as a function of x for (i) Case 1: u = 0.1 m/s, (ii) Case 
2: u — 2.5 m/s, and compare the results with the analytical solution 


p-o  exp(pux/T) — 1 
o,—%)  exp(pguL/T) - 1 
(iii) Case 3: recalculate the solution for u — 2.5 m/s with 20 grid nodes and compare 


the results with the analytical solution. The following data apply: length L — 1.0 m, 
p = 1.0 kg/m’, T = 0.1 kg/m/s. 





(5.15) 


The method of solution is demonstrated using the simple grid shown in Figure 5.3. 
The domain has been divided into five control volumes giving 6x = 0.2 m. Note that 
F = gu, D =T /6x,F. = Fy = F and D, = Dy = D everywhere. The boundaries 
are denoted by A and B. 


The discretisation equation (5.14) and its coefficients apply at internal nodal points 
2, 3 and 4, but control volumes 1 and 5 need special treatment since they are 
adjacent to the domain boundaries. We integrate governing equation (5.3) and use 
central differencing both for the diffusion terms and the convective flux through the 
east face of cell 1. The value of $ is given at the west face of this cell (¢,, = $, = 1) 
so we do not need to make any approximations in the convective flux term at this 
boundary. This yields the following equation for node 1: 


T (os + be) - Fabs = Dele — bp) - Dale — $4) (5.16) 


Table 5.1 


The central differencing scheme 107 


For control volume 5, the $-value at the east face is known ($, = $5 = 0). We 
obtain 


Fagg — (be + hy) = Ds(óg — bp) — Dw(bp — oy) (5.17) 


Re-arrangement of equations (5.16) and (5.17) noting that D4 = Dg = 
2T /óx = 2D and F4 = Fg = F, gives discretised equations at boundary nodes of 
the following form: 


apPp = aww + arhe + Sy (5.18) 


with central coefficient 


ap = ay +ag+ (Fe — Fy) — S, 


and 





To introduce the boundary conditions we have suppressed the link to the boundary 
side and entered the boundary flux through the source terms. 
(i) Case 1 


u=0.1 m/s: F = pu=0.1,D = I /ôx = 0.1/0.2 = 0.5 gives the coefficients as 
summarised in Table 5.1. 





Node ay ag Sy Sp ayP = ay + ag — Sp 
l 0 045 11$, -1]1 1.55 

2 0.55 0.45 0 0 1.0 

3 0.55 045 0 0 1.0 

4 055 0.45 0 0 1.0 

5 0.55 90 0.90, | —0.9 1.45 





The matrix form of the equation set, using $4, = 1 and $5 = 0 is 


1.55 —0.45 0 0 0||6i 1.1 
—0.55 1.0 —0.45 0 0| | @ 0 
0 —0.55 1.0 —0.45 0il o, | = 0 (5.19) 
0 0 —0.55 1.0 —0.45 $4 0 
0 0 0 -—0.55 1.45 Ps 0 
The solution to the above system is 
on 0.9421 
p> 0.8006 
$4| = | 0.6276 (5.20) 
$a 0.4163 


os 0.1579 
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Comparison with the analytical solution. Substitution of the data into equation 
(5.15) gives the exact solution of the problem: 


. 2.7183 — exp(x) 
$l) = — 17183 


The numerical and analytical solutions are compared in Table 5.2 and in Figure 5.4. 


Table 5.2 Node Distance Finite volume Analytical Difference Percentage 
solution solution error 
l 0.1 0.9421 0.9387 —0.003 —0.36 
2 0.3 0.8006 0.7963 — 0.004 —0.53 
3 0.5 0.6276 0.6224 ~().005 —0.83 
4 0.7 0.4163 0.4100 —0.006 —1.53 
5 0.9 0.1579 0.1505 —0.007 —4.91 


Fig. 5.4 Comparison of 
numerical and analytical 
solutions for Case 1 


Exact solution 


Numerical solution (CD) 





0.0 0.2 0.4 0.6 0.8 1.0 
Distance (m) 


Given the coarseness of the grid the central differencing scheme gives reasonable 
agreement with the analytical solution. 


(ii) Case 2 


u = 2.5 m/s: F = pu = 2.5, D = T /ôx = 0.1/0.2 = 0.5 gives the coefficients as 
summarised in Table 5.3. 

Comparison of numerical and analytical solutions The matrix equations are formed 
from the coefficients in Table 5.3 by the same method used in Case 1 and 
subsequently solved. The analytical solution for the data that apply here is 





1 — exp(25x) 
—]242——2EV 
b(x) = 1+ 759 x 101 
Table 5.3 Node ay aE S, Sp ap = dy + ag — $p 
1 0 -0.75 356,  -35 275 
2 1.75 | —0.75 0 0 1.0 
3 1.75 | —0.75 0 0 1.0 
4 1.75 | —0.75 0 0 1.0 
5 175 0 1.56, 15 0.25 


Fig. 5.5 Comparison of 
numerical and analytical 
solutions for Case 2 


Table 5.4 


Table 5.5 
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Numerical solution (CD) 


Exact solution J 





0.0 0.2 0.4 0.6 0.8 1.0 
Distance (m) 
Node Distance Finite volume Analytical Difference Percentage 
solution solution error 
i 0.1 1.0356 1.0000 —0.035 —3.56 
2 0.3 0.8694 0.9999 0.131 13.05 
3 0.5 1.2573 0.9999 —0.257 —25.74 
4 0.7 0.3521 0.9994 0.647 64.70 
5 0.9 2.4644 0.9179 — 1.546 —168.48 





The numerical and analytical solutions are compared in Table 5.4 and shown in 
Figure 5.5. The central differencing scheme produces a solution that appears to 
oscillate about the exact solution. These oscillations are often called *wiggles' in the 
literature; the agreement with the analytical solution is clearly not very good. 


(iii) Case 3 


u=2.5 m/s: a grid of 20 nodes gives ôx= 0.05, F=pu=2.5, 
D — T/óx = 0.1/0.05 = 2.0. The coefficients are summarised in Table 5.5 and 
the resulting solution is compared with the analytical solution in Figure 5.6. 





Node ay ar Su $, ap = dy t üg —S, 
1 0 0.75 656, -6.5 7.25 
2-19 3.25 0.75 0. 0 4.00 
20 325 0 Sip —1.5 4.75 





The agreement between the numerical results and the analytical solution is now 
good. Comparison of the data for this case with the one computed on the five-point 
grid of Case 2 shows that grid refinement has reduced the F/D ratio from 5 to 1.25. 
The central differencing scheme seems to yield accurate results when the F/D ratio is 
low. The influence of the F/D ratio and the reasons for the appearance of ‘wiggles’ in 
central difference solutions when this ratio is high will be discussed below. 
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Fig. 5.6 Comparison of 
numerical and analytical 
solutions for Case 3 


5.4 


5.4.1 


1.0 


Numerical solution (CD) 


0.8 
Exact solution 

$ 0.6 
0.4 


0.2 





0.0 0.2 0.4 0.6 0.8 1.0 
Distance (m) 


Properties of discretisation schemes 


The failure of central differencing in certain cases involving combined convection 
and diffusion forces us to take a more in-depth look at the properties of discretisation 
schemes. In theory numerical results may be obtained that are indistinguishable from 
the ‘exact’ solution of the transport equation when the number of computational cells 
is infinitely large irrespective of the differencing method used. However, in practical 
calculations we can only use a finite — sometimes quite small — number of cells and 
our numerical results will only be physically realistic when the discretisation scheme 
has certain fundamental properties. The most important ones are: 


e Conservativeness 
e Boundedness 
e Transportiveness 


Conservativeness 


Integration of the convection-diffusion equation over a finite number of control 
volumes yields a set of discretised conservation equations involving fluxes of the 
transported property $ through control volume faces. To ensure conservation of à 
for the whole solution domain the flux of $ leaving a control volume across a certain 
face must be equal to the flux of @ entering the adjacent control volume through the 
same face. To achieve this the flux through a common face must be represented in a 
consistent manner — by one and the same expression — in adjacent control volumes. 

For example, consider the one-dimensional steady state diffusion problem 
without source terms shown in Figure 5.7. 

The fluxes across the domain boundaries are denoted by q4 and qg. Let us 
consider four control volumes and apply central differencing to calculate the 
diffusive flux across the cell faces. The expression for the flux leaving the element 
around node 2 across its west face is I',,($, — $,)/óx and the flux entering across 
its east face is Te, ($4 — $;)/óx. An overall flux balance may be obtained by 
summing the net flux through each control volume taking into account the boundary 


Fig. 5.7 Example of 
consistent specification 
of diffusive fluxes 


Fig. 5.8 Example of | 
inconsistent specification 
of diffusive fluxes 
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Gradient = ($9 — 0,)/6x 


~ - =~ 
— -~ 
-— -——— 





qB 
fluxes for the contro] volumes around nodes 1 and 4. 
ir, 290 g] a [ra 66. rp Go 67] 
(64 — $3) ($3 — 2) 
+ [ra eto n, ce 
+ la — Ty, d = 4B — QA (5.21) 
x 


Since Ie = Ty, I, = Ew and I, = Fw, the fluxes across control volume faces 
are expressed in a consistent manner and cancel out in pairs when summed over the 
entire domain. Only the two boundary fluxes q4 and qg remain in the overall balance 
so equation (5.21) expresses overall conservation of property $. Flux consistency 
ensures conservation of @ over the entire domain for the central difference 
formulation of the diffusion flux. 

Inconsistent flux interpolation formulae give rise to unsuitable schemes that do 
not satisfy overall conservation. For example, let us consider the situation where a 
quadratic interpolation formula, based on values at 1, 2 and 3, is used for the control 
volume 2, and a quadratic profile, based on values at points 2, 3 and 4, 1s used for 
control volume 3. 

As shown in Figure 5.8 the resulting quadratic profiles can be quite different. 
Consequently, the flux values calculated at the east face of control volume 2 and the 
west face of control volume 3 may be unequal if the gradients of the two curves are 
different at the cell face. If this is the case the two fluxes do not cancel out when 
summed and overall conservation is not satisfied. The example should not suggest to 
the reader that quadratic interpolation 1s entirely bad. Further on we shall meet a 
popular quadratic discretisation practice — the so-called QUICK scheme - that is 
consistent. 


Gradient of 2 Gradient of 1 


Quadratic function | / Quadratic function 2 





$1 
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5.4.2 


5.4.3 


Boundedness 


The discretised equations at each nodal point represent a set of algebraic equations 
that needs to be solved. Normally iterative numerical techniques are used to solve 
large equation sets. These methods start the solution process from a guessed 
distribution of the variable @ and perform successive updates until a converged 
solution is obtained. Scarborough (1958) has shown that a sufficient condition for a 
convergent iterative method can be expressed in terms of the values of the 
coefficients of the discretised equations: 


< ] at one node at least (5.22) 


3; las] l < 1 at all nodes 


|a | 





Here a, is the net coefficient of the central node P (i.e. ap — Sp) and the summation 
in the numerator is taken over all the neighbouring nodes (nb). If the differencing 
scheme produces coefficients that satisfy the above criterion the resulting matrix of 
coefficients is diagonally dominant. To achieve diagonal dominance we need large 
values of net coefficient (ap — Sp) so the linearisation practice of source terms 
should ensure that S, is always negative. If this is the case —S, is always positive 
and adds to ap. 

Diagonal dominance is a desirable feature for satisfying the 'boundedness' 
criterion. This states that in the absence of sources the internal nodal values of the 
property ¢ should be bounded by its boundary values. Hence in a steady state 
conduction problem without sources and with boundary temperatures of 500 °C and 
200 °C all interior values of T should be less than 500 °C and greater than 200 °C. 
Another essential requirement for boundedness is that all coefficients of the 
discretised equations should have the same sign (usually all positive). Physically 
this implies that an increase in the variable $ at one node should result in an increase 
in $ at neighbouring nodes. If the discretisation scheme does not satisfy the 
boundedness requirements it is possible that the solution does not converge at all or, 
if it does, that it contains ‘wiggles’. This is powerfully illustrated by the results of 
Case 2 of Example 5.1. In all other worked examples we have developed discretised 
equations with positive coefficients ap and a,5, but in Case 2 most of the east 
coefficients were negative (see Table 5.3) and the solution contained large under- 
and overshoots! | 


Transportiveness 


The transportiveness property of a fluid flow (Roache, 1976) can be illustrated by 
considering a constant source of ¢ at a point P as shown in Figure 5.9. We define the 
non-dimensional cell Peclet number as a measure of the relative strengths of 
convection and diffusion: 


(5.23) 





where óx — characteristic length (cell width). The lines in Figure 5.9 indicate the 
general shape of contours of a constant $ (say $ = 1) for different values of Pe. 
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Fig. 5.9 Distribution Pe -0 


of $ in the vicinity of Direction of flow Pe — c 
————— 


a source at different 
Peclet numbers 





Let us consider two extreme cases to identify the extent of the influence of the 
upstream node P at the downstream node £: 


e no convection and pure diffusion (Pe — 0) 
e no diffusion and pure convection (Pe — oo) 


In the case of pure diffusion the fluid is stagnant (Pe = 0) and the contours of 
constant @ will be concentric circles with P at their centre since the diffusion process 
tends to spread $ equally in all directions. Conditions at the east node E will be 
influenced by those upstream at P and also by conditions further downstream. As Pe 
increases the contours change shape from circular to elliptical and are shifted in the 
direction of the flow as indicated in Figure 5.9. Influencing becomes increasingly 
biased towards the upstream direction at large values of Pe so that the node E is 
strongly influenced by conditions at P, but conditions at P will experience weak 
influence or no influence at all from E. In the case of pure convection (Pe — oc) the 
elliptical contours are completely stretched out in the flow direction. All of property 
& emanating from the source at P is immediately transported downstream towards £. 
Thus the value of $ at E is affected only by upstream conditions and since there is no 
diffusion ¢, is equal to $p. It is very important that the relationship between the 
magnitude of the Peclet number and the directionality of influencing, known as the 
transportiveness, is borne out in the discretisation scheme. 


5.5 Assessment of the central differencing scheme for 
convection-diffusion problems 


Conservativeness 


The central differencing scheme uses consistent expressions to evaluate convective 
and diffusive fluxes at the control volume faces. The discussions in section 5.4.1 
show that the scheme is conservative. 


Boundedness 


(i) The internal coefficients of discretised scalar transport equation (5.14) are 
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A steady one-dimensional flow field is also governed by the discretised 
continuity equation (5.10). This equation states that (Fe — Fw) is zero when the 
flow field satisfies continuity. Thus the expression for ap in (5.14) becomes 
equal to ap = ay -- ag. The coefficients of the central differencing scheme 
satisfy the Scarborough criterion (5.22). 

(ii) With ag = D, — F;/2 the convective contribution to the east coefficient is 
negative; if the convection dominates it is possible for ag to be negative. Given 
that F, > 0 and F, > 0 (i.e. the flow is unidirectional), for ag to be positive D, 
and F, must satisfy the following condition: 


F,/[D, = Pe, «2 (5.24) 


If Pe, is greater than 2 the east coefficient will be negative. This violates one of 
the requirements for boundedness and may lead to physically impossible 
solutions. 


In the example of section 5.3 we took Pe — 5 in Case 2 so condition (5.24) is 
violated. The consequences were evident in the results which showed large 
*undershoots' and ‘overshoots’. Taking Pe less than 2 in Cases 1 and 3 gave bounded 
answers close to the analytical solution. 


Transportiveness 


The central differencing scheme introduces influencing at node P from the directions 
of all its neighbours to calculate the convective and diffusive flux. Thus the scheme 
does not recognise the direction of the flow or the strength of convection relative to 
diffusion. It does not possess the transportiveness property at high Pe. 


Accuracy 


The Taylor series truncation error of the central differencing scheme is second order 
(see Appendix A for further details). The requirement for positive coefficients in the 
central differencing scheme as given by formula (5.24) implies that the scheme will 
be stable and accurate only if Pe — F/D « 2. It is important to note that the cell 
Peclet number, as defined by (5.23), is a combination of fluid properties (p and I), a 
flow property (u) and a property of the computational grid (ôx). So for given values 
of p and T it is only possible to satisfy condition (5.24) if the velocity is small, hence 
in diffusion-dominated low Reynolds number flows, or if the grid spacing is small. 
Owing to this limitation central differencing is not a suitable discretisation practice 
for general purpose flow calculations. This creates the need for discretisation 
schemes which possess more favourable properties. Below we discuss the upwind, 
hybrid, power-law and QUICK schemes. 


The upwind differencing scheme 


One of the major inadequacies of the central differencing scheme is its inability to 
identify flow direction. The value of property $ at a west cell face is always 
influenced by both p and $y in central differencing. In a strongly convective flow 
from west to east, the above treatment is unsuitable because the west cell face should 


Fig. 5.10 


Fig. 5.11 
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receive much stronger influencing from node W than from node P. The upwind 
differencing or ‘donor cell’ differencing scheme takes into account the flow direction 
when determining the value at a cell face: the convected value of $ at a cell face is 
taken to be equal to the value at the upstream node. In Figure 5.10 we show the nodal 
values used to calculate cell face values when the flow is in the positive direction 
(west to east) and in Figure 5.11 those for the negative direction. 


QE 


Ow Dw 








De OF 





When the flow is in the positive direction, uw > 0, ue > 0(Fy > 0, Fe > 0), 
the upwind scheme sets 


Py = Pw and Pe — Pp (5.25) 
and the discretised equation (5.9) becomes 
Fedp — Fudy = DeAdbe — bp) — Dw (bp T by) (5.26) 


which can be re-arranged as 
(Dy + De + Fe)bp = (Dw + Fw) by + Deve 
to give 
(Dw + Fw) + De + (Fe — Fw)ibp = (Dw + Fw) bw + Dege (5.27) 


When the flow is in the negative direction, uw < 0, ue < O(F, < 0, Fe < 0), the 
scheme takes 


by = bp and ġe = bg (5.28) 
Now the discretised equation is 
Febe — Fwhp = Delor — bp) — Dw(dp — bw) (5.29) 


or 


[Dw + (De 7 Fe) + (Fe D Fy)|óp — Dyw + (De n F.)og (5.30) 
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Example 5.2 


Solution 


Identifying the coefficients of $,, and $£ as ay and ag the equations (5.27) and 
(5.30) can be written in the usual general form 


apbp = ay y + arpg (5.31) 
with central coefficient 
ap = ay + ag + (Fe — Fy) 


and neighbour coefficients 






F, > 0, F. > 0 w tf 


ay 





A form of notation for the neighbour coefficients of the upwind differencing 
method that covers both flow directions is given below: 





D, + max(F,, 0) | D,-- max(0, —F,) 





Solve the problem considered in Example 5.1 using the upwind differencing scheme 
for (i) 4 — 0.1 m/s, (ii) u — 2.5 m/s with the coarse five-point grid. 


The grid shown in Figure 5.3 is again used here for the discretisation. The 
discretisation equation at internal nodes 2, 3 and 4 and the relevant neighbour 
coefficients are given by (5.31) and its accompanying tables. Note that in this 
example F = F, = Fẹ = pu and D = D, = Dw = U/óx everywhere. 


At the boundary node 1, the use of upwind differencing for the convective terms 
gives 


F.Qp — Fagg = Delo — bp) 7 D4(óp u pa) (5.32) 
And at node 5 ` 
FgỌp — Fw w = Das 7 bp) — Dy( dp = Py) (5.33) 


At the boundary nodes we have D4 = Dg = 2L /óx = 2D and F4 = Fs = F and as 
usual the boundary conditions enter the discretised equations as source 
contributions: 


aphp = awhy + agóg + Su (5.34) 


ap = ay + ag + (Fe — Fw} — Sp 


with 
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T 
—(2D + F) PS 


and 





The reader will by now be familiar with the process of calculating coefficients and 
constructing and solving the matrix equation. For the sake of brevity we leave this as 
an exercise and concentrate on the evaluation of the results. The analytical solution is 
again given by equation (5.15) and is compared with the numerical, upwind 
differencing, solution. 


Case 1 


u = 0.1 m/s: F = pu = 0.1, D- T /ôx = 0.1/0.2 = 0.5 so Pe = F/D = 0.2. The 
results are summarised in Table 5.6 and Figure 5.12 shows that the upwind 
differencing scheme produces good results at this cell Peclet number. 


Table 5.6 Node Distance Finite volume Analytical Difference Percentage 
solution solution error 
l} 0.1 0.9337 0.9387 0.005 0.53 
2 0.3 0.7879 0.7963 0.008 1.05 
3 0.5 0.6130 0.6224 0.009 1.51 
4 0.7 0.4031 0.4100 0.007 1.68 
5 0.9 0.1512 0.1505 —0.001 —0.02 


Fig. 5.12 Comparison 
of the upwind difference 
numerical results and the 
analytical solution for 
Case 1 


Exact solution 


> 


Numerical solution (UD) 
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Distance (m) 


Case 2 


u = 2.5 m/s: F = pu = 2.5, D = T /ôx = 0.1/0.2 = 0.5 now Pe = 5. The numer- 
ical results are compared with the analytical solution in Table 5.7 and Figure 5.13. 
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Table 5.7 


Fig. 5.13 Comparison 
of the upwind difference 
numerical results and the 
analytical solution for 
Case 2 
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Node Distance Finite volume Analytical Difference Percentage 
solution solution error 

] 0.1 0.9998 0.9999 0.0001 0.00 

2 0.3 0.9987 0.9999 0.001 0.01 

3 0.5 0.9921 0.9999 0.007 0.70 

4 0.7 0.9524 0.9994 0.047 4.70 

5 0.9 0.7143 0.8946 0.180 20.15 


E; 


Numerical solution (UD) 


Exact solution 


u = 2.5 m/s 





0.0 0.2 0.4 0.6 0.8 1.0 
Distance (m) 


The central differencing scheme failed to produce a reasonable result with the same 
grid resolution. The upwind scheme produces a much more realistic solution that is, 
however, not very close to the exact solution near boundary B. 


Assessment of the upwind differencing scheme 


Conservativeness 


The upwind differencing scheme utilises consistent expressions to calculate fluxes 
through cell faces: therefore it can be easily shown that the formulation is 
conservative. 


Boundedness 


The coefficients of the discretised equation are always positive and satisfy the 
requirements for boundedness. When the flow satisfies continuity the term (Fe — Fw) 
in ap (see (5.31)) is zero and gives ap = aw + ag, which is desirable for stable 
iterative solutions. All the coefficients are positive and the coefficient matrix is 
diagonally dominant; hence no *wiggles' occur in the solution. 


Transportiveness 


The scheme accounts for the direction of the flow so transportiveness is built into the 
formulation. ' 


Fig. 5.14 Flow domain 
for the illustration of 
false diffusion 
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Accuracy 


The scheme is based on the backward differencing formula so the accuracy is only 
first order on the basis of the Taylor series truncation error (see Appendix A). 
Because of its simplicity the upwind differencing scheme has been widely 
applied in early CFD calculations. It can be easily extended to multi-dimensional 
problems by repeated application. of the upwind strategy embodied in the 
coefficients of (5.31) in each co-ordinate direction. A major drawback of the 
scheme is that it produces erroneous results when the flow is not aligned with the 
grid lines. The upwind differencing scheme causes the distributions of the 
transported properties to become smeared in such problems. The resulting error 
has a diffusion-like appearance and is referred to as false diffusion. The effect can 
be illustrated by calculating the transport of scalar property @ using upwind 
differencing in a domain where the flow is at an angle to a Cartesian grid. 


= 100 


v= 2 m/s 
— Jn 





In Figure 5.14 we have a domain where u = v = 2 m/s everywhere so the 
velocity field is uniform and parallel to the diagonal (solid line) across the grid. The 
boundary conditions for the scalar are @ = 0 along the south and east boundaries, 
and @ = 100 on the west and north boundaries. At the first and the last nodes where 
the diagonal intersects the boundary grid nodes a value of 50 is assigned to the 
property d. 

To identify the false diffusion due to the upwind scheme, a pure convection 
process is considered without physical diffusion. There are no source terms for ó 
and a steady state solution is sought. The correct solution is known in this case. As 
the flow is parallel to the solid diagonal the value of $ at all nodes above the 
diagonal should be 100 and below the diagonal it should be zero. The degree of false 
diffusion can be illustrated by calculating the distribution of $ and plotting the 
results along the diagonal (X-X). Since there is no physical diffusion the exact 
solution exhibits a step change of $ from 100 to zero when the diagonal X-X 
crosses the solid diagonal. The calculated results for different grids are shown in 
Figure 5.15 together with the exact solution. The numerical results show badly 
smeared profiles. 
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The error is largest for the coarsest grid and the figure shows that refinement of 
the grid can, in principle, overcome the problem of false diffusion. The results for 
50 x 50 and 100 x 100 grids show profiles that are closer to the exact solution. In 
practical flow calculations, however, the degree of grid refinement required to 
eliminate false diffusion can be prohibitively expensive. Trials have shown that in 
high Reynolds number flows, false diffusion can be large enough to give physically 
incorrect results (Leschziner, 1980; Huang et al, 1985). Therefore, the upwind 
differencing scheme is not entirely suitable for accurate flow calculations and 
considerable research has been directed towards finding improved discretisation 
schemes. 


The hybrid differencing scheme 


The hybrid differencing scheme of Spalding (1972) is based on a combination of 
central and upwind differencing schemes. The central differencing scheme, which is 
accurate to second-order, is employed for small Peclet numbers (Pe « 2) and the 
upwind scheme, which is accurate to first order but accounts for transportiveness, 1s 
employed for large Peclet numbers (Pe > 2). As before we develop the discretisation 
of the one-dimensional convection-diffusion equation without source terms. This 
equation can be interpreted as a flux balance equation. The hybrid differencing 
scheme uses piecewise formulae based on the local Peclet number to evaluate the net 
flux through each control volume face. The Peclet number is evaluated at the face of 
the control volume. For example, for a west face 

Fw (un. (5.35) 


Pey = = = 


Dy i D,/óxyp 


The hybrid differencing formula for the net flux per unit area through the west face is 


Example 5.3 


Solution 
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as follows: 
l 2 l 2 
= a —— -į 1- =— —2 < Pe, <2 
qw = Fw 5 ( +z) Py + 5 (1 Fe) br! for < Pew < 
dw = FY, Awy for Pe, > 2 
qw = PyAwbp for Pe,« —2 


(5.36) 


It can be easily seen that for low Peclet numbers this is equivalent to using central 
differencing for the convection and diffusion terms, but when | Pe|» 2 it is 
equivalent to upwinding for convection and setting the diffusion to zero. The general 
form of the discretised equation is 


The central coefficient is given by | 
ap = ay + ag + (Fe — Fy) 
After some re-arrangement it is easy to establish that the neighbour coefficients for 


the hybrid differencing scheme for steady one-dimensional convection—diffusion 
can be written as follows: 





Solve the problem considered in Case 2 of Example 5.1 using the hybrid scheme for 
u = 2.5 m/s. Compare a five-node solution with a 25 node solution. 


If we use the five node grid and the data of Case 2 of Example 5.1 and u = 2.5 m/s 
we have: F = F, = F,, = pu = 2.5 and D = D, = Dy = T /óx = 0.5 and hence a 
Peclet number Pey = Pe, = pudx/T = 5. Since the cell Peclet number Pe is greater 
than 2 the hybrid scheme uses the upwind expression for the convective terms and 
sets the diffusion to zero. 

The discretisation equation at internal nodes 2, 3 and 4 is defined by (5.37) and its 
coefficients. We also need to introduce boundary conditions at nodes 1 and 5 which 
need special treatment. At the boundary node 1 we write 


Fe@p — F40, = 0 — D4(óp — $4) (5.38) 
and at node 5 
FgQp = Fy dy — Dalds bp) —0 (5.39) 


It can be seen that the diffusive flux at the boundary is entered on the right hand side 
and the convective fluxes are given by means of the upwind method. We note that 
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Table 5.8 


Fy = Fg = F and Dg = 2T /óx = 2D so the discretised equation can be written as 


apÓp = ayw$ y + agg + Sy (5.40) 


with 


ap = aw + ag + (Fe ~ Fy) — S, 


and 





Node ay ag S, Sp ap = dy + 4E — S, 
l 0 0 3.50,  —3.5 3.5 
2 25 0 0 2.5 
3 25 0 0 0 2.5 
4 25 0 0 0 2.5 
5 25 0 l.0ġ, -10 35 


——————————————————— v 'O€—Ó—— 


The matrix form of the equation set is 


3.5 0 0 0 0] |o; 3.5 
—2.5 2.5 0 0 0| |ġ 0 
0 -2.5 2.5 0 0||dó.|— 0 (5.41) 
0 0 -2.5 2.5 0| | ġ4 0 
0 0 0 -2.5 3.5] | ds 0 
The solution to the above system is 
oF 1.0 
$» 1.0 
o,| = 1.0 (5.42) 
$4 1.0 
Ds 0.7143 


Comparison with the analytical solution 


The numerical results are compared with the analytical solution in Table 5.9 and, 
since the cell Peclet number is high, they are the same as those for pure upwind 
differencing. When the grid is refined to an extent that the cell Pe < 2 the scheme 
reverts to central differencing and produces an accurate solution. This is illustrated 
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Fig. 5.16 


5.7.1 


5.7.2 
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Node Distance Finite volume Analytical Difference Percentage 
solution solution error 

1 0.1 1.0 0.9999 —0.0001 —0.01 

2 0.3 1.0 0.9999 —0.0001 —0.01 

3 0.3 1.0 0.9999 —0.0001 —0.01 

4 0.7 1.0 0.9994 —0.0006 — 0.06 

5 0.9 0.7143 0.8946 0.1843 20.15 


by using a 25 node grid with ôx = 0.04 m so F = D — 2.5. Both the results 
computed on the coarse and the fine grids are shown in Figure 5.16 together with the 
analytical solution. Now Pe — 1, the hybrid scheme reverts to central differencing 
and it can be seen that the solution obtained with the fine grid 1s remarkably good. 


Numerical solution 
(hybrid, 5 cells) 


Numerical solution | 
(hybrid, 25 cells) 


u = 2.5 m/s Exact solution 





0.0 0.2 0.4 0.6 0.8 1.0 
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Assessment of the hybrid differencing scheme 


The hybrid difference scheme exploits the favourable properties of the upwind and 
central differencing schemes. It switches to the upwind differencing when the central 
differencing produces inaccurate results at high Pe numbers. The scheme is fully 
conservative and since the coefficients are always positive it is unconditionally 
bounded. It satisfies the transportiveness requirement by using an upwind 
formulation for large values of Peclet number. The scheme produces physically 
realistic solutions and is highly stable when compared with the higher order schemes 
to be discussed later in the chapter. Hybrid differencing has been widely used in 
various computational fluid dynamics (CFD) procedures and has proved to be very 
useful for predicting practical flows. The disadvantage is that the accuracy in terms 
of Taylor series truncation error is only first-order. 


Hybrid differencing scheme for multi-dimensional 
convection-diffusion 


The hybrid differencing scheme can easily be extended to two- and three- 
dimensional problems by repeated application of the derivation in each new 
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coordinate direction. The discretised equation that covers all cases is given by 


app = awhy + abs + asbs + audy + ang + arbr (5.43) 


with central coefficient 


ap = aw t dg -- as +an d- ag +ar + AF 


and the coefficients of this equation for the hybrid differencing scheme are as 
follows: 


| | One- dimensional | One-dimensional flow — Two-dimensional | Two-dimensional flow — Three- | Three-dimensional flow — flow 





In the above expressions the values of F and D are calculated with the following 
formulae: 





Modifications to these coefficients to cater for boundary conditions in two and three 
dimensions are available in the form of expressions such as (5.40). 
5.8 The power-law scheme 


The power-law differencing scheme of Patankar (1980) is a more accurate 
approximation to the one-dimensional exact solution and produces better results 


and 


Dy max |0, (1— 0.1|Pewl)°| + max|[F,, 0] 





5.9 


5.9.1 
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than the hybrid scheme. In this scheme diffusion is set to zero when cell Pe exceeds 
10. If 0 « Pe « 10 the flux is evaluated by using a polynomial expression; for 
example, the net flux per unit area at the west control volume face is evaluated using 


qw = Folow — B,(óp —6w))  for0< Pe«10 (5.442) 


where f, = (1 — 0.1Pe,)" /Pe,, 
and 
dw = Fy dy for Pe > 10 (5.44b) 


The coefficients of the one-dimensional discretised equation utilising the power-law 
scheme for steady one-dimensional convection—diffusion are given by 


central coefficient: ap = ay + ag + (Fe — Fw) 


D, max o, (1— 0.1|Peel)°| + max[—F,, 0] 











Properties of the power-law differencing scheme are similar to those of the hybrid 
scheme. The power-law differencing scheme is more accurate for one-dimensional 
problems since it attempts to represent the exact solution more closely. The scheme 
has proved to be useful in practical flow calculations and can be used as an 
alternative to the hybrid scheme. Some commercial computer codes, for example 
FLUENT version 4.22, use this scheme as the default scheme for flow calculations 
(FLUENT Users’ Manual, 1992). 


Higher order differencing schemes for convection — 
diffusion problems 


The accuracy of hybrid and upwind schemes is only first-order in terms of Taylor 
series truncation error (TSTE). The use of upwind quantities ensures that the 
schemes are very stable and obey the transportiveness requirement but the first-order 
accuracy makes them prone to numerical diffusion errors. Such errors can be 
minimised by employing higher order discretisation. Higher order schemes involve 
more neighbour points and reduce the discretisation errors by bringing in a wider 
influence. The central differencing scheme which has second-order accuracy proved 
to be unstable and does not possess the transportiveness property. Formulations that 
do not take into account the flow direction are unstable and, therefore, more accurate 
higher order schemes, which preserve upwinding for stability and sensitivity to the 
flow direction, are needed. Some of the widely used approaches are discussed below. 


Quadratic upwind differencing scheme: the QUICK scheme 
The quadratic upstream interpolation for convective kinetics (QUICK) scheme of 


Leonard (1979) uses a three-point upstream-weighted quadratic interpolation for cell 
face values. The face value of $ is obtained from a quadratic function passing 
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Fig. 5.17 Quadratic 
profiles used in the 
QUICK scheme 





through two bracketing nodes (on each side of the face) and a node on the upstream 
side (Figure 5.17). 

For example, when uw > 0 and ue > 0 a quadratic fit through WW, W and P is 
used to evaluate $,,, and a further quadratic fit through W, P and E to calculate ¢,. 
For uy < 0 and ue < Q values of $ at W, P and E are used for @,,, and values at P, E 
and EE for $,. It can be shown that for a uniform grid the value of ¢ at the cell face 
between two bracketing nodes i and i — 1, and upstream node j — 2 is given by the 
following formula: 

6 
P face — 8 $; + “4, — : $; » (5.45) 


When u, > 0, the bracketing nodes for the west face ‘w’ are Wand P, the upstream 
node is WW (Figure 5.17), and 


6 3 l 
Pw = gow + 3p — gww (5.46) 


When ue > 0, the bracketing nodes for the east face ‘e’ are P and E, the upstream 
node is W, so 


| 
be = op bs dy (547) 


The diffusion terms may be evaluated using the gradient of the appropriate parabola. 
It is interesting to note that on a uniform grid this practice gives the same 
expressions as central differencing for diffusion. If F,, > 0 and F; > 0 and if we use 
equations (5.46—5.47) for the convective terms and central differencing for the 
diffusion terms, the discretised form of the one-dimensional convection-diffusion 
transport equation (5.9) may be written as 


6 3 ] 6 
ir (S7 tar — T — Fw (Sor tabs — T] 
— Dede _ bp) = Dy (Op 7 $w) 


which can be re-arranged to give 


3 6 6 l 
D. — gv + De + 2 bp = D. + FE + TA Py 


+ D. - 7A on — abi (5.48) 


This is now written in the standard form for discretised equations 


app = ay y + agg + aww Qww (5.49) 
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For Fy < 0 and F; < 0 the flux across the west and east boundaries is given by the 
expressions 


3 l 
Pw = dp +76 - gk 


where 









(5.50) 
6 3 1 
Pe = Fi: + g PP — g PEE 
Substitution of these two formulae for the convective terms in the discretised 


convection-diffusion equation (5.9) together with central differencing for the 
diffusion terms leads, after re-arrangement as above, to the following coefficients: 





General expressions, valid for positive and negative flow directions, can be obtained 
by combining the two sets of coefficients above. 

The QUICK scheme for one-dimensional convection-diffusion problems can 
be summarised as follows: 


apQp = ay Qy + arr + aww wy + Ae VEE (5.51) 


with central coefficient 


ap = ay + ag + apw + agg + (Fe — Fw) 


and neighbour coefficients 


6 l 
Dy + z &wFw + za. 


Example 5.4 


8 8 


+ 


3 
- (1 — ay )Fy 
= (1 = ay) 





where 
a, = 1 for F, > 0 and a, = 1 for F, > 0 


Xw = 0 for Fy < 0 and x, = Q for Fe < 0 


Using the QUICK scheme solve the problem considered in Example 5.1 for 
u = 0.2 m/s on a five-point grid. Compare the QUICK solution with the exact and 
the central differencing solution. 
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Solution As before the five-node grid introduced in Example 5.1 is used for the discretisation. 


Fig. 5.18 Mirror node 
treatment at the boundary 


With the data of this example and u = 0.2 m/s we have F = F, = Fw = 0.2 and 
D = De =D, =0.5 everywhere so that the cell Peclet number becomes 
Pe, = Pe, = pudx/T = 0.4. The discretisation equation with the QUICK scheme 
at internal nodes 3 and 4 is given by (5.51) together with its coefficients. 

In the QUICK scheme the ¢-value at cell boundaries is calculated with formulae 
(5.46—5.47) that use three nodal values. Nodes 1, 2 and 5 are all affected by the 
proximity of domain boundaries and need to be treated separately. At the boundary 
node 1 ¢ is given at the west (w) face (¢,, = @,), but there is no west (W) node to 
evaluate $, at the east face by (5.47). To overcome this problem Leonard (1979) 
suggests a linear extrapolation to create a *mirror' node at a distance óx/2 to the west 
of the physical boundary. This is illustrated in Figure 5.18. 





Mirror node Domain Node 1 
boundary 


It can be easily shown that the linearly extrapolated value at the mirror node is 
given by 
Po = 204 — Op (5.52) 


The extrapolation to the ‘mirror’ node has given us the required W node for the 
formula (5.47) that calculates @, at the east face of control volume 1: 


6 3 l 
Pe = gor t+ gr - g 9. — hp) 


7 3 2 
=z rtz 9s - $04 (5.53) 


At the boundary nodes the gradients must be evaluated using an expression 
consistent with formula (5.53). It can be shown that the diffusive flux through the 
west boundary is given by 

Od| Dz 

I— = — (9dp — — 5.54 

Óx 4 3 ( Pp 804 Pr ) ( ) 
The discretised equation at node 1 is 
2 D, 
sa — Fads = Dele = bp) - 2 Op - 86, ~ d) 

(5.55) 


7 3 
Fal bp "ade - 


At control volume 5, the $-value at the east face is known (6, = $5) and the 
diffusive flux of @ through the east boundary is given by 
ð| _ Ds 


óx|, EN (805 — 906p + by) (5.56) 








Table 5.10 
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At node 5 the discretised equation becomes 
6 3 1 
Frog — Fw gow + s 9r — g ww 


= 2E (86, — Ibp + by) - Dwl bo — by) (5.57) 


Since a special expression is used to evaluate ¢ at the east face of the control volume 
1 we must use the same expression for $ to calculate the convective flux through the 
west face of control volume 2 to ensure flux consistency. So at node 2 we have 


6 2 
Fe RAR -sev] — Fw ov +20 — 2 
= De(óg — bp) 7 Dw (bp — by) (5.58) 


The discretised equations for nodes 1, 2 and 5 are now written to fit into the standard 
form to give: 


apbp = awwhww + ap Ów  agÓg + Su (5.59) 
with 

ap = Qww + ay T ag + (Fe — Fw) — Sp 
and 


sooo ee 


8 
Di +- S "A M 2 p, eres 





Node ay QE ww S, Sp ap 

l 0 0.592 0 1.5830, —1.583 2.175 
2 0.7 0.425 0 —0.05¢, 0.05 1.075 
3 0.675 0.425 —0.025 0 0 1.075 
4 0.675 0.425 —0.025 0 0 1.075 
5 0.817 0 —0.025 1.13365 —1.133 1.925 





The matrix form of the equation set is 


2.175 —0.592 0 0 01[46, 1.583 
—0.7 1075 —0.425 0 0| 1, —0.05 
0.025 —0.675 1.075 —0.425 olg] = 0 
0 0.025 —0.6755 1.075 —0.425 | | ¢, 0 
0 0 0.025 -0.817 1.925] | os 0 
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Fig. 5.19 Comparison 
of QUICK solution with 
the analytical solution 


Table 5.11 


5.9.2 
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The solution to the above system is 


$i 0.9648 

A 0.8707 

b, | = | 0.7309 (5.61) 
$a 0.5226 

$s 0.2123 


Comparison with the analytical solution 


Figure 5.19 shows that the QUICK solution is almost indistinguishable from the 
exact solution. Table 5.11 confirms that the errors are very small even with this 
coarse mesh. Following the steps outlined in Example 5.1 the central differencing 
solution is computed with the data given above. The sum of absolute errors in Table 
5.11 indicates that the QUICK scheme gives a more accurate solution than the 
central differencing scheme. 














1.0 

0.8 

0.6 , , 
à Numerical solution (QUICK) 

0.4 

0.2 Exact solution 

0.0 0.2 0.4 0.6 0.8 1.0 

Distance (m) 
Node Distance ^ Analytical QUICK Difference CD solution | Difference 
solution solution 

l 0.1 0.9653 0.9648 0.0005 0.9696 0.0043 
2 0.3 0.8713 0.8707 0.0006 0.8786 0.0073 
3 0.5 0.7310 0.7309 0.0001 0.7421 0.0111 
4 0.7 0.5218 0.5226 —0.0008 0.5374 0.0156 
5 0.9 0.2096 0.2123 —0.0027 0.2303 0.0207 
$: Absolute error 0.0047 0.059 





Assessment of the QUICK scheme 


The scheme uses consistent quadratic profiles — the cell face values of fluxes are 
always calculated by quadratic interpolation between two bracketing nodes and an 
upstream node — and is therefore conservative. Since the scheme is based on a 


5.9.3 
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quadratic function its accuracy in terms of the Taylor series truncation error is third 
order on a uniform mesh. The transportiveness property is built into the scheme as 
the quadratic function is based on two upstream and one downstream nodal values. If 
the flow field satisfies continuity the coefficient a, equals the sum of all neighbour 
coefficients which is desirable for boundedness. 

On the downside, the main coefficients (E and W) are not guaranteed to be 
positive and the coefficients aww and agg are negative. For example, if u, > 0 and 
ue > 0 the east coefficient becomes negative at relatively modest cell Peclet numbers 
(Pe, = F,/D, > 8/3). This gives rise to stability problems and unbounded solutions 
under certain flow conditions. Similarly the west coefficient can become negative 
when the flow is in the negative direction. The QUICK scheme is therefore 
conditionally stable. 

Another notable feature is the fact that the discretised equations involve not only 
immediate-neighbour nodes but also nodes further away. Tri-diagonal matrix 
solution methods (see Chapter 7) are not directly applicable. 


Stability problems of the QUICK scheme and remedies 


Since the QUICK scheme in the form presented above can be unstable due to the 
appearance of negative main coefficients it has been re-formulated in different ways 
that alleviate stability problems. These formulations all involve placing troublesome 
negative coefficients in the source term so as to retain positive main coefficients. The 
contributing part is appropriately weighted to give better stability and positive 
coefficients as far as possible. Some of the better known practical approaches are 
described in Han et al (1981), Pollard and Siu (1982) and Hayase et al (1992). The 
last authors generalised the approach for re-arranging QUICK schemes and derived 
a stable and fast converging variant. 
The Hayase et al (1990) QUICK scheme can be summarised as follows: 


by = bw +z Bbr—2by - dev] for Fy >0 
é.— dp tiBós-20p- du] for Fe >0 
(5.62) 
$n =p +3 Bow -2p -9] for Fy <0 
be = OE + Bop - 205 — dee for F,«0 


The discretisation equation takes the form 


aphp = awby + agóg +S (5.63) 


The central coefficient is 


ap = aw d ag + (Fe — Fy) 


132 the finite volume method for convection-diffusion problems 







Dy + Fy 


5.9.4 


Fig. 5.20 Comparison 
of QUICK and upwind 
solutions for the 2D test 
case considered in section 
5.6.1 
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+5 Gow — 26» — b5)(1 — Fe zs + dug — 305) — JF. 


oo | 


where 


Xw = 1 for F, > 0 and &e = 1 for F, > 0 


Xw = 0 for F, < 0 and a, = 0 for F; < 0 


The advantage of this approach is that the coefficients are always positive and now 
satisfy the requirements for conservativeness, boundedness and transportiveness. It 
should be noted that all variations of QUICK, including the one developed by 
Hayase et al., give the same solution upon convergence. 


General comments on the QUICK differencing scheme 


The QUICK differencing scheme has greater formal accuracy than the central 
differencing or hybrid schemes and it retains the upwind weighted characteristics. 
The resultant false diffusion is small and solutions achieved with coarse grids are 
often considerably more accurate than those of the upwind or hybrid schemes. 
Figure 5.20 shows a comparison between upwind and QUICK for the two- 
dimensional test case considered in section 5.6.1. It can be seen that the QUICK 
scheme matches the exact solution much more accurately than the upwind scheme 
on a 50 x 50 grid. 


Exact solution 


QUICK 50 x 50 





0 0.2 0.4 0.6 08 1.0 1.2 1.4 
Distance along diagonal X - X 


The QUICK scheme can, however, give (minor) undershoots and overshoots as is 
evident in Figure 5.20. In complex flow calculations, the use of QUICK can lead to 
subtle problems caused by such unbounded results: for example, they could give rise 
to negative turbulence kinetic energy (k) in k-e model (see Chapter 3) computations. 
The possibility of undershoots and overshoots needs to be considered when 
interpreting solutions. 
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510 Other higher order schemes 


Schemes of order 3 and above have been developed for the discretisation of 
convective terms with varying degrees of success. Implementation of boundary 
conditions can be problematic with such higher order schemes. Computational cost 
is another factor which needs to be considered in using higher order schemes. The 
fact that the QUICK scheme can give *undershoots' and ‘overshoots’ has led to the 
development of second-order schemes that avoid these problems. The class of TVD 
(Total Variation Diminishing) schemes are specially formulated to achieve 
oscillation-free solutions and have proved to be useful in CFD calculations. A 
discussion of such schemes is beyond the scope of this book and the reader is 
referred to Hirsch (1990), Van Leer (1973, 1974, 1979), Boris and Book (1973, 
1976), Osher (1984), Osher and Chakravarthy (1984), Zhu (1991) and Alvarez et al 
(1993) for further details. 


511 Summary 


The problems of discretising the convection-diffusion equation, under the 
assumption that the flow field is known, have been discussed. The crucial issue is 
the formulation of suitable expressions for the values of the transported property 6 at 
cell faces when accounting for the convective contribution in the equation. 


e All the finite volume schemes presented in this chapter describe the effects of 
simultaneous convection and diffusion by means of discretised equations whose 
coefficients are weighted combinations of the convective mass flux per unit area F 
and the diffusion conductance D. 

e The discretised equations for a general internal node for the central, upwind and 
hybrid differencing and the power-law schemes of a one-dimensional convection- 
diffusion problem take the following form: 


aphp = ayQw + agg (5.64) 
with 
ap = ay +ag+ (Fe — Fy) 


e The neighbour coefficients for these schemes are 


Dy max|0,(1—0.1|Pey))°] | De max o, (1 — 0.1|Pee|)* 



















+ max(F,, 0) + max(—F,, 0) 
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e The boundary conditions enter the discretised equations via source terms. Their 
treatment is specific to each discretisation scheme. 

e Discretisation schemes that possess conservativeness, boundedness and trans- 
portiveness give physically realistic results and stable iterative solutions: 

— The central differencing method is not suitable for general purpose convection- 
diffusion problems because it lacks transportiveness and gives unrealistic 
solutions at large values of the cell Peclet number. 

— Upwind, hybrid and power-law differencing all possess conservativeness, 
boundedness and transportiveness and are highly stable, but suffer from false 
diffusion in multi-dimensional flows if the velocity vector is not parallel to one 
of the co-ordinate directions. 

e The discretised equations of the standard QUICK method of Leonard (1979) have 
the following form for a general internal node point: 


aphp = aywQy + agÓg + ay wy + agg Ogg (5.65) 





with 2a, = 1 for Fẹ, > 0 and «, = I for F, > 0 
Xw = 0 for Fy < 0 and &e = 0 for F, «0 


— Higher order schemes, such as QUICK, can minimise false diffusion errors but 
are less computationally stable. This manifests itself as small over- and 
undershoots in the solution of some problems including those with large 
gradients of $ leading to non-physical behaviour, e.g. negative turbulence 
properties k and e£, in extreme cases. Nevertheless, if used with care and 
judgement the QUICK scheme can give very accurate solutions of convection- 
diffusion problems. 
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Solution Algorithms for 
Pressure-Velocity Coupling in 
Steady Flows 


Introduction 


The convection of a scalar variable @ depends on the magnitude and direction of the 
local velocity field. To develop our methods in the previous chapter we assumed that 
the velocity field was somehow known. In general the velocity field is, however, not 
known and emerges as part of the overall solution process along with all other flow 
variables. In this chapter we look at the most popular strategies for computing the 
entire flow field. 

Transport equations for each velocity component — momentum equations — can 
be derived from the general transport equation (2.39) by replacing the variable @ by 
u, v and w respectively. The velocity field must, of course, also satisfy the continuity 
equation. Let us consider the equations governing a two-dimensional laminar steady 
flow: 


x-momentum equation 


ð ð _ ð ðu Of Ou Op 

(oi) + È (pm) =È ( =| +5. (n5) a + Su (6.1) 
y-momentum equation 

ð ð 0 Ov ð Ov\ Op 

5, ow) + (ew) => (u x) ZU 5) 73, ^ (6.2) 


continuity equation 
ð ð 
~ (pu) + —(pv) = 0 
ax P ) + gy (ev) (6.3) 
The pressure gradient term, which forms the main momentum source term in most 


flows of engineering importance, has been written separately to facilitate the 
discussion that follows. 
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6.2 


The solution of equation set (6.1—6.3) presents us with two new problems: 


e The convective terms of the momentum equation contain non-linear quantities, for 
example the first term of equation (6.1) is the x-derivative of pu’. 

e All three equations are intricately coupled because every velocity component 
appears in each momentum equation and the continuity equation. The most 
complex issue to resolve is the role played by the pressure. It appears in both 
momentum equations, but there is evidently no (transport or other) equation for 
pressure. 


If the pressure gradient is known, the process of obtaining discretised equations for 
velocities from the momentum equations is similar to that for any other scalar, and 
schemes based on those explained in Chapter 5 are applicable. In general purpose 
flow computations we also wish to calculate the pressure field as part of the solution 
so its gradient is not normally known beforehand. If the flow is compressible the 
continuity equation may be used as a transport equation for density and, in addition 
to (6.1-6.3), the energy equation is a transport equation for temperature. The 
pressure may then be obtained from the density and temperature by using the 
equation of state p = p(p, T). However, if the flow is incompressible the density is 
constant and hence by definition not linked to the pressure. In this case coupling 
between pressure and velocity introduces a constraint on the solution of the flow 
field: if the correct pressure field is applied in the momentum equations the resulting 
velocity field should satisfy continuity. 

Both the problems associated with the non-linearities in the equation set and the 
pressure-velocity linkage can be resolved by adopting an iterative solution strategy 
such as the SIMPLE algorithm of Patankar and Spalding (1972). In this algorithm 
the convective fluxes per unit mass F through cell faces are evaluated from so-called 
guessed velocity components. Furthermore, a guessed pressure field is used to solve 
the momentum equations and a pressure correction equation, deduced from the 
continuity equation, is solved to obtain a pressure correction field which is in turn 
used to update the velocity and pressure fields. To start the iteration process we use 
initial guesses for the velocity and pressure fields. As the algorithm proceeds our aim 
must be progressively to improve these guessed fields. The process is iterated until 
convergence of the velocity and pressure fields. The main features of the SIMPLE 
algorithm and its more recent enhancements will be discussed in this chapter. 


The staggered grid 


The solution procedure for the transport of a general property $ developed in 
Chapter 5 will, of course, be enlisted to solve the momentum equations. Matters are, 
however, not completely straightforward since there are problems associated with the 
pressure source terms of the momentum equations that need special treatment. 
The finite volume method starts, as always, with the discretisation of the flow 
domain and of the relevant transport equations (6.1—6.3). First we need to decide 
where to store the velocities. It seems logical to define these at the same locations as 
the scalar variables such as pressure, temperature etc. However, if the velocities and 
pressures are both defined at the nodes of an ordinary control volume a highly non- 
uniform pressure field can act like a uniform field in the discretised momentum 
equations. This can be demonstrated with the simple two-dimensional situation 
shown in Figure 6.1, where a uniform grid is used for simplicity. Let us assume that 


Fig. 6.1 A 
‘checker-board’ pressure 
field 
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we have somehow obtained a highly irregular ‘checker-board’ pressure field with 
values as shown in Figure 6.1. 

If the pressures at ‘e’ and ‘w’ are obtained by linear interpolation the pressure 
gradient term Op/Ox in the u-momentum equation is given by 


a n-m Cx CF 





_ 2 
Ox Ox Ox 
PE — Pw 
= (6.4) 
Similarly, the pressure gradient Op/Oy for the v-momentum equation is evaluated as 
Op _ Pn Ps (6.5) 
Oy 2óy l 


The pressure at the central node (P) does not appear in (6.4) and (6.5). Substituting 
the appropriate values from the 'checker-board' pressure field in Figure 6.1 into 
formulae (6.4—6.5) we find that all the discretised gradients are zero at all the nodal 
points even though the pressure field exhibits spatial oscillations in both directions. 
As a result, this pressure field would give the same (zero) momentum source in the 
discretised equations as a uniform pressure field. This behaviour is obviously non- 
physical. 

It is clear that, if the velocities are defined at the scalar grid nodes, the influence 
of pressure is not properly represented in the discretised momentum equations. A 
remedy for this problem is to use a staggered grid for the velocity components 
(Harlow and Welch, 1965). The idea is to evaluate scalar variables, such as pressure, 
density, temperature etc., at ordinary nodal points but to calculate velocity 
components on staggered grids centred around the cell faces. The arrangement for 
a two-dimensional flow calculation is shown in Figure 6.2. 

The scalar variables, including pressure, are stored at the nodes marked (e). The 
velocities are defined at the (scalar) cell faces in between the nodes and are indicated 
by arrows. Horizontal (—) arrows indicate the locations for u-velocities and vertical 
(1) ones denote those for v-velocities. In addition to the E, W, N, S notation Figure 
6.2 also introduces a new system of notation based on a numbering of grid lines and 
cell faces. It will be explained and used later on in this chapter. 

For the moment we continue to use the original E, W, N, S notation; the u- 
velocities are stored at scalar cell faces ‘e’ and ‘w’ and the v-velocities at faces ‘n’ 
and ‘s’. In a three-dimensional flow the w-component is evaluated at cell faces ‘r 
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Fig. 6.2 
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and ‘b’. We observe that the control volumes for u and v are different from the scalar 
control volumes and different from each other. The scalar control volumes are 
sometimes referred to as the pressure control volumes because, as we shall see later, 
the discretised continuity equation is turned into a pressure correction equation, 
which is evaluated on scalar control volumes. 

In the staggered grid arrangement, the pressure nodes coincide with the cell faces 
of the u-control volume. The pressure gradient term Op/Ox is given by 


Op ppe-—pw 
Ox óx, (6.6) 


where 6x, is the width of the u-control volume. Similarly Op/Oy for the v-control 
volume shown is given by 


Op PP — ps 
£i P» 6.7 
ay On (6-7) 


where dy, is width of the v-control volume. 

If we consider the ‘checker-board’ pressure field again, substitution of the 
appropriate nodal pressure values into equations (6.6) and (6.7) now yields very 
significant non-zero pressure gradient terms. The staggering of the velocity avoids 
the unrealistic behaviour of the discretised momentum equation for spatially 


6.3 
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oscillating pressures like the 'checker-board' field. A further advantage of the 
staggered grid arrangement is that it generates velocities at exactly the locations 
where they are required for the scalar transport — convection-diffusion — 
computations. Hence, no interpolation is needed to calculate velocities at the 
scalar cell faces. 


The momentum equations 


As mentioned earlier, if the pressure field is known, the discretisation of velocity 
equations and the subsequent solution procedure is similar to that of a scalar 
equation. Since the velocity grid is staggered the new notation based on grid line and 
cell face numbering will be used. In Figure 6.2 the unbroken grid lines are numbered 
by means of capital letters. In the x-direction the numbering is ..., Z — 1,7,7 4- 1, 

. etc. and in the y-direction ..., /—1,/,/ +1, ... etc. The dashed lines that 
construct the scalar cell faces are denoted by lower case letters ..., i — 1,i,i+1,... 
and ...,j — lj + 1, ... in the x- and y-direction respectively. 

A subscript system based on this numbering allows us to define the locations of 
grid nodes and cell faces with precision. Scalar nodes, located at the intersection of 
two grid lines, are identified by two capital letters: e.g. point P in Figure 6.2 is 
denoted by (7, J). The u-velocities are stored at the e- and w-cell faces of a scalar 
control volume. These are located at the intersection of a line defining a cell 
boundary and a grid line and are, therefore, defined by a combination of a lower case 
letter and a capital: e.g. the w-face of the cell around point P is identified by (i, J). 
For the same reasons the storage locations for the v-velocities are combinations of a 
capital and a lower case letter: e.g. the s-face is given by (7, /). 

We may use forward or backward staggered velocity grids. The uniform grids in 
Figure 6.2 are backward staggered since the i-location for the u-velocity uj; is at a 
distance of —1/2óx, from the scalar node (I,J). Likewise, the j-location for the v- 
velocity vz ; is —1/2óy, from node (I,J). Expressed in the new co-ordinate system 
the discretised u-momentum equation for the velocity at location (i, J) is given by 


Qj JHj J = 3 asus -AE Ay, + S AV, 
u 


or 
dj Jui J = 3 auus (picis 7 pr,s)Ais + bus (6.8) 


where AV, is the volume of the u-cell, 5b;; = SAV, is the momentum source term, 
Aig is the (east or west) cell face area of the u-control volume. The pressure gradient 
source term in (6.8) has been discretised by means of a linear interpolation between 
the pressure nodes located at the u-control volume boundaries. 

In the new numbering system the E, W, N and S neighbours involved in the 
summation ` abung are (i— 1,J), (i--1,J), (4,J 4-1) and GJ — 1). Their 
locations and the prevailing velocities are shown in more detail in Figure 6.3. The 
values of coefficients a;; and ap, may be calculated with any of the differencing 
methods (upwind, hybrid, QUICK) suitable for convection-diffusion problems. The 
coefficients contain combinations of the convective flux per unit mass F and the 
diffusive conductance D at u-control volume cell faces. Applying the new notation 
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Fig. 6.3 A u-control 
volume and its 
neighbouring velocity 
components 


Jl 





system we give the values of F and D for each of the faces e, w, n and s of the u- 
control volume: 


ALTES 
= (pu), = 
l + Ppi- -1 J +P- 
2i Pr s PI-1,J = 1,J u; J + Pr-1,J T PI-2,J Mia (6.9a) 
2 2 
austu 
= (pu), = 
— Tp. 
= Pr4i,s » Edd PEE (2 I Pu (6.9b) 
Fi ph 
—— (pv), = Phjt^f-hj 
+ - _pytPre1s-— 
ay PIJ Dr PP), (P LJ = lJ JEN (6.9c) 
Fr jg Fraga 
F, — (pv), — a — 
ol + — + Pi- 
1) õPr 3+1 TPJ Lua Pr-1,s+1 T Pr-4,J vi 1.41 (6.94) 
~ 9 2 2 
I; 
D, =—— (6.9e) 
Xj — Xj-1 
I 
D, = —22— (6.9f) 
Xicl1-— Xi 
p, = lir t Dns t Erunt Toon (6.9g) 
4(yj — yj-1) 
p, = cbse t Inssi t Eris tls (6.9h) 


A(yj +1 — yy) 


Fig. 6.4 A v-control 
volume and its 
neighbouring velocity 
components 
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The formulae (6.9) show that where scalar variables or velocity components are not 
available at a u-control volume cell face a suitable two- or four-point average is 
formed over the nearest points where values are available. During each iteration the 
u- and v-velocity components used to evaluate the above expressions are those 
obtained as the outcome of the previous iteration (or the initial guess in the first 
iteration). It should be noted that these known u- and v-values contribute to the 
coefficients a in equation (6.8). These are distinct from v; and unb in this equation 
which denote the unknown scalars. 
By analogy the v-momentum equation becomes 


a1, jV], j = 3 Lanvu + (prs 1 — pr, s)Arj + bij (6.10) 


The neighbours involved in the summation ` anbVnb and prevailing velocities are as 
shown in Figure 6.4. 


J+l 


v 
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— 
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| 
l 
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+ fa 


Coefficients a; ; and a,, again contain combinations of the convective flux per 
unit mass F and the diffusive conductance D at v-control volume cell faces. Their 
values are obtained by the same averaging procedure adopted for the u-control 
volume and are given below: 


Fi; Fia 
Fy = (pu), = ————— 
l| (Pry t Pr-1.7 Pr-ig-1 Pp J-1 
= — n i ————————M——— iJ-— 6.11a 
al 5 ui, J + 5 ui y—1| ( ) 
F; F; E 
F, — (pu), — +i, J = +1,/-1 


.l Pr+1,J T Pry » " Pr J-1 t+ Pro A,J-4 ui 
7 ) i+1,J ? i+1,J-1 


(6.11b) 
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6.4 


Fy LH 
F, = (pv), 2 —— — 
l| (Pros T + - 
a LJ-1 74 Prs- p) uu (2 Pr J JE (6.11e) 
2 
Fy E 1 
= (py), = —L— 3H 
l | (Pry t Prosi Prytit Pry 
Eom vr j+ 3 VI j+ (6.11d) 
Iz-igz-1+Iz;z-1+I;- D 
D, = f-1,J-1 1,J-1 I-I J Hig (6.11e) 
A(x; — xy 1) 
D;;-i1-4T -1 +I T 
D, = 1,J-1 1-1,J-1 LJctirneaJ (6.11f) 
4(xr+1 — xr) 
I7 j-i 
D, = ——— | 6.11 
° Yj — Yj-1 \ 8) 
I 
D, = —L1 (6.11h) 
Yj+1 — J; 


Again at each iteration level the values of F are computed using the u- and v-velocity 
components resulting from the previous iteration. 

Given a pressure field p, discretised momentum equations of the form (6.8) and 
(6.10) can be written for each u- and v-control volume and then solved to obtain the 
velocity fields. If the pressure field is correct the resulting velocity field will satisfy 
continuity. As the pressure field is unknown, we need a method for calculating 
pressure. 


The SIMPLE algorithm 


The acronym SIMPLE stands for Semi-Implicit Method for Pressure-Linked 
Equations. The algorithm was originally put forward by Patankar and Spalding 
(1972) and is essentially a guess-and-correct procedure for the calculation of 
pressure on the staggered grid arrangement introduced above. The method is 
illustrated by considering the two-dimensional laminar steady flow equations in 
Cartesian co-ordinates. 

To initiate the SIMPLE calculation process a pressure field p* is guessed. 
Discretised momentum equations (6.8) and (6.10) are solved using the guessed 
pressure field to yield velocity components u* and v* as follows: 


aj, JUF J = Xanpun + (pi-1,J — pi s)Ais + bi, J (6.12) 


a; jV]. j — sb Vs, + (pz; i — pi, 1)4r.j + by, ; 
(6.13) 





Now we define the correction p’ as the difference between the correct pressure field 
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p and the guessed pressure field p*, so that 


p=p*+p (6.14) 


Similarly we define velocity corrections u’ and v to relate the correct velocities u 
and v to the guessed velocities u* and v* 


uu / 


verry (6.16) 


Substitution of the correct pressure field p into the momentum equations yields the 
correct velocity field (u, v). Discretised equations (6.8) and (6.10) link the correct 
velocity fields with the correct pressure field. 

Subtraction of equations (6.12) and (6.13) from (6.8) and (6.10), respectively, 
gives 


aj, J (ui, J — uj s) = X an (unb — Unb) 
+r- = phe) — (pr. — pi s) Ass (6.17) 
ar j (v, — Vij) =X ans( (vns — Vab) 
+ [(pPr 3-1 -př j -1) - (Pr, — pi. J)| 4r. j (6.18) 


Using correction formulae (6.14—6.16) the equations (6.17—6.18) may be rewritten 
as follows: 


di, JM; = 2 Anbu + (pi-i - pi. Ais (6.19) 


aj jV, j = X anb + (a= -p )4r.; (6.20) 


At this point an approximation is introduced: $- anbu’ p and $` a,,v,, are dropped to 
simplify equations (6.19) and (6.20) for the velocity corrections. Omission of these 
terms is the main approximation of the SIMPLE algorithm. We obtain 


ui y = d, (p; - LJ -pi s) (6.21) 

Vij = d, (Pl, -pi s) (6.22) 
Aj Ay j 

where dj; = Z and di j = LJ (6.23) 
Qi J a, j 


Equations (6.21) and (6.22) describe the corrections to be applied to velocities 
through formulae (6.15) and (6.16), which gives 





Ui J = jd dis (Pr 1,J -pi s) (6.24) 









Wj Vij + drips - pi.) (6.25) 
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Similar expressions exist for uj, ; and vy, jii: 


Hj 1,J = Urey tdir s(P s -Phsis) (6.26) 

VIL j41 = Vege + dns (pi; -ph s+1) (6.27) 
A; Ar ; 

where dj, 7 = — and dy ;,1 = (6.28) 
Qi41 J aI jl 


Thus far we have only considered the momentum equations but, as mentioned 
earlier, the velocity field is also subject to the constraint that it should satisfy 
continuity equation (6.3). Continuity is satisfied in discretised form for the scalar 
control volume shown in Figure 6.5: 


(puA); 1,7 — (puA); J + |(ov4), jai 7 (v4); j| =0 (6.29) 
Fig. 6.5 The scalar Scalar control volume 
control volume used for (continuity equation) 


the discretisation of the 
continuity equation 





1-1 


Substitution of the corrected velocities of equations (6.24—6.27) into discretised 
continuity equation (6.29) gives 


-p, A.) (uty + dis(p) LJ -p,1))| 
ENT si (via tán (n. Pht +1) 


-pi ;At (vt dipl). -pi,,))] = 0 (6.30) 
This may be re-arranged to give 
(pd) , + (pdA), z + (pdA), ,,, + (pdA), lps 
= (pdA); , 1 JPr41,J + (odA), jpr i, + (pdA), ; AP J41 
+ (pd4), jPi 3-1 | 
+ |(pw*4), ; — (pu* A), . 1  (pv*A), ; — (ov*4), j1] (6.31) 
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Identifying the coefficients of p’ this may be written as 


fo / / l 
ar J Pi j SA+, JPr ua; A-1, J Pri, 7017 MP 41 


t1, Pr ji 0 Dp (6.32) 





where ar J = Qp4A,J + ar-1,J +47 ya + ar J-i and the coefficients are given below: 


* 
(pdA); , 1. J (pd4), j (pdA), ; 1 (pdA), , 


Equation (6.32) represents the discretised continuity equation as an equation for 
pressure correction p'. The source term b’ in the equation is the continuity 
imbalance arising from the incorrect velocity field u*, v*. By solving equation 
(6.32), the pressure correction field p' can be obtained at all points. Once the 
pressure correction field is known, the correct pressure field may be obtained using 
formula (6.14) and velocity components through correction formulae (6.24—6.27). 
The omission of terms such as Y^ anbu’, in the derivation does not affect the final 
solution because the pressure correction and velocity corrections will all be zero in a 
converged solution giving p*— p,u*= u and v*— v. 

The pressure correction equation is susceptible to divergence unless some under- 
relaxation is used during the iterative process and new, improved, pressures p"^" are 
obtained with 


pre —p* 4 Oy D' (6.33) 












where x, is the pressure under-relaxation factor. If we select a, equal to 1 the 
guessed pressure field p* is corrected by p'. However, the corrections p’, in particular 
when the guessed field p* is far away from the final solution, is often too large for 
stable computations. A value of o, equal to zero would apply no correction at all, 
which is also undesirable. Taking o, between 0 and 1 allows us to add to guessed 
field p* a fraction of the correction field p' that is large enough to move the iterative 
improvement process forward, but small enough to ensure stable computation. 

The velocities are also under-relaxed. The iteratively improved velocity 
components u”™ and v"*" are obtained from 


ue" = aut (1— ay)” — 1) (6.34) 
yew = av + (1 — ay) ve" 1) (6.35) 


where a, and a, are the u- and v-velocity under-relaxation factors with values 
between 0 and 1, u and v are the corrected velocity components without relaxation 
and u- P and vU represent their values obtained in the previous iteration. After 
some algebra it can be shown that with under-relaxation the discretised u-momentum 
equation takes the form 

E Hj J = 3 auus + (pr - LJ — pi, 5 )Ai, gs tbi; a — 24) ul", 


H H 





(6.36) 
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and the discretised v-momentum equation 


ay j aj j (n — 1) 
a — QAnbVn —]— År; by ; l — y) ——- j 
x, VI j ` bYnb + (pr J l prs) Lj t Ong + [ ) Oy pt 


(6.37) 


The pressure correction equation is also affected by velocity under-relaxation and it 
can be shown that d-terms of the pressure correction equation become 


d | Aj shy 2 Aja yu Ar, joy 
iJ =? dii J = —— ——, di ; = —— 
Qi, J i41, J al j 
and 
d Ay j 4 ty 
L,j+l 
aj j+l 


Note that in these formulae a; J, aj,1,7, ar j and a; j+ are the central coefficients of 
discretised velocity equations at positions (i, J), + 1,J), (7,7) and (7,j + 1) of a 
scalar cell centred around P. 

A correct choice of under-relaxation factors x is essential for cost-effective 
simulations. Too large a value of x may lead to oscillatory or even divergent iterative 
solutions and a value which is too small will cause extremely slow convergence. 
Unfortunately, the optimum values of under-relaxation factors are flow dependent 
and must be sought on a case-by-case basis. The use of under-relaxation will be 
discussed further in Chapter 8. 


Assembly of a complete method 


The SIMPLE algorithm gives a method of calculating pressure and velocities. The 
method is iterative and when other scalars are coupled to the momentum equations, 
the calculation needs to be done sequentially. The sequence of operations in a CFD 
procedure which employs the SIMPLE algorithm is given in Figure 6.6. 


The SIMPLER algorithm 


The SIMPLER (SIMPLE Revised) algorithm of Patankar (1980) is an improved 
version of SIMPLE. In this algorithm the discretised continuity equation (6.29) is 
used to derive a discretised equation for pressure, instead of a pressure correction 
equation as in SIMPLE. Thus the intermediate pressure field is obtained directly 
without the use of a correction. Velocities are, however, still obtained through the 
velocity corrections (6.24—6.27) of SIMPLE. 

The discretised momentum equations (6.12—6.13) are re-arranged as 


Anbu + bi A; 
m j = 24mm t bis | AL Oy - pra) (6.38) 
Qi, J Qi J 
AnbVnb +b; ; Ar; 
Vj = 2 , AnbVnb + 51, j 4 obs (pr 3-1 — Pis) (6.39) 
ar, j alj 


Fig. 6.6 The SIMPLE 
algorithm 
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START 


Initial guess p*, u*, v*, $* 


STEP 1: Solve discretised momentum equations 
aj yu, y= Lappy + (pp ig - pL D Ais + bi 
ar, V*p 7 = Panbo + (p*r i1 - PD Ars + bp 


STEP 2: Solve pressure correction equation 


aj j Pi, J= 47). JP, t 4141,7P 143,94 47-1 1s-1t arse Prise t Ons 


STEP 3: Correct pressure and velocities 
Pris 7 P o t PL) 
uj; eu pj dip. g- Pu) 
vj j = Vr jt dy j(p'z j-1- P.) 


P, u, v, o* 


STEP 4: Solve all other discretised transport equations 


ay yor, 7 =a], J®r-1, 7J t 4741,70741,7 + ALJ-19J-1+ 4174197741 t 0r, 





No 
Convergence? 


In the SIMPLER algorithm pseudo-velocities & and Ŷ are now defined as follows: 


íi; = > Anb Unb + bi, ; (6.40) 
Qi J 


. AnbV b, ; 
yj = 2 AnbYnb + DI j (6.41) 


ar, j 
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Equations (6.38) and (6.39) can now be written as 
u; y = dig t di j(Pr-1,3 — pij) (6.42) 
Vp, j — Vj + dy (1.1 1 — PI, J) (6.43) 


The definition for d, introduced in the developments of section 6.4, is applied in 
(6.42-6.43). Substituting for u; ; and v; ; from these equations into the discretised 
continuity equation (6.29), using similar forms for u;+1, ; and vy j+1, results in 


[pado dica dean prd) 
—p; 5 Ai, s (îi J + di s(pr vu -pi.)))] 
DTE (9r ji E dr j+ (pr, 3 7 Pry 41)) 
-pr A; di (pi 1-1 — pi.) | =0 (6.44) 


Equation (6.44) may be re-arranged to give a discretised pressure equation 


aj JPI, J = 441, JPIr+1,3 + 4r-1,JPr-1,3 + 05,743, J+] 


+a J-1PI,J-1 + brJ (6.45) 





where a; J = ar41, J + 47-1, - dp, J41 +@;,;-; and the coefficients are given 
below: 


(pdA); , i. ; (pdA), ; (pdA), ; (pdA), , 


Note that the coefficients of equation (6.45) are the same as those in the discretised 
pressure correction equation (6.32), with the difference that the source term b is 
evaluated using the pseudo-velocities. Subsequently, the discretised momentum 
equations (6.12—6.13) are solved using the pressure field obtained above. This yields 
the velocity components u* and v*. The velocity correction equations (6.24—6.27) 
are used in the SIMPLER algorithm to obtain corrected velocities. Therefore, the 
p'-equation (6.32) must also be solved to obtain the pressure corrections needed for 
the velocity corrections. The full sequence of operations is described in Figure 6.7. 











(pàA); , — (p&A); 41,3 + (p?9A); , — (p?A), 541 


6.7 The SIMPLEC algorithm 


The SIMPLEC (SIMPLE-Consistent) algorithm of Van Doormal and Raithby (1984) 
follows the same steps as the SIMPLE algorithm, with the difference that the 
momentum equations are manipulated so that the SIMPLEC velocity correction 
equations omit terms that are less significant than those omitted in SIMPLE. 

The u-velocity correction equation of SIMPLEC is given by 


u; J = 4, (p; 1,J -ph s) (6.46) 
where 
Åi, J 


d; ; = —— 5 
di, J — >and 


(6.47) 
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Initial guess p*, u*, v*, o* 


STEP 1: Calculate pseudo-velocities 


Banbha + bj 5 
ais 
LanpVnp + bij 


STEP 2: Solve pressure equation 


aj JP.) = 39] A JPI- AIL EA JPIES1,J + 4s—-1 Pis-1 + QJ 1PL Je bry 


STEP 3: Solve discretised momentum equations 
aj, ju*; J = Lappy + (p*r ig p". Aij + bij 
aj, jV*r j = Panbo + (p*r 1-1 7 P's) Ar j+ bij 


STEP 4: Solve pressure correction equation 


aj jP’ 7 41 A 4P'- a 4 Ape IP reu t Ap gana t Ag Pied t Ons 


STEP 5: Correct velocities 
uj jm ML + dij(p'-ig- pin) 
v, p= V*r jt dij(p'i-1- PLD 





p, 4, v, Ọ* 


STEP 6: Solve all other discretised transport equations 


ar fr, = 7-3, Jr ur t A741, J141, J+J -101, 3-144, J +1,41 + OOns 





No 
Convergence? 
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Similarly the modified v-velocity correction equation is 


v, = 41,j(Piy-1- pu) (6.48) 


where di; = ——4— (6.49) 


The discretised pressure correction equation is the same as in SIMPLE, except that 
the d-terms are calculated from equations (6.47) and (6.49). The sequence of 
operations of the SIMPLEC algorithm is identical to that of SIMPLE (see section 
6.5). 


The PISO algorithm 


The PISO algorithm, which stands for Pressure Implicit with Splitting of Operators, 
of Issa (1986) is a pressure—velocity calculation procedure developed originally for 
the non-iterative computation of unsteady compressible flows. It has been adapted 
successfully for the iterative solution of steady state problems. PISO involves one 
predictor step and two corrector steps and may be seen as an extension of SIMPLE, 
with a further corrector step to enhance it. 


Predictor step 


Discretised momentum equations (6.12—6.13) are solved with a guessed or 
intermediate pressure field p* to give velocity components u* and v* using the 
same method as the SIMPLE algorithm. 


Corrector step 1 


The fields u* and v* will not satisfy continuity unless the pressure field p* is correct. 
The first corrector step of SIMPLE is introduced to give a velocity field (u**, v**) 
which satisfies the discretised continuity equation. The resulting equations are the 
same as the velocity correction equations (6.21—6.22) of SIMPLE but, since there is 
a further correction step in the PISO algorithm, we use a slightly different notation: 


p** = p* +p 
u** = u* + wu 
y** = yk 4 y 
These formulae are used to define corrected velocities u** and v**: 


Wi J — Wi J + dis (Pi i.) -p;) (6.50) 


V = vt +d) (Piy-1 - piu) (6.51) 
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As in the SIMPLE algorithm equations (6.50-6.51) are substituted into the 
discretised continuity equation (6.29) to yield the pressure correction equation (6.32) 
with its coefficients and source term. In the context of the PISO method equation 
(6.32) is called the first pressure correction equation. It is solved to yield the first 
pressure correction field p'. Once the pressure corrections are known, the velocity 
components u** and v** can be obtained through equations (6.50—6.51). 


Corrector step 2 


To enhance the SIMPLE procedure PISO performs a second corrector step. The 
discretised momentum equations for u** and v** are 


a; JUL) = 3 ambun + (PT 1,7 — ps) Ais + biy (6.12) 


ar VIS = V ans + (pf — pt) Ar + br, (6.13) 


A twice-corrected velocity field (u***, v***) may be obtained by solving the 
momentum equations once more: 


d; JULY. — S anb Unb + (prety — pT sy )Ai, tbi; (6.52) 


kkk k*k Æ k ok * ko 
aj, jV]. = 3 La Vb + (PEU 1 -PITJA + bn; (6.53) 


Note that the summation terms are evaluated using the velocities u** and v** 
calculated in the previous corrector step. 
Subtraction of equation (6.12) from (6.52) and (6.13) from (6.53) gives 


ut — u**, + > anb (ub — Unb ) 


+ diz (pf. LJ — p; 1) (6.54) 
di J 


S aw (Vb — Vab 
"type y m ON no) +dj(Pi yi - pis) (6.55) 
|J 





where p" is the second pressure correction so that p*** may be obtained by 
p*** = p** +p" (6.56) 


Substitution of u*** and v*** in the discretised continuity equation (6.29) yields a 
second pressure correction equation 


No H H H 
aj JPr jy = Ore JPp a; TA- JP- g TU APT 41 
i H 
+ 41,5-1P7, 5-1 + Dp y (6.57) 





with Qj] = 441,73 + dp, + @, J+1+ aj ;-j and the coefficients are as 
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6.9 


HU 


(pdA);,1 7 | (PdA); z | (PdA); ;, 1 | (PGA); j 


follows: 






A 
(2) Sa ust) 


-() Y^ ane (ut — us) 
i+]1,J 





a 


A 
(2) Y^ au (41 — vi) 
a Lj 


-(& Y^ as (vif - v) 
Lj4d 


a 







In the derivation of (6.57) the source term 
[(p4u**), ,- (pAu**), ,  "-(pAv**), ,-(pAv**), ji 


is zero since the velocity components u** and v** satisfy continuity. 
Equation (6.57) is solved to obtain the second pressure correction field p" and a 
twice-corrected pressure field is obtained from 


(6.58) 





Finally the twice-corrected velocity field is obtained from equations (6.54—6.55). 

In the non-iterative calculation of unsteady flows the pressure field p*** and the 
velocity fields u*** and v*** are considered to be the correct u, v and p. The 
sequence of operations for an iterative steady state PISO calculation is given in 
Figure 6.8. 

The PISO algorithm solves the pressure correction equation twice so the method 
requires additional storage for calculating the source term of the second pressure 
correction equation. As before under-relaxation is required with the above procedure 
to stabilise the calculation process. Although this method implies a considerable 
increase in computational effort it has been found to be efficient and fast. For 
example, for a benchmark, laminar, backward-facing step problem Issa et al (1986) 
report a reduction of CPU time by a factor of 2 compared to standard SIMPLE. 

The PISO algorithm presented above is the adapted, steady state version of an 
algorithm that was originally developed for non-iterative time-dependent calcula- 
tions. The transient algorithm can also be applied to steady state calculations by 
starting with guessed initial conditions and solving as a transient problem for a long 
period of time until the steady state is achieved. This will be discussed in Chapter 8. 


General comments on SIMPLE, SIMPLER, SIMPLEC 
and PISO 


The SIMPLE algorithm is relatively straightforward and has been successfully 
implemented in numerous CFD procedures. The other variations of SIMPLE can 
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Fig. 6.8 The PISO 


algorithm 


Initial guess p*, u*, v*, o* 


Perform STEPS 1 — 3 of SIMPLE algorithm 
— Solve discretised momentum equations 


~ Solve pressure correction equation 
— Correct pressure and velocities 





t 
p*, u*, v*. p 


STEP 4: Solve second pressure correction equation 


/ 
Gi JPII = dp A JP" A JF Ape IP Le, * Bg APUL a t Gp e AP" ngs + b^ 


STEP 5: Correct pressure and velocities 


LE ok * t , 
Pry =Pry PLIP] 


Lan p(t nb - d, nb) 
aj J 

Yan v rp — vnb) 
a; J 


ah kok 


* 
4i; TU;ptdij(pi- ig -pPLD* * di j(p^r ig PD 


yt** n 


* 
1j cv +d; (Pi,s-1 — p43) + + dij(p^,j-i- PTD 


Set 
p* =p, u* =u 


vin voted 





p, u, v, o* 


STEP 6: Solve all other discretised transport equations 


aj, 91,5 = di i 91-1,5 + G74 1,041, t 0n 1957-1 0,75101741 + boy j 





No 
Convergence? 


Yes 


produce savings in computational effort due to improved convergence. In SIMPLE, 
the pressure correction p’ is satisfactory for correcting velocities but not so good for 
correcting pressure. Hence the improved procedure SIMPLER uses the pressure 
corrections to obtain velocity corrections only. A separate, more effective, pressure 
equation is solved to yield the correct pressure field. Since no terms are omitted to 
derive the discretised pressure equation in SIMPLER the resulting pressure field 
corresponds to the velocity field. Therefore, in SIMPLER the application of the 
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6.10 


correct velocity field results in the correct pressure field, whereas it does not in the 
SIMPLE algorithm. Consequently, the method is highly effective in calculating 
the pressure field correctly. This has significant advantages when solving the 
momentum equations. Although the number of calculations involved in the 
SIMPLER algorithm is about 3096 larger than that for SIMPLE, the fast 
convergence rate reportedly reduces the computer time by 30-50% (Anderson ef 
al, 1984). The SIMPLER algorithm is therefore often used as the default procedure 
in commercial CFD codes. Further details of SIMPLE and its variants may be found 
in Patankar (1980). 

SIMPLEC and PISO have proved to be as efficient as SIMPLER in certain types 
of flows but it is not clear whether it can be categorically stated that they are better 
than SIMPLER. Comparisons have shown that the performance of each algorithm 
depends on the flow conditions, the degree of coupling between the momentum 
equation and scalar equations — in combusting flows, for example, due to the 
dependence of the local density on concentration and temperature — and on the 
amount of under-relaxation used, and sometimes even on the details of the numerical 
technique used for solving the algebraic equations. A comprehensive comparison of 
PISO, SIMPLER and SIMPLEC methods for a variety of steady flow problems by 
Jang et al (1986) showed that, for problems in which momentum equations are not 
coupled to a scalar variable, the PISO algorithm showed robust convergence 
behaviour and required less computational effort than SIMPLER and SIMPLEC. It 
was also observed that when the scalar variables were closely linked to velocities, 
PISO had no significant advantage over the other methods. Iterative methods using 
SIMPLER and SIMPLEC have robust convergence characteristics in strongly 
coupled problems, but it could not be ascertained which of SIMPLER or SIMPLEC 
was superior. 


Summary 


The most popular solution algorithms for pressure and velocity calculations with the 
finite volume method have been discussed. They all possess the following common 
characteristics: 


e The problems associated with the non-linearity of the momentum equations and 
the coupling between transport equations are tackled by adopting an iterative 
solution strategy. 

e Velocity components are defined on staggered grids to avoid problems associated 
with pressure field oscillations of high spatial frequency. — 

e In the staggered grid arrangement velocities are stored at the cell faces of scalar 
control volumes. The discretised momentum equations are solved on staggered 
control volumes whose cell faces contain the pressure nodes. 

e The SIMPLE algorithm is an iterative procedure for the calculation of pressure 
and velocity fields. Starting from an initial pressure field p* its principal steps are: 
— solve the discretised momentum equation to yield the intermediate velocity 

field (u*, v*). 


— solve the continuity equation in the form of an equation for pressure correction 
t 


P. 
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— correct pressure and velocity by means of 
Pi J =P + Pry 
uj J =U + di (Prig — Pi y) 
Yj — vI, j + di, (Pj j-i -Pi y) 


— solve all other discretised transport equations for scalars 4. 

— repeat until the fields p, u, v and $ have all converged. 

Refinements to SIMPLE have produced more economical and stable iteration 
methods. 

The steady state PISO algorithm adds an extra correction step to SIMPLE to 
enhance its performance per iteration. 

The SIMPLER method is currently used as the default algorithm in many 
commercial CFD codes. It is still unclear which of the SIMPLE variants is the best 
for general purpose computation. 

Under-relaxation is required in all methods to ensure stability of the iteration 
process. 
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Solution of Discretised Equations 


Introduction 


In the previous chapters we have discussed methods of discretising the governing 
equations of fluid flow and heat transfer. This process results in a system of linear 
algebraic equations which needs to be solved. The complexity and size of the set of 
equations depends on the dimensionality of the problem, the number of grid nodes 
and the discretisation practice. Although any valid procedure can be used to solve 
the algebraic equations, the available computer resources set a powerful constraint. 
There are two families of solution techniques for linear algebraic equations: direct 
methods and indirect or iterative methods. Simple examples of direct methods are 
Cramer's rule matrix inversion and Gaussian elimination. The number of operations 
to the solution of a system of N equations with N unknowns by means of a direct 
method can be determined beforehand and is on the order of N°. The simultaneous 
storage of all N? coefficients of the set of equations in core memory is required. 

Iterative methods are based on the repeated application of a relatively simple 
algorithm leading to eventual convergence after a — sometimes large — number of 
repetitions. Well-known examples are the Jacobi and Gauss-Seidel point-by-point 
iteration methods. The total number of operations, typically on the order of N per 
iteration cycle, cannot be predicted in advance. Stronger still, it is not possible to 
guarantee convergence unless the system of equations satisfies fairly exacting 
criteria. The main advantage of iterative solution methods is that only non-zero 
coefficients of the equations need to be stored in core memory. 

The one-dimensional conduction example in Chapter 4, section 4.3.1, led to a tri- 
diagonal system — a system with only three non-zero coefficients per equation. When 
QUICK differencing is applied to a convection-diffusion problem this gives rise to a 
penta-diagonal system that has five non-zero coefficients, which is somewhat more 
complex to deal with. Nevertheless, the finite volume method usually yields systems 
of equations each of which has a vast majority of zero entries. Since the systems are 
often very large — up to 100000 or 1 million equations — we find that iterative 
methods are generally much more economical than direct methods. 
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Jacobi and Gauss-Seidel iterative methods are easy to implement in simple 
computer programs, but they can be slow to converge when the system of equations 
is large. Hence they are not considered suitable for general CFD procedures. Thomas 
(1949) developed a technique for rapidly solving tri-diagonal systems that is now 
called the Thomas algorithm or the tri-diagonal matrix algorithm (TDMA). The 
TDMA is actually a direct method for one-dimensional situations, but it can be 
applied iteratively, in a line-by-line fashion, to solve multi-dimensional problems and 
is widely used in CFD programs. It is computationally inexpensive and has the 
advantage that it requires a minimum amount of storage. In this chapter the TDMA 
method is explained in detail together with alternative methods which will be 
discussed briefly. 
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Consider a system of equations that has a tri-diagonal form 


$i =C; (71a) 
—B,, + D202 — 020, =C} (Tb) 
-P32 + D3o3 — 0364 —C34 (7c) 

—p404 + Dads — 030, = C4 


— 5,0, -1 + Dn, — 050, +1 = C, (7.1n) 
nti — Cr+ 
(7.1n+ 1) 


In the above set of equations $, and ¢,,, are known boundary values. The general 
form of any single equation is 


-B;$j-i + Did; — G$ = Cj (7.2) 
Equations (7.1b-n) of the above set can be rewritten as 
a2 
P = p,93*p tu Pa m2 +$ r (7.3a) 
2 
%83 A 
p; = p,9 *p Tu ; 02 m = (7.3b) 
EL " c 
$, = D, Ps TD, P3 tD, (7.3c) 
Xn Pn C, 
$, — p, oa tp, P tp, 


These equations can be solved by forward elimination and back-substitution. The 
forward elimination process starts by removing @, from equation (7.3b) by 
substitution from equation (7.3a) to give 


03 D D 
$3 = - xz | ba + x (7.42) 
3 Ps D, 3 — fs D, 
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If we adopt the notation 


C 
2 


equation (7.4a) can be written as 


X3 C5 +G 
h; = (<5) by + (pare 2 ) (7.4c) 
D; — B3A2 D3 — B3A2 
If we let 
C,+C 
Ay =— and c, = 5i tG 2403 
D3 — p342 D3 — p342 
equation (7.4c) can be re-cast as 
$4 = 4304 + Cj (7.5) 


Formula (7.5) can now be used to eliminate $4 from (7.3c) and the procedure can be 
repeated up to the last equation of the set. This constitutes the forward elimination 


process. 
For the back-substitution we use the general form of recurrence relationship 
(7.5): 
where 
o 
Aj = L—À——— (7.6b) 
Í Dj — BjAj 1 
C; 14 C; 
C; — p; J ] J (7.6c) 
Dj — BjAj -1 


The formulae can be made to apply at the boundary points j = 1 and j = n + 1 by 
setting the following values for 4 and C*: 


Any, =0 and nat = 9,41 


In order to solve a system of equations it is first arranged in the form of equation 
(7.2) and oj, B;, D; and C; are identified. The values of A; and C; are subsequently 
calculated starting at j = 2 and going up to j = n using (7.6b—c). Since the value of 
@ is known at boundary location (n + 1) the values for ġ, can be obtained in reverse 
order ($n, 9, 41,9, 2. ..., @2) by means of the recurrence formula (7.6a). The 
method is simple and easy to incorporate into CFD programs. A. FORTRAN 
subroutine for the TDMA method is given in Anderson et al (1984). 

In the above derivation of the TDMA method we assumed that boundary values 
pı and $,,, were given. To implement a fixed gradient (or flux) boundary 
condition, for example at j = 1, the coefficient f in equation (7.1b) is set to zero 
and the flux across the boundary is incorporated in source term C2. The actual value 
of the variable at the boundary is now not directly used in the formulation. The 
absence of the first or the last value does not pose a problem in applying the TDMA 
method as will be illustrated in examples below. 
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7.3 Application of TDMA to two-dimensional problems 


Fig. 7.1 Line-by-line 
application of the TDMA 


method 


7.4 


The TDMA can be applied iteratively to solve a system of equations for 
two-dimensional problems. Consider the grid in Figure 7.1 and a general two- 
dimensional discretised transport equation of the form 


apQp = awby + agóg + ass + anOy +b (7.7) 


To solve the system TDMA is applied along chosen, for example north-south 
(n—s), lines. The discretised equation is re-arranged in the form 


—asQs + app — any = aywQy + agQg t+ b (7.8) 


The right hand side of (7.8) is assumed to be temporarily known. Equation (7.8) is 
in the form of equation (7.2) where o;=ay,B;=as,D;=ap and Ç = 
aywQy + azo; + b. Now we can solve along the n—s direction of the chosen line 
for values j = 2,3,4, ..., n as shown in Figure 7.1. 





e Points at which values are calculated 


m Points at which values are considered to be 
temporarily known 


X Known boundary values 


Subsequently the calculation is moved to the next north-south line. The sequence 
in which lines are chosen is known as the sweep direction. If we sweep from west to 
east the values of $,, to the west of point P are known from the calculations on the 
previous line. Values of $ to its east, however, are unknown so the solution process 
must be iterative. At each iteration cycle @, is taken to have its value at the end of 
the previous iteration or a given initial value (e.g. zero) at the first iteration. The line- 
by-line calculation procedure is repeated several times until a converged solution is 
obtained. 


Application of theTDMA method to three-dimensional 
problems 


For three-dimensional problems the TDMA method 1s applied line by line on a 
selected plane and then the calculation is moved to the next plane, scanning the 
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Fig. 7.2 Application of 
the TDMA method in a 
3D geometry 


7.5 


Example 7.1 


Fig. 7.3 The grid for 
Example 7.1 






Bottom 


domain plane by plane. For example, to solve along an n-s line in the x-y plane of 
Figure 7.2, a discretised transport equation is written as 


—asQs + apóp — anby = ayóy + agg + agg t ari, +b (7.9) 


The values at W and E as well as those at B and T'on the right hand side of equation 
(7.9) are considered to be temporarily known. Using the TDMA procedure values of 
@ along a selected north-south line are computed. The calculation is moved to the 
next line and subsequently swept through the whole plane until all unknown values 
on each line have been calculated. After completion of one plane the process is 
moved on to the next plane. 

In two- and three-dimensional computations the convergence can often be 
accelerated by alternating the sweep direction so that all boundary information is 
fed into the calculation more effectively. To solve along an east-west line in the 
present three-dimensional case the discretised equation ts re-arranged as follows: 


—ayQy + apóp — Ande = ashs + AvOy + agóg + aro, + b (7.10) 


Examples 


An illustration of TDMA in one dimension. We consider the one-dimensional steady 
state conductive/convective heat transfer from a bar of material first discussed in 
Example 4.3 of section 4.3.3. The geometry is shown in Figure 7.3. The temperature 
on the left hand boundary is taken to be 100 °C and the right hand boundary is 
insulated so the heat flux across it is zero. Heat is lost to the surroundings by 
convective heat transfer. Solve the matrix equation (3.52) for this problem using 
TDMA. 





dx/2 | dx | dx | dx/2 
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Solution The matrix equation found in section 4.3.3 was 


Table 7.1 


Table 7.2 Specimen 
calculation 


20-5 0 0 Olfé 1100 
-5 15 -5 0 01||ó 100 
0 —5 15 -5 0||$ó|-| 100 | (4.49) 
0 0 -5 15 —5![|6, 100 
0 0 0 -5 10/||4 100 


The general form of the equation used in the TDMA method is 
-Ph 1 + Dj; — 4941 = Cj (7.2) 


Nodes 1 and 5 are boundary nodes so we set f, = 0 and a5 = 0. The @ at the 
boundaries is not used; the boundary conditions enter into the calculation through 
the source terms Cj. 

To show the results most clearly the values of «, B, D and C are tabulated for each 
point in Table 7.1 and A; and C., calculated using the recurrence formulae (7.6b) and 
(7.6c), are given in Table 7.2. 





Point p; Dj oj C; Aj C; 

l 0 20 5 1100 — 025 55 

2 5 l5 5 100 0.3636 | 272737 

3 5 15 5 100 0.3793 179311 

4 5 15 5 100 0.3816 14.4736 

5 5 10 0 100 0.00 22.1852 

Aj = — o. C; — £C;-, * G 

D; - Bj4j- D; — Bj Aj 

(— =0.25 cr 0+ 1100 _ 
5 5 x 55 + 100 

Ay = —— — — ——. = 0.3636 ya = 27.272 

^ (15 —5 x 0.25) e (15 — 5 x 0.25) 1.2727 
5 5 x 27.2727 + 100 

A3 = LL. = 0.3793 (= 17.9308 

! (15 = 5 x 0.3636) 5^ (15— 5 x 0.3636) ’ 
5 5 x 17.9308 + 100 

A4 = LLL —  — 0.3816 I= -144 

* (15 = 5 x 0.3793) * (15 = 5 x 0.3793) 14.4733 

5 x 14.4735 + 100 
As =0 c; 2X 15515» 1 100. 21.30 


> = (10— 5 x 0.3816) 


Solution with the back-substitution formula (7.6a), @; = 4j, + C, gives 


bs = 0 + 21.30 
— 21.30 

$4 = 0.3816 x 21.30 + 14.4735 
— 22.60 

p; = 0.3793 x 22.60 + 17.9308 
— 26.50 

Pz = 0.3636 x 26.50 + 27.2727 
= 36.91 


$, — 0.25 x 36.91 + 55 
= 64.22 
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Example 7.2 A two-dimensional line-by-line application of TDMA. In Figure 7.4 a two- 
dimensional plate of thickness 1 cm is shown. The thermal conductivity of the 
plate material is k = 1000 W/m/K. The west boundary receives a steady heat flux of 
500 kW/m? and the south and east boundaries are insulated. If the north boundary is 
maintained at a temperature of 100 °C, use a uniform grid with Ax = Ay = 0.1 m to 
calculate the steady state temperature distribution at nodes 1, 2, 3, 4, . 


Fig. 7.4 Boundary 0.3 m 
conditions for the 2D heat North 
transfer problem Temperature 100°C 

12 


KK WRN NS 
Insulated 


Line 1 South Line 2 Line 3 


Insulated 
c 
ft 
B 





Solution The two-dimensional steady state heat transfer in the plate is governed by 


2 (2r) . 8 (9T) -0 m 


This can be written in discretised form as 


apfp = awly + agfg + asTs + auTw (7.12a) 

where 
k k k k 
= — Áw; = -— Áe; = — Ás; = — Án . 

aw == ap == as Ay an Ay (7.12b) 

ap = ay «- ag +45 + ax (7.12c) 
In this case, the values of all neighbour coefficients are equal: 

1000 
4w = üg = ay =as=— 7 * (0.1 x 0.01) = 10 


At interior points 6 and 7 
ap = ay -- ag + as + ay = 40 
So the discretised equation at node 6 is 
40Ts = 107, + 10716 + 1075 + 1077 


All nodes except 6 and 7 are adjacent to boundaries. 
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At a boundary node the discretised equation takes the form 
apTp = ayTy + agTg + asTs + au Ty + Sy 
ap =awt+ag+as+ay — Sp 


The boundary conditions are incorporated into the discretised equations by setting 
the relevant coefficient to zero and by the inclusion of source terms through S, and 
Sp. Otherwise, the procedure is the same as in the one-dimensional example 7.1. We 
demonstrate the approach by forming the discretised equations for boundary nodes 
| and 4. 


At node 1 


West is a constant flux boundary; let by be the contribution to the source term from 
the west: 


ay = 0 
by = qw . Aw = 500 x 10° x (0.1 x 0.01) = 500 


South is an insulated boundary; no flux enters the control volume through the south 
boundary: 


as = 
bs = 

Total source 
S, = by + bs = 500 
Sp = 0 


The discretised equation at node | is 
207, = 107, + 1075 + 500 


At node 4 
West is a constant flux boundary 
ay = 0 
by = 500 x 10° x (0.1 x 0.01) = 500 


North is a constant temperature boundary 


an = 0 
2k 
by = — A, x 100 = 2000 
Ay 
2k 
Sp, = —-—A, = —2 
Py Ay ^ 0 


Total source 
S, = by + by = 500 + 2000 
Sp = —20 
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Table 7.3 


Table 7.4 


Now we have 


dp = aş - ag — Sp = 10 + 10+ 20 = 40 
S, = 2500 


The discretised equation at node 4 1s 
407, = 1073 + 1073 + 2500 


The coefficients and the source term of the discretisation equation for all points are 
summarised in Table 7.3. 


Point an as ay ag ap S, 
l 10 0 0 10 20 500 
2 10 10 0 10 30 500 
3 10 10 0 10 30 500 
4 0 10 0 10 40 2500 
5 10 0 10 10 30 0 
6 10 10 10 10 40 0 
7 10 10 10 10 40 0 
8 0 10 10 10 50 2000 
9 10 0 10 0 20 0 
10 10 10 10 0 30 0 
11 10 10 10 0 30 0 
12 0 10 10 0 40 2000 


Let us apply TDMA along north-south lines, sweeping from west to east. The 
discretisation equation is given by 


—asTs + apTp — ayIy = aw Twy + agfg + b (7.13) 


For convenience the line in Figure 7.4 containing points 1 to 4 is referred to as line 1, 
the one containing points 5 to 8 as line 2, and the one with points 9 to 12 as line 3. 


Point B; Dj 9 C; A; C; 
l 0 20 10 500 0.5 25 
2 10 30 10 500 0.4 30 
3 10 30 10 500 0.385 30.769 
4 10 40 0 2500 0 77.667 


All west coefficients are zero at points 1, 2, 3 and 4, and hence the values to the west 
of line 1 do not enter into the calculation. East values (points 5, 6, 7 and 8) are 
required for the evaluation of C. They are unknown at this stage and are assumed to 
be zero as an initial guess. The values of «, p, D and C can be calculated using the 
equations (7.2) and (7.13). Now we have a; = —aw,D; = —as,D; =ap and 
C; = awTw + agTg + Su. The values of x, B,D and C and A; and C; for line 1 
are summarised in Table 7.4 and the calculations for 4; and C; in Table 7.5. 


Table 7.5 


Table 7.6 


Table 7.7 


O; 
A= 7 C! = 
! Dj — BA- 
10 
A = = 0.5 
' ^ Q0- 0) 
10 
Ay = LL M = 04 C! 
? (30 = 10 x 0.5) 2 
10 
Ay = LLL. = 0.385 ! 
> (30 — 10 x 0.4) 3 C3 
A, =0 C! 


Solution by back-substitution gives 


4 = 


Examples 


.10x25-500 .. 
— 30—10x0.5 — 


10 x 30 + 500 
M —__ = 30.769 

G0—10x04) - 9.76 
_ 10 x 30.769 + 2500 


————————————-— = 77.66 
(40—10x 0385) ^^ 


I4 = 0 + 77.667 
= 71.66 
T3 = 0.385 x 77.667 + 30.769 
= 60.67 
T; = 0.4 x 60.67 + 30 
— 54.26 
Ti = 0.5 x 54.268 + 25 
= 52.13 
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The TDMA calculation procedure for line 2 is similar to line 1. Here the values to 
the west are known from the calculations given above and values to the east are 
assumed to be zero. We leave the detailed calculations as an exercise for the reader. 
The values of «, B, D and C for points 5, 6, 7 and 8 are summarised in Table 7.6. 


Point p; D, Xj C; 

5 0 30 10 521.3 
6 10 40 10 542.6 
7 10 40 10 606.5 
8 


10 50 0 2777.6 


The TDMA solution for line 2 is 75 = 27.38, Tę = 30.03, T; = 38.47 and 
Tg = 63.23. We can now proceed to the third line containing points 9, 10, 11 and 12. 
The values of «, B, D and C for points 9, 10, 11 and 12 are summarised in Table 7.7. 

At the end of the first iteration we have the values shown in Table 7.8 for the 


entire field. 


Point p; Dj aj C; 

9 0 20 10 273.8 
10 10 30 10 303.3 
11 10 30 10 384.7 
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Table 7.8 Values at the end of the first iteration 





Point l 2 3 4 5 6 7 8 9 10 ll 12 
o o M——————— 
T 5213 54.26 60.65 77.66 2738 30.03 38.47 63.23 32.79 38.21 51.82 78.76 





Table 7.9 The converged solution after 37 iterations 





Point 1 2 3 4 5 6 7 8 9 10 il 12 





T 260.0 242.22 2056 1463 2227 2111 178.1 129.7 212.1 196.5 166.2 1240 





The entire procedure is now repeated until a converged solution is obtained. In 
this case after 37 iterations we obtain the converged solution (total error less than 
1.0) shown in Table 7.9. 


76 Other solution techniques used in CFD 


For two- and three-dimensional problems, the TDMA method can be applied only in 
a line-by-line fashion and therefore the spread of boundary information into the 
calculation domain is slow. In CFD calculations the convergence rate depends on the 
direction of flow, with sweeping from upstream to downstream producing much 
faster convergence than sweeping against the flow or parallel to the flow direction. 
Although convergence problems can be alleviated by alternating the sweep 
directions, in three-dimensional recirculating flows, where the dominant flow 
direction is unknown in advance, convergence can be slow. When overall stability 
considerations require coupling between the values over the whole calculation 
domain the TDMA can be unsatisfactory for the solution of discretised equations. 

Higher order schemes for the discretisation process will link each discretisation 
equation to nodes other than the immediate neighbours. Here, the TDMA method 
can only be applied by incorporating a large number of neighbouring contributions 
in the source term. This may be undesirable in terms of stability, can impair the 
effectiveness of the higher order scheme and may hinder, if applicable, the implicit 
nature of the scheme. 

When the system of equations to be solved has the form of a penta-diagonal 
matrix, as may be the case in QUICK and other higher order discretisation schemes, 
a generalised version of TDMA, known as the penta-diagonal matrix algorithm, is 
available. Basically a sequence of operations is carried out on the original matrix to 
reduce it to upper-triangular form and back-substitution is performed to obtain the 
solution. Details of the method can be found in Fletcher (1991). The method is, of 
course, not nearly as economical as the TDMA. 

In advanced CFD procedures that use body-fitted co-ordinate systems, the 
discretised equations normally contain a large number of contributions from 
surrounding nodes and therefore the TDMA method may prove awkward to 
incorporate. The strongly implicit procedure (SIP) due to Stone (1968), in particular 
with the improvements suggested by Schneider and Zedan (1981), is more suitable 
in this case. Details are not presented here in the interest of brevity and the interested 
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reader is referred to Anderson et al (1984). Another solution procedure which is 
being used in CFD calculations is the conjugate gradient method (CGM) of Hestenes 
and Stiefel (1952). This method is based on matrix factorisation techniques. 
Improvements by Reid (1971), Concus et al (1976) and Kershaw (1978) ensure 
accelerated convergence in the CFD calculations. The CGM, nevertheless, requires 
greater storage than the other iterative methods described earlier. Further details of 
the method can also be found in Press et al (1992). 


Summary 


We have discussed the solution of systems of equations with the TDMA method. 
This algorithm is highly economical for tri-diagonal systems. It consists of a forward 
elimination and a back-substitution stage: 


e Forward elimination 
— arrange system of equations in the form of (7.2): —B,9; ,--Dj$; — %)41 = G 
— calculate coefficients oj, p, D; and C; 
— starting at j = 2 calculate 4; and C; using (7.6b—c): A; = (D; — B; A;- )a 
= (B,C! + CD; - Bj4j) 
den for j —3toj-n 
e Back-substitution 
— starting at j = n obtain $, by evaluating (7.6a): 6; = 4j0j,) +C; 
— repeat for j = n — 1 to j = 2 giving $, , to $; in reverse order 


The TDMA can be applied, in an iterative fashion, to two- and three-dimensional 
computations and is the standard algorithm for the solution of the flow equations in 
Cartesian co-ordinates. Problems arise if discretisation schemes are used that 
incorporate influences from locations other than the immediate neighbours, or if 
body-fitted co-ordinate systems are chosen. In these cases it may be necessary to 
resort to alternative techniques such as the penta-diagonal matrix algorithm or 
Stone's strongly implicit procedure and the conjugate gradient method. 
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The Finite Volume Method for 
Unsteady Flows 


Introduction 


Having finished the task of developing the finite volume method for steady flows we 
are now in a position to consider the more complex category of time-dependent 
problems. The conservation law for the transport of a scalar in an unsteady flow has 
the general form 


ð 
ài (pd) + div(pud) = div(T grad $) + S; (8.1) 


The first term of the equation represents the rate of change term and is zero for 
steady flows. To predict transient problems we must retain this term in the 
discretisation process. The finite volume integration of equation (8.1) over a control 
volume (CV) must be augmented with a further integration over a finite time step At. 
By replacing the volume integrals of the convective and diffusive terms with surface 
integrals as before (see section 2.5) and changing the order of integration in the rate 
of change term we obtain 


t+At t+ At 
l l © (pp)at dV + | l n .(puQ)dA | dt 
CV t t A 
t+ At t+ At 
— l | n.(T grad $)dA |dt + | | Sy dV dt (8.2) 
t A t CV 


So far we have made no approximations but to make progress we need techniques 
for evaluating the integrals. The contro! volume integration is essentially the same as 
in steady flows and the measures explained in Chapters 4 and 5 are again adopted to 
ensure successful treatment of convection, diffusion and source terms. Here we focus 
our attention on methods necessary for the time integration. The process is 
illustrated below using the one-dimensional unsteady diffusion (heat transfer) 
equation and is later extended to multi-dimensional unsteady diffusion and 
convection-diffusion problems. 


Fig. 8.1 
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8.2 One-dimensional unsteady heat conduction 


Unsteady one-dimensional heat conduction is governed by the equation 


OT ð OT 


In addition to the usual variables we have c, the specific heat of the material (J/kg/K). 


| OxwP | Oxpe | 


Catt ran 


P 


W w e E 
| OXwe | 


Consider the one-dimensional control volume in Figure 8.1. Integration of 
equation (8.3) over the contro! volume and over a time interval from ¢ to t + At gives 





t+At aT t+At 9 aT UT AL 
t CV t CV t CV 
(8.4) 
This may be written as 
e [t-- At aT t+ AL ƏT ƏT t+ At 
l | pc, dt dV = | IC a.) (#4 ax) d l SAV dt 
w t t t 
(8.5) 


In equation (8.5), A is the face area of the control volume, AV is its volume, which is 
equal to AAx where Ax is the width of the control volume, and S is the average 
source strength. If the temperature at a node is assumed to prevail over the whole 
control volume, the left hand side can be written as 


t+At 
OT 
| | pe ay. dt| dV = pc(Tp — Tp)AV | (8.6) 
CV L t 


In equation (8.6) superscript ‘o’ refers to temperatures at time f; temperatures at time 
level t + At are not superscripted. The same result as (8.6) would be obtained by 
substituting (7, — T > YAt for OT /Ot so this term has been discretised using a first- 
order (backward) differencing scheme. Higher order schemes, which may be used to 
discretise this term, will be discussed briefly later in this chapter. If we apply central 
differencing to the diffusion terms on the right hand side equation (8.5) may be 
written as 


At 
Tg — Tp Tp —Ty 
— T2)AV = — [kA d 
e mar- | (xa) - (ra =H) a 
t 
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To evaluate the right hand side of this equation we need to make an assumption 
about the variation of Tp, Tg and Tøy with time. We could use temperatures at time t 
or at time ¢ + At to calculate the time integral or, alternatively, a combination of 
temperatures at time £ and t + At. We may generalise the approach by means of a 
weighting parameter Ó between 0 and 1 and write the integral /r of temperature 7p 
with respect to time as 


t+At 


Ir = l Tp dt = [OTp + (1 — 0)Tp] Ar (8.8) 


Hence 


ob pe fj 





We have highlighted the following values of integral 7r: if 0 = 0 the temperature at 
(old) time level t is used; if Ó = 1 the temperature at new time level ¢ + At is used; 
and finally if O = 1/2, the temperatures at ¢ and t + At are equally weighted. 

Using formula (8.8) for Ty and Tg in equation (8.7), and dividing by 4At 
throughout, we have 


ec (as = oes - Tp)  kw(Tp — w) 














At ÔXPE ÔXWP 
ke( T; — Tp Tp — Ty - 
«a-e [se p) (TP V) i sax 
ÓXPE Óxwp 
(8.9) 
which may be re-arranged to give 
Ax ke ky 
[pe At + d GE + 2) Tp 
_ [OTe + (1 — 6)T7] CN [OTw + (1 — 6)7 | 
OXpr E ÓXwp W 
Ax ke kw Jao z 
tje -0-0-0-0 Tp + SAx (8.10) 


Now we identify the coefficients of Ty and Tg as ay and ag and write equation 
(8.10) in the familiar standard form: 


apTp = ay [ÓTw + (1 — 0)T?| + ac [OTs + (1 — 6)77] 


+ [ag — (1 — jaw — (1 — @)ag|Tp + b (8.11) 





where ap = (aw + ag) + ap 


and 
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with 





The exact form of the final discretised equation depends on the value of 0. When @ is 
zero, we only use temperatures 77, T3, and Tẹ at the old time level ¢ on the right 
hand side of equation (8.11) to evaluate Tp at the new time; the resulting scheme is 
called explicit. When 0 « 0 < 1 temperatures at the new time level are used on both 
sides of the equation; the resulting schemes are called implicit. The extreme case of 
0 = 1 is termed fully implicit and the case corresponding to 0 = 1/2 is called the 
Crank-Nicolson scheme (Crank and Nicolson, 1947). 


Explicit scheme 


In the explicit scheme the source term is linearised as b = Su + 5,77. Now the 
substitution of 6 = 0 into (8.11) gives the explicit discretisation of the unsteady 
conductive heat transfer equation: 


apTp = awTy + agTg + lap — (aw + ag — Sp) | Tp +S, (8.12) 


and 





The right hand side of equation (8.12) only contains values at the old time step so the 
left hand side can be calculated by forward marching in time. The scheme 1s based 
on backward differencing and its Taylor series truncation error accuracy is first-order 
with respect to time. As explained in Chapter 5 all coefficients need to be positive in 
the discretised equation. The coefficient of T} may be viewed as the neighbour 
coefficient connecting the values at the old time level to those at the new time level. 
For this coefficient to be positive we must have a, — aw — ag > 0. For constant k 
and uniform grid spacing, Óxpg = Oxwp = Ax, this condition may be written as 


Ax 2k 
pc — > — (8.13a) 
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8.2.2 


Ot 





2 
At < pc = (8.13b) 


This inequality sets a stringent maximum limit to the time step size and represents a 
serious limitation for the explicit scheme. It becomes very expensive to improve 
spatial accuracy because the maximum possible time step needs to be reduced as the 
square of Ax. Consequently, this method is not recommended for general transient 
problems. Explicit schemes with greater formal accuracy than the above one have 
been designed. Examples are the Richardson and the DuFort-Frankel method which 
use temperatures at more than two time levels. These methods also have fewer 
stability restrictions than the ordinary explicit method. Details of such schemes can 
be found in Abbot and Basco (1990), Anderson et al (1984) and Fletcher (1991). 
Nevertheless, provided that the time step size 1s chosen with care, the explicit 
scheme described above is efficient for simple conduction calculations. This will be 
illustrated through a further example in section 8.3. 


Crank-Nicoison scheme 


The Crank-Nicolson method results from setting 0 = 1/2 in equation (8.11). Now 
the discretised unsteady heat conduction equation is 


| + ay [IR + [a 


l 
where dp = (aw + ag) + ap — 5 9p 





Since more than one unknown value of Tat the new time level is present in equation 
(8.14) the method is implicit and simultaneous equations for all node points need to 
be solved at each time step. Although schemes with 1/2 < 0 < 1, including the 
Crank-Nicolson scheme, are unconditionally stable for all values of the time step 
(Fletcher, 1991) it is more important to ensure that all coefficients are positive for 
physically realistic and bounded results. This is the case if the coefficient of 77 


8.2.3 
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satisfies the following condition: 


idus us 


which leads to 
Ax? 
At < pe kh (8.15) 


This time step limitation is only slightly less restrictive than (8.13) associated with 
the explicit method. The Crank-Nicolson method is based on central differencing 
and hence it is second-order accurate in time. With sufficiently small time steps it is 
possible to achieve considerably greater accuracy than with the explicit method. The 
overall accuracy of a computation depends also on the spatial differencing practice, 
so the Crank-Nicolson scheme is normally used in conjunction with spatial central 
differencing. l 


The fully implicit scheme 


When the value of 0 is set equal to 1 we obtain the fully implicit scheme. The 
discretised equation is 


apTp = awTw + agTg + ap Tp + S, (8.16) 


where | ap =ap+ aw +ap— Sp 


with 





Both sides of the equation contain temperatures at the new time step, and a system of 
algebraic equations must be solved at each time level (see Example 8.2). The time 
marching procedure starts with a given initial field of temperatures T°. The system 
of equations (8.16) is solved after selecting time step At. Next the solution T is 
assigned to 7? and the procedure is repeated to progress the solution by a further 
time step. 

It can be seen that all coefficients are positive, which makes the implicit scheme 
unconditionally stable for any size of time step. Since the accuracy of the scheme is 
only first-order in time, small time steps are needed to ensure the accuracy of results. 
The implicit method is recommended for general purpose transient calculations 
because of its robustness and unconditional stability. 
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8.3 


Example 8.1 


Solution 


Fig. 8.1 Geometry for 
Example 8.1 


illustrative examples 


We now demonstrate the properties of the explicit and implicit discretisation 
schemes by means of a comparison of numerical results for a one-dimensional 
unsteady conduction example with analytical solutions to assess the accuracy of the 
methods. 


A thin plate is initially at a uniform temperature of 200 °C. At a certain time t = 0 
the temperature of the east side of the plate is suddenly reduced to 0 °C. The other 
surface is insulated. Use the explicit finite volume method in conjunction with a 
suitable time step size to calculate the transient temperature distribution of the 
slab and compare it with the analytical solution at time (1) £ = 40 s, (i1) £ = 80 s and 
(iii) ¢ = 120 s. Recalculate the numerical solution using a time step size equal 
to the limit given by (8.13) for 1: — 40 s and compare the results with the 
analytical solution. The data are: plate thickness L — 2 cm, thermal conductivity 
k = 10 W/mK and pc = 10 x 10° J/m?/K. 


The one-dimensional transient heat conduction equation is 


OT ð OT 


and the initial conditions are 
T —200 at ¢=0 
and the boundary conditions are 


OT _ 9 at x=0,t>0 
Ox 


T=0 at x=L,t>0 
The analytical solution is given in Ozisik (1985) as 





T , t 4 oo —] n+l 
$0 tSS T exp(-a2i) cos) (8.18) 
n=l 
-1 
where Àn = Qn — Dn and a = k/pc 


2L 


The numerical solution with the explicit method is generated by dividing the domain 
width L into five equal control volumes with Ax — 0.004 m. The resulting one- 
dimensional grid is shown in Figure 8.2. 


Insulated 


t>0 T=0,t>0 
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The discretised form of governing equation (8.17) for an internal control volume 
using the explicit method is given by (8.12). Control volumes 1 and 5 adjoin 
boundaries, so the links are cut in the direction of the boundary and the boundary 
fluxes are included in the source terms. At the control volume 1, the west boundary 
is insulated; hence the flux across that boundary is zero. We modify the equation 
(8.9) where the physics can be most easily discerned. The discretised equation at 
node 1 becomes 


(re- m), _[k 
~————~Ax = |— (Tz — Tp) - 0 8.19 
pe E ax = É (TE = Tf) (8.19 
For time ¢ > 0, the temperature of the east boundary of control volume 5 is constant 


(say Tg). The discretised equation at node 5 becomes 


(Tp — Tg) k . k 
~——_-+Ax = |——~ (Tp —Tp)| — |— (To — Th 8.20 
pe At Ax eal B ? A P 7] ( ) 
All discretised equations can now be written in standard form: 

apIp = awTy +agT, + lap — (aw + ag)| Tp + S, (8.21) 


o _ 
where ap = Gp = 


PO 


and 





The time step for the explicit method is subject to the condition that 


pe(Ax)? 
a < 


10 x 10°(0.004)" 


At < — 3x l0 


At « 8s 
Let us select At — 2 s. Substituting numerical values we have 


k 10 
Ax 0.004 
0.004 


Ax 
pc ^, = 10 x 10° x —— = 20000 


— 2500 


After substitution of numerical values and some simplification the discretisation 
equations for the various nodes are: 
Node 1 : 200Tp = 25T; + 175Tp 
Nodes 2-4: 2007p = 257, + 257; + 1507p (8.22) 
Node 5 : 200Tp = 25T% + 125T5 
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Starting with the initial condition where all the nodes are at atemperature of 200 °C, 
the solution at each time step 1s obtained using equations (8.22). Although the 
calculations are not complicated, their number is large and they are most effectively 
carried out by a computer program. Table 8.1 gives a sample of the calculations for 
the first two time steps. 

Table 8.2 shows the results for 10 consecutive time steps and Table 8.3 shows the 
numerical and analytical results at times 40, 80 and 120 s. As can be seen from the 


Table 8.1 Specimen calculations for the explicit method 


Time Node l Node 2 Node 3 Node 4 Node 5 
t=0s T? = 200 T? = 200 T? = 200 T? = 200 T? = 200 
l 2007, =25x200 2007; 225x200 2007}; =25x200 2007; 225x200 2007; = 25 x 200 
+175 x 200 +25 x 200 +25 x 200 +25 x 200 +125 x 200 
+150 x 200 +150 x 200 +150 x 200 
t=2s TÌ = 200 T; = 200 T} = 200 T} = 200 T; = 150 
2 20077 = 25x 200 20077 —25x200 20077 =25 x200 20077 =25 x200 2007? = 25 x 200 
+175 x 200 +25 x 200 +25 x 200 +25 x 150 +125 x 150 
+150 x 200 +150 x 200 +150 x 200 
t=4s T? — 200 T2 — 200 T? — 200 T2 — 193.75 T2 = 118.75 
Note: Subscripts denote the node number, superscripts denote the time step 
Table 8.2 Results for Example 8.1 (explicit method) 
Time Node number 
step Time (s) 
I 2 3 4 5 
x — 0.0 x — 0.002 x — 0.006 x — 0.01 x — 0.014 x — 0.016 x — 0.018 
0 0 200 200 200 200 200 200 200 
1 2 200 200 200 200 200 150 0 
2 4 200 200 200 200 193.75 118.75 0 
3 6 200 200 200 199.2] 185.16 98.43 0 
4 8 200 200 199.9 197.55 176.07 84.66 0 
5 10 199.98 199.98 199.62 195.16 167.33 74.92 0 
6 12 199.94 199.94 199.11 192.24 159.26 67.74 0 
7 14 199.83 199.83 198.35 188.98 151.94 62.24 0 
8 16 199.65 199.65 197.36 185.52 145.36 57.89 0 
9 18 199.37 199.37 196.17 181.98 139.45 54.35 0 
10 20 198.97 198.97 194.79 178.44 134.12 51.40 0 
Table 8.3 
Point Time = 40 s Time — 80 s Time — 120 s 
Numerical Analytical % error Numerical Analytical % error Numerical Analytical % error 
1 188.64 188.39 —0.13 153.33 152.65 —0.43 120.53 119.87 —0.55 
2 176.41 175.76 —0.36 139.05 138.36 —0.50 108.82 108.21 —0.56 
3 148.29 147.13 —0.79 111.29 110.63 —0.59 86.47 85.96 —0.58 
4 100.76 99.50 —1.26 72.06 71.56 —0.69 55.58 55.25 —0.60 
5 35.94 35.38 —1.57 24.96 24.77 —0.75 19.16 19.05 —0.59 


Fig. 8.3 Comparison of 


numerical and analytical 


solutions at different times 


Fig. 8.4 Comparison of 
results obtained using 
different time step values 
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error analysis the results are in good agreement with the analytical solution. Figure 
8.3 shows the comparison in a graphical form. 


Figure 8.4 shows the solution for time ¢ = 40 s with a time step of 8 s. The previous 
result with a step size of 2 s and the exact solution are also shown for comparison. 


We conclude that a time step equal to the limiting value of 8 s gives a very 
inaccurate and unrealistic numerical solution that oscillates about the exact solution. 
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Example 8.2 Solve the problem of Example 8.1 again using the fully implicit method and 


Solution 


compare the explicit and implicit method solutions for a time step of 8 s. 


Let us use the same grid arrangement as in Figure 8.2. The fully implicit method 
describes events at internal control volumes 2, 3 and 4 by means of discretised 
equation (8.16). Boundary control volumes 1 and 5 again need special treatment. 
Upon incorporating the boundary conditions into equation (8.9) we get for node 1: 


pc Gr TE) a, AS - m) —0 (8.23) 
and for node 5: 
pc Ur TE 9, = I (Tg - To) — Án (Tp — Tw)| (8.24) 


The discretised equations are written in standard form: 
apTp = aywTw +agTg +apTp + Su (8.25) 


where ap = ay +apg 4- ap — S, 


and an = c2 
p—p At 





Although the implicit method permits large values for the time step At, we will use 
reasonably small time steps of 2 s to ensure good accuracy. The grid spacing and 
other data are as before so again we have 

k 10 


Ax 0.004 2300 





0.004 
2 


Ax 
pc — = 10 x 10° x — 20000 


At 


After substitution of numerical values and the necessary simplification the 
discretised equations for the various nodes are: 


Node 1 : 225Tp = 25Tzg + 2007p 
Nodes 2-4: 2507p = 25Ty + 25Tr + 2007; 
Node 5 : 275Tp = 25Ty + 200T5 + 507g 
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Noting that 75 = 0, the set of equations to be solved at each time step is 


25 25 0 0 O][mn 2007? 

-25 250 -25 0  O0||m 2007? 
0 -25 250 -25 0]||Z7,| = | 20072 (8.26) 
0 0 -25 250 -25| |T; 2007? 
0 0 0 —5 275} | Ts 200T? 


The matrix form emphasises that the equations for each point contain unknown 
neighbouring temperatures. The explicit scheme involves a straightforward 
evaluation of a single algebraic equation to find each new nodal temperature, but 
the fully implicit method requires the (more expensive) solution of a system (8.26) at 
each time level. The values of temperature at the previous time level are used to 
calculate the right hand side. Table 8.4 and Figure 8.5 show that the numerical 
results again compare favourably with the analytical solution. 

In Figure 8.6 we give the solution at  — 40 s obtained using the implicit and 
explicit methods with a time step of 8 s along with the analytical solution. Whereas 
the explicit method gives unrealistic oscillations at this step size, the implicit method 


Table 8.4 


ee E i 1.1... —... LL. — | O"]UJ"us—uumzm^4 m xummMuMe ' "AQEEENRMM MC Co!" !————————À — 


Point | Time = 40 s Time — 80 s Time — 120 s 





Numerical Analytical % error Numerical Analytical % error Numerical Analytical — 7o error 





l 187.38 188.38 0.51 153.72 152.65 —0.70 121.52 119.87 —1.42 
2 176.28 175.76 —0.29 139.79 138.36 —1.03 109.78 108.21 —1.24 
3 150.04 147.13 —1.97 112.38 110.63 —1.57 87.33 85.96 —1.59 
4 103.69 99.50 —4.20 73.09 71.56 . —2.13 56.20 55.25 —1.7] 
5 37.51 35.38 —6.02 25.38 24.77 —2.46 19.39 19.05 —1.78 
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Fig. 8.6 Comparison of 
implicit and explicit 
solutions for At — 8s 
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gives results that are in reasonable agreement with the exact solution. This clearly 
illustrates a key advantage of the implicit method, which tolerates much larger time 
steps. However, we stress that good solution accuracy can, of course, only be 
achieved with small time steps. 


Implicit method for two- and three-dimensional problems 


The fully implicit method is recommended for general purpose CFD computations 
on the grounds of its superior stability. We now quote its extension to calculations in 
two and three space dimensions. Transient diffusion in three dimensions is governed 


by 
06 Ə/H O f,0Q| 20Of[,0Q 
po - Ru (ru) (8.27) 


A three-dimensional control volume is considered for the discretisation. The 
resulting equation is 


ap$p = awQy + agbz tass + aud + agóg +arr 
+ a2 + S, (8.28) 
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The neighbouring coefficients are ay,ag in one-dimensional problems, and 
Qw,@p,as,ayn in two and ayw,ag,as,aw,apg,ar in three dimensions; 


b = (S, + Sp@p) is the linearised source. A summary of the relevant neighbour 
coefficients is m below: 


DIA, 
Ox WP " PE 
TA, IA, I,A; D,4, 
2D ——— > =— 
OX wp ÓXpE Oysp Oypn 
3D DwAy IA, I’; As IA, DA, IA; 
ÓXwp ÓXpE OYsp ÔYPN OZ RP ÓZpT 


The following values for the volume and cell face areas apply in the three cases: 











































8.5 Discretisation of transient convection-diffusion equation 


In the fully implicit discretisation approach outlined above for multi-dimensional 
diffusion problems, the term arising from temporal discretisation appears as (i) the 
contribution of a? to the central coefficient ap and (ii) the contribution of an? as an 
additional source term on the right hand side. The other coefficients are unaltered 
and are the same as in the discretised equations for steady state problems. Using this 
as a basis the discretised equations for transient convection—diffusion equations are 
also simple to obtain. The unsteady transport of a property ¢ is given by 


< (p) + div(pud) = div(T grad $) + S, (8.29) 


The hybrid differencing scheme was recommended in Chapter 5 on the grounds of 
its stability as the preferred method for the treatment of convection terms, so here we 
quote the implicit/hybrid difference form of the transient convection-diffusion 
equations. 

Transient three-dimensional convection-diffusion of a general property $ in a 
velocity field u is governed by 


Ope) , O(puó) , O(pvó) | O(pwó) 
Ot + Ox + Oy + Oz 


AEREA REA o 
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The fully implicit discretisation equation is 


app = ayw$y + ards t+ ashs + any + asp + ar$r 


+ anon +S, (8.31) 


where ap —aw+ap+ast+ayt+ag+ar+ap+AF—-S, * 








and SAV = S, + Spbp 


The neighbour coefficients of this equation for the hybrid differencing scheme are as 
follows: 


F 
—Fn, D,—— ,0 
spo (23) nl 
F 
ax |P (n. +3), | 
F 
max |F; (».- =), | 
2 
Fe — Fy + Fn — Fs + Fi — Fo 


In the above expressions the values of F and D are calculated with the following 
formulae: 








The volumes and cell face areas given in section 8.4 apply here as well. 
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Other schemes such as linear upwind or QUICK may be incorporated into these 
equations by substituting the appropriate expressions for the coefficients as will be 
demonstrated in the following example. 


Worked example of transient convection-diffusion using 
QUICK differencing 


Consider convection and diffusion in the one-dimensional domain sketched in 
Figure 8.7. Calculate the transient temperature field if the initial temperature is zero 
everywhere and the boundary conditions are ¢ = 0 at x = 0 and 0$/0x = 0 at 
x = L. The data are L = 1.5 m, u = 2 m/s, p = 1.0 kg/m? and T —0.03 kg/m/s. The 


H u = 2.0 m/s uy 
z A 
bb 
x=0 x=L 
$20 do/dx = 0 


source distribution defined by Figure 8.8 applies at times ¢>0 with 
a = —200, b= 100, x} = 0.6 m, x; — 0.2 m. Write a computer program to 
calculate the transient temperature distribution until it reaches a steady state using 
the implicit method for time integration and the Hayase et al variant of the QUICK 
scheme for the convective and diffusive terms and compare this result with the 
analytical steady state solution. 


Transient convection—diffusion of a property œ subjected to a distributed source term 
is governed by 


alog) O(pub) O (r x) 1s (8.32) 


rrr ee o — — 


Ot Ox Ox 


We use a 45 point grid to subdivide the domain and perform all calculations with a 
computer program. It is convenient to use the Hayase et al formulation of QUICK 
(see Section 5.9.3) since it gives a tri-diagonal system of equations which can be 
solved iteratively with the TDMA (see section 7.2). 

The velocity is u = 2.0 m/s and the cell width is Ax = 0.0333 so F = pu = 2.0 
and D = T /ôx = 0.9 everywhere. The Hayase et al formulation gives ¢ at cell faces 
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by means of the b formulae: 


9, — Opts - (3G - 20» — $w) (8-33) 


Pw = fw t3 = Bde — 26, - ww) (8.34) 


The implicit discretisation equation at a general node with Hayase’s et al QUICK 
scheme is given by 


Pr = jA Uer z Bde - 26» — bn) 


P 136, — 20, — 22] 
= Di($g — bp) — Duler — oy) (8.35) 


The first and last nodes need to be treated separately. At control volume 1 the mirror 
node approach, introduced in section 5.9.1, can be used to create a west (W) node 
beyond the boundary at x = 0. Since ¢, — 0 at this boundary (4) the linearly 
extrapolated value at the mirror node is given by _ 


Po = —óp (8.36) 
and the diffusive flux at the boundary by 
0$| D 
DA. 3 br - 86, — be) (8.37) 





The discretisation equation at node 1 may be written as 


Pp $0). y Car (36g — 6p) | — Fads 
= De($r — bp) — (06 ~ 86, — Pr) (8-38) 


At the last control volume, the zero gradient boundary condition applies so the 
diffusive flux through the boundary B equals zero and the value $ at the boundary is 
equal to the upstream nodal value, i.e. $5 = $p. The discretisation equation for 
control volume 45 becomes 


p($p — pp)Ax l 
plr- PPA i p, Pw +9 6p -29w — Pwy) 
=0- Dy(@p 7 $w) 
These discretisation equations (8.35), (8.37) and (8.40) are now cast in standard 
form: 
apbp = aww +aEbg + app + Su (8.40) 


with ap = aw + ag +ap + (Fe — Fw) — S, 
pAx 
tP AL 


Table 8.5 
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8 1 
scum z P4 + Fs) Jda +570 — 3ġp) 


g^» w(3op — oy) +5 Fal (Py +2¢p — 3óz) 


lp Gpp- 20y — bmw) 


=F e(bw - 206p — 39r) 


The discretisation equation for control volume 2 has been adjusted to take into 
account the special expression that was used to evaluate the convective flux through 
the cell face it has in common with control volume 1. 

A time step At — 0.01 s is selected, which is well within the stability limit for 
explicit schemes so we can look forward to reasonably accurate and stable results 
with the implicit method. At any given time level substitution of numerical values 
gives the coefficients summarised in Table 8.5. 








Node aw ag ap Total source Sp Ap 

l 0 12 3.33 44$,40025(ó, — 36g) + 3.3395 —4.4 8.93 
2 29 09 3.33 0.025(5p — 34g) + 3.33) 0 7.13 
3-244 29 09 333 0.25(5¢p — by — byw —3¢¢) - 3.3305 0 7.13 
45 29 0 3.33 0.25(36p — 2by — byw) + 3.330 0 6.23 





Starting with an initial field of $7 = 0 at all nodes, the set of equations defined 
by the coefficients and source contributions in Table 8.5 is solved iteratively until a 
converged solution $p is obtained. Subsequently, the @p-values at the current time 
level are assigned to $2 and the solution proceeds to the next time level. To monitor 
whether the steady state has been reached we track the difference between old and 
new p-values. When this attains a magnitude less than a prescribed small tolerance 
(say 107°) the solution is regarded as having reached the steady state. 


The Analytical Solution 


To find the exact steady state solution of (8.32) its time derivative is set to zero and 
the resulting ordinary differential equation is integrated twice with respect to x. The 
even periodic extension of the source distribution on an interval (—L,L) is 
represented by means of a Fourier cosine series, which gives the forcing function in 
the differential equation. Under the given boundary conditions the solution to the 
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Fig. 8.9 Comparison of 


the numerical results with 


the analytical solution 


problem is as follows: 


with 


and 


and 


plx) = €i + Qe - 5 (Px + 1) 


Xe le CT) CV e - CD 


— (xı +x2)(axı + b) + bx 
i 2L 


2L a(x} 4- x2) - b (=) 
an = —— 4 | ——— — —— } cos{ —— 
nen? X2 L 


Er) 


ao 





The analytical and numerical steady state solutions are compared in Figure 8.9. As 
can be seen the use of the QUICK scheme and a fine grid for spatial discretisation 
ensure near-perfect agreement. 
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Solution procedures for unsteady flow calculations 


Transient SIMPLE 


Algorithms such as SIMPLE, described in Chapter 6 for the calculation of steady 
flows, may be extended to transient calculations. The discretised momentum 
equations will now include transient terms formulated with the procedure described 
in section 8.5. An additional term is also required in the pressure correction 
equation. The continuity equation in a transient two-dimensional flow is given by 

Op , Apu) , O(pv) 

LLL IL ——. - 8.42 

8r ax ' y (842) 
The integrated form of this equation over a two-dimensional scalar control volume 
becomes 


(Pp 7 p?) 
At 
The pressure correction equation is derived from the continuity equation and should 
therefore contain terms representing its transient behaviour. For example, the 
equivalent of pressure correction equation (6.32) for a two-dimensional transient 
flow will take the form 


AV + [(puA),—(puA),,] + [(pud),—(puA),] = 0 (8.43) 


aj, JD]. y = A+, J Pipi + ari JPi LJ aj, J APT, J 41 
+ 41, j Py, 4 1 t Dry (8.44) 
where aj; =4;41, J d dpi, +47, 7414+47,7-1 
and b, ; — (pu* A), y — (pu*A); ziJ t (pv*A), ; — (pv*4), ;.i 
(p? — pp)AV 
At 
with neighbour coefficients 


(pdA), ; (pdA), , LJ (pdA), ; (pdA), ; 1 


The extension to three-dimensional flows includes the same extra term in the source. 

In transient flow calculations with the implicit formulation, the iterative 
procedures described for steady state calculations employing SIMPLE, SIMPLER 
or SIMPLEC are applied at each time level until convergence is achieved. Figure 
8.10 shows the algorithm structure. 


+ 










The transient PISO algorithm 


The PISO algorithm is a non-iterative transient calculation procedure. It relies on the 
temporal accuracy gained by the discretisation practice, in particular the operator 
splitting technique (Issa, 1986). In the transient algorithm all time-dependent terms 
are retained in the momentum and continuity equations. This gives the following 
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Fig. 8.10 Transient 
STAR 
flow SIMPLE algorithm 


and its variants 


Initialise u, v, p and $ 


set time step Af 


u, v, p and o 


Let t=1+ At 
u’ = u, v? =v, p =p, o° =o 









SIMPLE or SIMPLER or SIMPLEC 
(section 6.4) (section 6.6} (section 6.7) 
Iteration process until convergence 





additional contributions to the momentum and pressure correction equations in the 
transient form of PISO: 


e add a5 = ppAV /At to the central coefficients of the discretised u- and v- 
momentum equations (5.12-5.13) and (5.52-5.53) respectively 

e add a3u% and av? to the source terms of the u- and v-momentum equations 

e add (92 — pp)AV /At to the source term of both the first and second discretised 
pressure correction equations. 


Otherwise the basic equations and steps involved in the transient version of the PISO 
algorithm are the same as those set out in section 6.8. The PISO procedure explained 
there is carried out at each time level to calculate the velocity and pressure fields. 
Issa (1986) showed that the temporal accuracy achieved by the predictor-corrector 
process for pressure and momentum is of order 3 (AP) and 4 (At^) respectively. 
Therefore, the pressure and velocity fields obtained at the end of the PISO process 
with a suitably small time step are considered to be accurate enough to proceed to 
the next time step immediately and the algorithm is non-iterative. 
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Since the algorithm relies on the higher order temporal accuracy gained by the 
splitting technique, small time steps are recommended to ensure accurate results. If 
necessary a higher order temporal differencing scheme may be incorporated in the 
algorithm for improved performance, such as a second-order implicit scheme that 
uses three time levels n -- 1,n,n — 1 at intervals of At. We may use the gradient at 
time level n of the quadratic profile passing through 7T”+! T" and 7"^! to evaluate 
OT /Ot. The resulting time discretisation with second-order accuracy is 

OT l n+l n n—1 

ar^ DAI (37"*' — 4T" FT") (8.45) 
Incorporation of the scheme to formulate discretised equations is relatively 
straightforward. The values at time level n and n — 1 known from previous time 
steps are treated as source terms and are placed on the right hand side of the 
equation. 

The PISO method has yielded accurate results with sufficiently small time steps 
(see, for example, Issa et al, 1986; Kim and Benson, 1992). Since the PISO method 
does not require iterations within a time level it is less expensive than the implicit 
SIMPLE algorithm. CFD simulation of flow and heat transfer in internal combustion 
engines requires transient calculations that are inevitably time consuming and 
expensive especially with three-dimensional geometries. Ahmadi-Befrui et al (1990) 
have presented a version of PISO known as EPISO suitable for predicting engine 
flows. 


Steady state calculations using the pseudo-transient 
approach 


It was mentioned in Chapter 6 that under-relaxation is necessary to stabilise the 
iterative process of obtaining steady state solutions. The under-relaxed form of the 
two-dimensional u-momentum equation, for example, takes the form 











Qi J ai. n— 
a, Hi J = 3 asus (br iJ — pi.J)AiJ + bi J+ L — Au) g u"; ') 
(8.46) 

Compare this with the transient (implicit) u-momentum equation 
p? ,AV 
(a. + EY )u: — 3 auus + (Dr 1,7 — pis) Aij + bij 
p; ,AV 

T ue y (8.47) 


In equation (8.46) the superscript n — 1 indicates the previous iteration and in 
equation (8.47) superscript o represents the previous time level. We immediately 
note a clear analogy between transient calculations and under-relaxation in steady 
state calculations. It can be easily deduced that 
a; Pp sAV 

1 — (ul) -2 = ————— 8.48 

(1-2) St - E (8.48) 
This formula shows that it is possible to achieve the effects of under-relaxed iterative 
steady state calculations from a given initial field by means of a pseudo-transient 
computation starting from the same initial field by taking a step size that satisfies 
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Table 8.6 


8.9 


8.10 


(8.48). Alternatively steady state calculations may be interpreted as pseudo-transient 
solutions with spatially varying time steps. The pseudo-transient approach is useful 
for situations in which governing equations gives rise to stability problems, e.g. 
buoyant flows, highly swirling flows and compressible flows with shocks. 


A brief note on other transient schemes 


Other transient flow calculation procedures such as MAC (Harlow and Welch, 1965), 
SMAC (Amsden and Harlow, 1970), ICE (Harlow and Amsden, 1971) and ICED- 
ALE (Hirt et al, 1974) are available to the user. The calculation methodology of this 
class of schemes includes the direct solution of a Poisson equation for the pressure as 
a central feature of the algorithm. The overall calculation process is, therefore, 
substantially different from the techniques explained here and the interested reader 1s 
referred to the cited references for more details. In the well-known engine prediction 
code KIVA-II the ICED-ALE method is used as the core solution procedure. The 
method has been shown to be reliable for predicting practical internal combustion 
engine flows and is widely used for internal combustion engine research (see 
Amsden ef al, 1985, 1989; Zellat et al, 1990; Blunsdon et al, 1992, 1993). Kim and 
Benson (1992) compared the PISO method with SMAC algorithms for the 
prediction of unsteady flows and reported that SMAC was more efficient, faster and 
more accurate than PISO. The MAC/ICE class of methods are, however, 
mathematically complex and not widely used in general purpose CFD procedures. 


Summary 


Techniques for the solution of transient flow problems were developed by 
considering the unsteady diffusion and convection-diffusion equations. We 
distinguish between the following time-stepping algorithms for the computation of 
a variable @ at a new time level: 


e explicit — uses only $ from the previous time level 

e Crank-Nicolson — uses a mixture of $ from the previous time level and @ at a new 
time level 

e implicit — uses mainly surrounding ¢-values at the new time level 


The stability and accuracy properties of each of the schemes are given in Table 8.6 
and described further below. 





Scheme Stability Accuracy Positive coefficient 
criterion 
Explicit Conditionally stable First order At < p(dx)’ /2 
Crank-Nicolson Unconditionally Second order At < p( Ax)" /T 
stable 
Implicit Unconditionally First order Always positive 


stable 
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For robust general purpose transient CFD calculations the implicit scheme is 
recommended. The unconditional stability of this and the Crank-Nicolson scheme 
is, however, bought at the price of having to solve a system of equations at each 
time level. In two- and three-dimensional calculations this requires intermediate 
iterative stages. 

The (fully implicit) transient discretisation equations for diffusion and convec- 
tion-diffusion are practically the same as those of steady problems apart from 
minor changes to the central coefficient ap and the source term bp: 


a =a +a% and bË — b? +02¢% with a2 = p2 AV/At 


The superscript (£) refers to the transient form and (s) to the steady form. 

In addition to the above modifications to the momentum equations in SIMPLE its 
pressure correction equation also requires an addition of (05 — p,)AV/At to the 
source term bp. The time stepping procedure creates an extra loop outside the 
main iteration cycles of SIMPLE. 

The time accuracy of the second corrector step of PISO makes it very attractive 
for non-iterative transient calculations. 

The similarity between the under-relaxed iterative solution and the pseudo- 
transient was highlighted. The pseudo-transient strategy has been widely used to 
combat stability problems in flows with complex physics. 


9.1 


9 





Implementation of Boundary 
Conditions 


Introduction 


All CFD problems are defined in terms of initial and boundary conditions. It is 
important that the user specifies these correctly and understands their role in the 
numerical algorithm. In transient problems the initial values of all the flow variables 
need to be specified at all solution points in the flow domain. Since this involves no 
special measures other than initialising the appropriate data arrays in the CFD code 
we do not need to discuss this topic further. The present chapter describes the 
implementation of the following most common boundary conditions in the 
discretised equations of the finite volume method: 


inlet 

outlet 

wall 

prescribed pressure 

symmetry 

periodicity (or cyclic boundary condition) 


In constructing a staggered grid arrangement we set up additional nodes 
surrounding the physical boundary, as illustrated in Figure 9.1. The calculations are 
performed at internal nodes only (7 = 2 and J = 2 onwards). Two notable features 
of the arrangement are (i) the physical boundaries coincide with the scalar control 
volume boundaries and (ii) the nodes just outside the inlet of the domain (along 
I = 1 in Figure 9.1) are available to store the inlet conditions. This enables the 
introduction of boundary conditions to be achieved with small modifications to the 
discretised equations for near-boundary internal nodes. 

In Chapters 4 and 5 we have seen that boundary conditions enter the discretised 
equations by suppression of the link to the boundary side and modification of the 
source terms. The appropriate coefficient of the discretised equation is set to zero 
and the boundary side flux — exact or linearly approximated — is introduced through 
source terms S,, and Sp. We shall frequently make use of this device to fix the flux of 


Fig. 9. The grid 
arrangement at boundaries 
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a variable at a cell face, but we also need a technique to cope with situations where 
we need to set the value of a variable at a node. This can be done by introducing two 
overwhelmingly large source terms into the relevant discretised equation. For 
example, to set the variable $ at node P to a value p, the following source term 
modification is used in its discretised equation: 


S, = —10? and Su = 10° by, (9.1) 
With these sources added to the discretised equation we have 


(ap -- 109) 9, = 3 andn + 10 s, (9.2) 


The actual magnitude of the number 10?! is arbitrary as long as it is very large 
compared with all the coefficients in the original discretised equation. Thus if ap and 
a,» are all negligible the discretised equation effectively states that 


pp = P fix (9.3) 


which fixes the value of @ at P. 

In addition to setting the value of a variable at internal nodes this treatment is also 
useful for dealing with solid obstacles within a domain by taking $4, = 0 (or any 
other desired value) at nodes within a solid region. The system of discretised flow 
equations can be solved as normal without having to deal with the obstacles 
separately. 

Details of the modifications needed to implement the most common boundary 
conditions will be further explained in the text to follow. We make the following 
assumptions: (i) the flow is always subsonic (M < 1), (ii) k—e turbulence modelling 
is used, (iii) the hybrid differencing method is used for discretisation and (iv) the 
SIMPLE solution algorithm is applied. 
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9.2 Inlet boundary conditions 


The distribution of all flow variables needs to be specified at inlet boundaries. Here 
we discuss the case of an inlet perpendicular to the x-direction. Figures 9.2 to 9.5 
show the grid arrangement in the immediate vicinity of an inlet for u- and v- 
momentum, scalar and pressure correction equation cells. The flow direction is 
assumed to be broadly from the left to the right in the diagrams. As mentioned, the 
grid extends outside the physical boundary and the nodes along the line J = 1 (or 
i = 2 for u-velocity) are used to store the inlet values of flow variables (indicated by 
Uin, Vin and Pin): Just downstream of this extra node we start to solve the discretised 
equation for the first internal cell, which is shaded. 

The diagrams also show the ‘active’ neighbours and cell faces which are 
represented in the discretised equation for the shaded cell assuming that hybrid 
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Fig. 9.3 v-velocity cell 
at the inlet boundary 
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Fig. 9.4 Pressure 
correction cell at inlet 
boundary 


Fig. 9.5 Scalar cell at 
inlet boundary 
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Inlet 


Inlet 





Scalar cell @ Active 


differencing is used. For instance, in Figure 9.2 the active neighbour velocities are 
given by means of arrows and the active face pressures by solid dots. The figures 
indicate that all links to neighbouring nodes remain active for the first u-, v- and $- 
cell, so to accommodate the inlet boundary condition for these variables it is 
unnecessary to make any modifications to their discretised equations. Figure 9.4 
shows that the link with the boundary side is cut in the discretised pressure 
correction equation by setting the boundary side (west) coefficient aw equal to zero. 
Since the velocity is known at inlet, it is also not necessary to make a velocity 
correction here and hence we have 


Wy = Uw (9.4) 


in the source associated with discretised pressure correction (6.32). 
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Fig. 9.6 u-control 
volume at an outlet 
boundary 
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Reference pressure 


The pressure field obtained by solving the pressure correction equation does not give 
absolute pressures (Patankar, 1980). It is common practice to fix the absolute 
pressure at one inlet node and set the pressure correction to zero at that node. Having 
specified a reference value the absolute pressure field inside the domain can now be 
obtained. 


Estimation of k and e at inlet boundaries 


The most accurate simulations can only be achieved by supplying measured values 
of turbulent kinetic energy k and dissipation rate e. However, if we perform outline 
design calculation such data are often not available. In this case commercial CFD 
codes often estimate k and e with the approximate formulae described in section 
3.5.2, based on a turbulence intensity — typically between 1 and 696 — and a length 
scale. 


Inlet boundaries perpendicular to the y-direction 


The above procedure is, of course, not restricted to an inlet boundary perpendicular 
to the x-direction. When we have an inlet perpendicular to the y-direction the 
velocity component v, for which inlet value v;, is available at j = 2, takes the place of 
velocity component u and the calculations start at j = 3. The inlet values of the 
remaining variables are stored at J — 1 and solution starts at J — 2. They are 
otherwise treated as above. 


Outlet boundary conditions 


Outlet boundary conditions may be used in conjunction with the inlet boundary 
conditions of section 9.2. If the location of the outlet is selected far away from 
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Fig. 9.7 v-control 
volume at an outlet 


boundary 


Fig. 9.8 Pressure 
correction cell at an 
outlet boundary 
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geometrical disturbances the flow often reaches a fully developed state where no 
change occurs in the flow direction. In such a region we can place an outlet surface 
and state that the gradients of all variables (except pressure) are zero in the flow 
direction. It is normally possible to make a reasonably accurate prediction of the flow 
direction far away from obstacles. This gives us the opportunity to locate the outlet 
surface perpendicular to the flow direction and take gradients in the direction normal 
to the outlet surface equal to zero. 

Figures 9.6 to 9.9 show the grid arrangements near such an outlet boundary. We 
have shaded the last cells upstream of the outlet, for which a discretised equation is 
solved, and, as before, highlighted the active neighbours and faces. 

If NI is the total number of nodes in the x-direction, the equations are solved for 
cells up to J (or i) = NI — 1. Before the relevant equations are solved the values of 
flow variables at the next node (N7), just outside the domain, are determined by 
extrapolation from the interior on the assumption of zero gradient at the outlet plane. 
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Fig. 9.9 Scalar cell at an 


outlet boundary 


9.4 


Outlet 





O 
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Scalar cell @ Active 


For the v- and scalar equations this implies setting vay,; = var-1,; and 
ni.s = Qui. Figures 9.7 and 9.9 show that all links are active for these 
variables so their discretised equations can be solved as normal. 

Special care should be taken in the case of the u-velocity. Calculation of u at the 
outlet plane i = NI by assuming a zero gradient gives 


UNI, J = UNI -1,J | (9.5) 


During the iteration cycles of the SIMPLE algorithm there is no guarantee that these 
velocities will conserve mass over the computational domain as a whole. To ensure 
that overall continuity is satisfied the total mass flux going out of the domain (Mour) 
is first computed by summing all the extrapolated outlet velocities (9.5). To make the 
mass flux out equal to the mass flux Min coming into the domain all the outlet 
velocity components uyr, of (9.5) are multiplied by the ratio Mi, / Mou. Thus the 
outlet plane velocities with the continuity correction are given by 


(9.6) 





in 
UNI J = UNI -—1,J X Mou 
These values are subsequently used as the east neighbour velocities in the discretised 
momentum equations for uy;—1, J. 

The velocity at the outlet boundaries is not corrected by means of pressure 
corrections. Hence in the discretised p'-equation (6.32) the link to the outlet 
boundary side (east) is suppressed by setting ag — 0. The contribution to the source 
term in this equation is calculated as normal, noting that up = Ug; no additional 
modifications are required. 


Wall boundary conditions 


The wall is the most common boundary encountered in confined fluid flow 
problems. In this section we consider a solid wall parallel to the x-direction. Figures 
9.10 to 9.12 illustrate the grid details in the near wall regions for the u-velocity 
component (parallel to the wall), for the v-velocity component (perpendicular to the 
wall) and for scalar variables. 
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Fig. 9.10  1-velocity cell 
at a wall boundary 
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Fig. 9.11  v-cell at a wall boundary (a) j = 3 and (b) j = NJ 


Fig. 9.12 Scalar cell at a 
wall boundary 
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The no-slip condition (u = v = 0) is the appropriate condition for the velocity 
components at solid walls. The normal component of the velocity can simply be set 
to zero at the boundary ( j — 2) and the discretised momentum equation at the next 
v-cell in the flow (j = 3) can be evaluated without modification. Since the wall 
velocity is known it is also unnecessary to perform a pressure correction here. In the 
discretised p'-equation (6.32) for the cell nearest to the wall the wall link (south) is, 
therefore, cut by setting as = 0 and we take vj = vs in its source term. 

For all other variables special sources are constructed, the precise form of which 
depends on whether the flow is laminar or turbulent. In Chapter 3 we studied the 
multi-layered structure of the near wall turbulent boundary layer. Immediately 
adjacent to the wall we have an extremely thin viscous sub-layer followed by the 
buffer layer and the turbulent core. The number of mesh points required to resolve 
all the details in a turbulent boundary layer would be prohibitively large and 
normally we employ the ‘wall functions’ introduced in Chapter 3 to represent the 
effect of the wall boundaries. 

The implementation of wall boundary conditions in turbulent flows starts with the 
evaluation of 


= —,/— (9.7) 
V p 

where Ayp is the distance of the near wall node P to the solid surface (see Figure 
9.10). A near-wall flow is taken to be laminar if yt < 11.63. The wall shear stress is 
assumed to be entirely viscous in origin. If y* > 11.63 the flow is turbulent and the 
wall function approach is used. The criterion places the changeover from laminar to 
turbulent near wall flow in the buffer layer between the linear and log-law regions of 
a turbulent wall layer. The exact value of yt = 11.63 is the intersection of the linear 
profile and the log-law so it is obtained from the solution of 


yt =- In(Ey*) (9.8) 


In this formula x is von Karman’s constant (0.4187) and E is an integration constant 
that depends on the roughness of the wall (see section 3.4.2). For smooth walls with 
constant shear stress E has a value of 9.793. 


Laminar Flow/Linear Sub-layer 


The wall conditions described under this heading apply in two cases: for solutions of 
(i) laminar flow equations and (ii) turbulent flow equations when y* < 11.63. In 
both cases the near wall flow is taken to be laminar. The wall force is entered into the 
discretised u-momentum equation as a source. The wall shear stress value is obtained 
from 
tw = u E 
w=H Ayp 


where up is the velocity at the grid node. Figure 9.13 illustrates that this formula is 
based on the assumption that the velocity varies linearly with distance from the wall 
in a laminar flow. 

The shear force F, is now given by 


(9.9) 


F; = —twAceit 
(9.10) 


up 
= —p ——Acel 
Ayp 


Fig. 9.13 Velocity 
distribution at a wall 


Table 9.1 Near wall 
relationships for the 
standard k—¢ model 
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Velocity 
profile 


Ayp 


Vs 


where Acen is the wall area of the control volume. The appropriate source term in the 
u-equation is defined by 


u 
= —— Á 9.11 


Heat transfer from a wall at fixed temperature Tẹ into the near wall cell in laminar 
flow is calculated from 


= _# Cp(Tp — Tw) 
4 ——1 a 
where Cp is the specific heat of the fluid, Tp is the temperature at the node P and ø is 


the laminar Prandtl number. It is easy to see that the corresponding source terms for 
the temperature equation are given by 


A cell (9.12) 





p Cp 
S, = —— ——A d S=- A 9.13 
P » Ayp Cell an "s " Cell ( ) 
A fixed heat flux enters the source terms directly by means of the normal source term 
linearisation: 
qs = Sy + Sp Tp (9.14) 


For an adiabatic wall we have, of course, S, = Sp = 0. 


Turbulent Flow 


If the value of y* is greater than 11.63 node P is considered to be in the log-law 
region of a turbulent boundary layer. In this region wall function formulae (3.40) and 
(3.41) associated with the log-law are used to calculate shear stress, heat flux and 
other variables. The formulae have been applied in many different ways but Table 
9.] gives the optimum near wall relationships from extensive computing trials. 





e Momentum equation tangential to wall 
wall shear stress t, = pci Ak 2 up/u* (9.15) 
wall force F, = —t, Acai = —(pC lhe! up/u* Ace (9.16) 
e Momentum equation normal to wall 
normal velocity = 0 
e Turbulent kinetic energy equation 


net &-source per unit volume = (twup — pC?/ akl ut AV /Ayp (9.17) 
e Dissipation rate equation 

set nodal value ep = Ci akal ? / (kAyp) (9.18) 
e Temperature (or energy) equation 


wall heat flux qw = —pCpCl/^k;" (Tp — T,)/T* (9.19) 
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These relationships should be used in conjunction with the universal velocity and 
temperature distributions for near wall turbulent flows in (3.40—3.41): 


+ - In(Ey*) (3.40) 


and 


OT t 


Tt = or. (we ep 1) (3.41) 


In these equations the values of x and E are as given in (9.8), or. ; is the laminar (or 
molecular) Prandtl number and or, is the turbulent Prandtl number (220.9) and 
function P(o7,;/o7,+) is called the ‘pee-function’ that can be evaluated using the 
following expression derived by Jayatilleke (1969). 


0.75 
p(z) = 924] (224 7 Zl x t + 0.28 exp|- 0.007 (2 at 
OT t OT,t OT t 
(9.20) 


In order of their appearance in Table 9.1 variables are treated as follows in their 
discretised equations. 

u-velocity component parallel to the wall. The link with the wall (south) is 
suppressed by setting as = 0 and the wall force F; from (9.16) is introduced into the 
discretised u-equation as a source term, so 


pci 
Sp = -—M— Acel (9.21) 


k-equation. The link at the boundary is suppressed; we set as = 0. P the volume 
source (9.17) the second term contains &?/?. This is linearised as ks? kp, where k* 
is the k-value at the end of the previous iteration, which yields the ‘following source 
terms Sp and S, in the discretised k-equation: 


CA yt 
S=- "P " AV and S,— 


u = AV 9.22 
Ay Ayp (9.22) 





e-equation. In the discretised e-equation the near wall node is fixed to the value given 
by (9.18) by means of setting the source terms Sp and S, as follows: 


3/4 Rp 


Sp = —1039 and Sy, = = e" x 1029 (9.23) 


Temperature equation. The link with the wall is suppressed in the T-equation by 
setting the boundary side coefficient as to zero. The wall heat flux is calculated using 
equation (9.19) and introduced by means of the following source terms: 


1/2 1/4 11/2 
pC! kp Cp pc k CPT, all 
Sp E T+ Acell and Su — tH Acel (9.24) 


A fixed heat flux enters the source terms directly by means of the normal source term 


9.5 
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linearisation: 
qs = Sy + Sy Tp (9.25) 


For an adiabatic wall we have S, = S, = 0, as before. 


Rough walls 


In the wall function approach described above, the changeover from laminar to 
turbulent flow as the distance from the wall increases was assumed to occur at 
yt = 11.63 which is the solution of equation (9.8) with E = 9.8. This criterion 
applies to smooth walls; if the walls are not smooth E should be adjusted accordingly 
and a new limiting value of y* would result. E may be estimated on the basis of 
measured absolute roughness values. Schlichting (1979), among others, gives further 
details. 


Moving walls. 


Note that it has been tacitly assumed that the wall is stationary. Wall movement in the 
x-direction is felt by the fluid by a change in the wall shear stress. Its value is 
adjusted by replacing velocity up by the relative velocity up — uwan. This modifies 
the laminar wall force formula (9.10) as follows: 


Up — Uwa 
( P 0) Acai (9.26) 


and the turbulent wall force formula (9.16) as 


pCi/^k 1/2 (up — Uwall ) 


» Acell (9.27) 


F, =- 


The relevant source terms (9.11) and (9.21) are similarly adjusted. 
Wall motion also alters the volume source term of the k-equations which becomes 


nsu — Mall) — perky u| AV /Ayp (9.28) 


It should be noted that the wall functions described above have been derived on the 
basis of the following assumptions: 


e the velocity is parallel to the wall and varies only in the direction normal to the 
wall 

e no pressure gradients in the flow direction 

e no chemical reactions at the wall 

e high Reynolds number 


If any one of these assumptions does not hold the accuracy of the predictions using 
this wall function approach may be reduced or even seriously compromised. 


The constant pressure boundary condition 


The constant pressure condition is used in situations where exact details of the flow 
distribution are unknown but the boundary values of pressure are known. Typical 
problems where this boundary condition is appropriate include external flows around 
objects, free surface flows, buoyancy-driven flows such as natural ventilation and 
fires, and also internal flows with multiple outlets. 


204 Implementation of boundary conditions 


Fig. 9.14  p'-cell at an 
inlet boundary 


Fig. 9.15 p’-cell at an 
outlet boundary 


In applying the fixed pressure boundary the pressure correction is set to zero at 
the nodes. The grid arrangement of the p'-cells near a flow inlet and outlet is shown 
in Figures 9.14 and 9.15. 

A convenient way of dealing with a constant pressure boundary condition is to fix 
pressure at the nodes just inside the physical boundary as indicated in the diagrams 
by solid squares. The pressure corrections are set to zero by taking S, = 0.0 and 
S, = —10?? and the nodal pressure is set to the required boundary pressure pa. The 
u-momentum equation is solved from i — 3 and the v-momentum and other 
equations from / — 2 onwards. The main outstanding problem is the unknown flow 
direction which is governed by the conditions inside the calculation domain. The u- 
velocity component across the domain boundary is generated as part of the solution 
process by ensuring that continuity is satisfied at every cell. For example, in Figure 


Inlet 
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Fig. 9.16 An example of 
a cyclic boundary 
condition 
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9.14 the values of u, and of v, and v, emerge from solving the discretised u- and v- 
momentum equations inside the domain. Given these values we can compute u, by 
insisting that mass is conserved for the p'-cell. This yields 


_ (pvA), — (PYA), + (puA), 
” (pA),, 


This implementation of the boundary condition causes the p'-cell nearest to the 
boundaries to act as a source or sink of mass. The process is repeated for each 
pressure boundary cell. Other variables such as v, T, k and € must be assigned inflow 
values where the flow direction is into the domain. Where the flow is outwards their 
values just outside the domain may be obtained by means of extrapolation (see 
section 9.3). 

There are several variations that can be useful in practical circumstances. Some 
codes apply (i) a condition at inlet that fixes the stagnation pressure of the inlet 
flow just outside the domain (at i — 2) instead of the static pressure just inside the 
domain (at i = 3) and/or (11) the extrapolation procedure at outlets for all variables 
including u. 


(9.29) 


Symmetry boundary condition 


The conditions at a symmetry boundary are: (i) no flow across the boundary and 
(11) no scalar flux across the boundary. In the implementation, normal velocities are 
set to zero at a symmetry boundary and the values of all other properties just outside 
the solution domain (say / or i = 1) are equated to their values at the nearest node 
just inside the domain (/ or i = 2): 


$1 ; — Q2 J . (9.30) 


In the discretised p'-equations the link with the symmetry boundary side is cut by 
setting the appropriate coefficient to zero; no further modifications are required. 


Periodic or cyclic boundary condition 
Periodic or cyclic boundary conditions arise from a different type of symmetry in a 


problem. Consider for example swirling flow in a cylindrical furnace shown in 
Figure 9.16. In the burner arrangement gaseous fuel is introduced through six 





Bumer details 
(enlarged) 
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Fig. 9.17 
Configurations for a 
simple duct flow 


Implementation of boundary conditions 


symmetrically placed holes and swirl air enters through the outer annulus of the 
burner. 

This problem can be solved in cylindrical polar co-ordinates (z,7r,0) by 
considering a 60 ° angular sector as shown in the diagram where k refers to r-z 
planes in the 0-direction. The flow rotates in this direction, and under the given 
conditions the flow entering the first k-plane of the sector should be exactly the same 
as that leaving the last k-plane. This is an example of cyclic symmetry. The pair of 
boundaries k = 1 and k = NK are called periodic or cyclic boundaries. 

To apply cyclic boundary conditions we need to set the flux of all flow variables 
leaving the outlet cyclic boundary equal to the flux entering the inlet cyclic 
boundary. This is achieved by equating the values of each variable at the nodes just 
upstream and downstream of the inlet plane to the nodal values just upstream and 
downstream of the outlet plane. For all variables except the velocity component 
across the inlet and outlet planes (say w) we have 


$1; = Óuk 1j and yy ; = P25 (9.31) 
For the velocity component across the boundary we have 
Wi, — Wwk-1,7 and WaK41,7 = W3,J (9.32) 


Potential pitfalls and final remarks 


Flows inside a CFD solution domain are driven by the boundary conditions. In a 
sense the process of solving a field problem (e.g. a fluid flow) is nothing more than 
the extrapolation of a set of data defined on a boundary contour or surface into the 
domain interior. It is, therefore, of paramount importance that we supply physically 
realistic, well-posed boundary conditions, otherwise severe difficulties are encoun- 
tered in obtaining solutions. The single most common cause of rapid divergence of 
CFD simulations is the inappropriate selection of boundary conditions. 

In Chapter 2 we summarised a set of ‘best’ boundary conditions for viscous fluid 
flows which included the inlet, outlet and wall condition. Their finite volume method 
implementation was discussed in sections 9.2 to 9.4 and in sections 9.5 to 9.7 we 
developed three further conditions, constant pressure, symmetry and periodicity, 


Inlet Outlet 
~ 
Inlet Constant 
pressure 
~ 
Constant Constant 
pressure pressure 
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which are physically realistic and very useful in practical calculations. These are by 
no means the only boundary conditions. Commercial CFD packages may include the 
time-dependent movement of boundaries, facilities to include rotating and 
accelerating boundaries and special conditions for transonic and supersonic flows. 
It would be beyond the scope of this introductory book to discuss the ways of 
implementing all of them. 

A simple illustration of the poor selection of boundary conditions might be an 
attempt to generate a steady state solution in a domain with wall boundaries and a 
flow inlet but without an outlet boundary. It is obvious that mass cannot be 
conserved in the steady state and CFD calculations will ‘blow up’ swiftly. This 
almost trivial example also suggests that certain types of boundary conditions must 
be accompanied by particular other ones. We now briefly state some permissible 
combinations in subsonic flows: 


walls only 

walls and inlet and at least one outlet 

walls and inlet and at least one constant pressure boundary 
walls and constant pressure boundaries 


Figure 9.17 illustrates these configurations for a simple duct flow. 

Particular care must be taken in applying the outlet boundary condition. It can 
only be used if all flows entering the calculation domain are given by means of inlet 
boundary conditions (ie. velocity and scalars fixed at inlet) and is only 
recommended for flow domains with a single exit. Physically the exit pressures 
govern the flow split between multiple outlets so it is better to specify this quantity at 
exits than (zero gradient) outlet conditions. It is not permitted to combine an outlet 
condition with one or more constant pressure boundaries, because the zero gradient 
outlet condition specifies neither the flow rate nor the pressure at the exit, thus 
leaving the problem under-specified. 

We have glossed over a number of very complex problems by only considering 
subsonic flows. We merely warn the CFD user to tread very carefully when 
attempting to tackle flows that may have regions of transonic and supersonic flows. 

Accuracy limitations of the individual boundary conditions have already been 
pointed out. Here we note a small selection of the more subtle pitfalls of practical 
CFD that need to be avoided to ensure that simulation accuracy is optimal. 


Positioning of outlet boundaries 


If outlet boundaries are placed too close to solid obstacles it is possible that the flow 
will not have reached a fully developed state (zero gradients in the flow direction) 
which may lead to sizeable errors. Figure 9.18 gives typical velocity profiles 
downstream of an obstacle, which illustrate the potential hazards. 

If the outlet is placed close to an obstacle it may range across a wake region with 
recirculation. Not only does the assumed gradient condition not hold, but there is an 
area of reverse flow where the fluid enters the domain whilst we had assumed an 
outward flow. Of course, we cannot trust the solution if this condition arises. 
Somewhat further downstream there may not be reverse flow, but the zero gradient 
condition does not hold since the velocity profile still changes in the flow direction. 
It is imperative that the outlet boundary is placed much further downstream than 10 
heights downstream of the last obstacle to give accurate results. For high accuracy it 
is necessary to demonstrate that the interior solution is unaffected by the choice of 
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Fig. 9.18 Velocity 
profiles at different 
locations downstream of 
an obstacle 


Fig. 9.19 A 
non-symmetric flow 
situation in a cylindrical 
geometry 
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location of the outlet by means of a sensitivity study for the effect of different 
downstream distances. 


Near wall grid 


The most accurate way of solving turbulent flows in a general purpose CFD code is 
to make use of the good empirical fits provided by the wall function approach. To 
obtain the same accuracy by means of a simulation which includes points inside the 
(laminar) linear sub-layer the grid spacing must be so fine as to be uneconomical. 
The criterion that y* must be greater than 11.63 sets a lower limit to the distance 
from the wall Ayp of the nearest grid point. The main mechanism for improving 
accuracy available to us is grid refinement, but in a turbulent flow simulation we 
must ensure that, whilst refining the grid, the value of y* stays greater than 11.63 and 
is preferably between 30 and 500. 

It is very often impossible to ensure that this is the case everywhere in a general 
flow; one pertinent example is a flow with recirculation. Near the re-attachment point 
the velocity component parallel to the wall is zero, so by virtue of the criterion that 
y* must be greater than 11.63 the simulation reverts to the laminar case. There are 
additional problems associated with the k-e model in these regions that give rise to 
further, even more important, inaccuracies. Nevertheless, the point that it is difficult 
to keep y* above its lower limit is well illustrated. 


Misapplication of the symmetry condition 


It is important to realise that geometric symmetry of the flow domain does not 
always imply that the flow possesses the same symmetry. Àn example shown in 
Figure 9.19 is the flow through a circular pipe with a side jet. 
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In spite of the fact that the domain has axisymmetry the occurrence of the cross- 
flow jet makes the flow non-axisymmetric. Although it is tempting to solve the 
problem in cylindrical polar co-ordinates the flow solution will be inaccurate 
because flow may not cross the centreline. 

We have discussed the implementation of the most important boundary 
conditions. Moreover, we have outlined suitable combinations of boundary 
conditions and highlighted particular problem areas. It 1s of crucial importance 
that the CFD user has a good understanding of all the relevant issues as a first step 
towards accurate flow simulations with the finite volume method. 


10.1 


10.2 
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Advanced Topics and Applications 


Introduction 


Engineering applications of CFD involve not only fluid flow and heat transfer but 
also combustion, phase change, multi-phase flow and chemical reactions. Examples 
of such complex flow systems are furnaces, internal combustion engines, pipelines 
for the transport of solid—liquid mixtures, heat exchangers with evaporation and/or 
condensation, and mixers of polymers in moulding processes. Adequate physical 
models that are appropriate to the problem under consideration must be incorporated 
in a CFD code to predict the wide variety of processes involved in practical 
engineering situations. It is impossible to discuss the additional physics and 
chemistry needed to solve all engineering problems, but we shall demonstrate the 
method of incorporating extra models into the finite volume framework by looking 
at some simple combustion modelling concepts. This is particularly appropriate 
since CFD has been very successful in the prediction of combusting flows. The 
application of CFD to the modelling of flows in buildings, which has become 
popular in recent years, is also discussed in this chapter. Attention is paid to the 
special turbulence modelling required for these buoyancy-driven flows. 

The geometrical configurations of many flow problems are complicated. 
Cartesian/cylindrical grid systems are compared with advanced CFD techniques 
of modelling irregular geometries by means of body-fitted co-ordinate systems. 
Finally, we give examples of the use of CFD for the prediction of industrial flows. 


Combustion modelling 


During combustion a fuel (e.g. a mixture of hydrocarbons) reacts with an oxidant 
stream (e.g. air) to form products of combustion. The products are not usually 
formed in a single chemical reaction; the fuel components and the oxidant undergo a 
series of reactions. For example, over 40 elementary reactions are involved in the 
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combustion of methane (CH4), the simplest hydrocarbon fuel. In addition to all the 
flow equations, the transport equations for the mass fraction m; of each species j 
must be solved. The species equations can be written down by using the general 
transport equation (2.39): 


O(pm;) 
Ot 


The volumetric rate of generation (or destruction) of a species due to chemical 
reactions appears as the source (or sink) term S, in each of their transport equations. 
The total of the mass fractions of fuel, oxidant and inert species is equal to 1, so 


all species j 


+ div(pmju) = div(T'; grad m;) + Sj (10.1) 


Chemical energy is released as heat during combustion and the resulting enthalpy is 
obtained by solving its transport equation: 


21er) + div(phu) = div(T'y grad h) + Sh (10.3) 


The source term of the transport equation for enthalpy includes the radiation loss or 
gain, pressure work as well as the chemical energy. Viscous energy dissipation is 
normally assumed to be negligible in low Mach combusting number flows. The 
temperature can be calculated from the enthalpy by means of 


h — mi Hg, 
Cp 


where Hy, is the calorific value of fuel, 


T= (10.4) 


C Cp dT 
PU (T- Tre) T5 | P 


Tref 


and Cp = ` mjC; 


all species j 


and C; is the specific heat of species j. 
The local density of the mixture is dependent on the reactant and product 
concentrations and on the mixture temperature. Its value can be calculated from 


p -—— —g- (10.5) 


where M; is the molecular weight of species j. 

The flow field is in turn affected by changes in temperature and density, so in 
addition to the species and enthalpy equations we must solve all the flow equations. 
The resultant set of PDEs can be very large. Models that consider many intermediate 
reactions require a vast amount of computing resource, so simple models that 
incorporate only a few reactions are often preferred in numerical combustion 
procedures used in CFD. The simplest known procedure is the simple chemical 
reacting system (SCRS) of Pun and Spalding (1967) described below in some detail. 
Other approaches of modelling turbulent combustion, such as the eddy break-up 
model and the laminar flamelet model, are briefly discussed later. 
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10.2.1 The simple chemical reacting system (SCRS) 


If we are concerned with the global nature of the combustion process and with final 
species concentrations only detailed kinetics are unimportant and a global one-step, 
infinitely fast, chemical reaction can be assumed where the oxidant combines with 
the fuel in stoichiometric proportions to form products: 


1 kg of fuel + s kg of oxidant — (1 + s) kg of products (10.6) 
For methane combustion the equation becomes 


CH, + 20> — CO, + 2H;0 
] mol of CH4 2 mols of O; 1 mol of CO; 2 mols of H50 


1 kg of CH, + £ kg of O, > (1 + 85) kg of products (10.7) 


The stoichiometric oxygen/fuel ratio by mass is 4 for the above reaction. 

In SCRS infinitely fast chemical reactions are assumed and the intermediate 
reactions are ignored. The transport equations for the fuel and oxygen mass fraction 
may be written as 


ð 

Home) + div(pmg,u) — div(T j grad mj) + Sg, (10.8) 

ð ox + 

med + div(pm,,u) = div(U,, grad mox) + Sox (10.9) 
Let us consider a variable defined by 

Ò = smg — Mox (10.10) 


We also assume that all mass exchange coefficients (1;) which appear in the 
transport equations of species are equal and constant; hence Ip =I, = Is. 
Equations (10.8) and (10.9) can now be re-written as a transport equation for $: 


Ape) —— ^  div(póu) = div(Us grad $) + (s.Sg — Sox) (10.11) 


From the one-step reaction assumption (10.6) we conclude that (s. Sg — Sox) = 0, 
and equation (10.11) reduces to 


A) + div(póu) = div(T 4 grad $) (10.12) 


Here @ is a passive scalar: it obeys the scalar transport equation with no source 
terms. A non-dimensional variable f called the mixture fraction may be defined in 
terms of @ as 





$ — Po 
f= (10.13) 
Pı — Po 
where the suffix 0 denotes the oxidant stream and / denote the fuel stream. The local 
value of f equals 0 if the mixture at a point contains only oxidant and equals 1 if it 
contains only fuel. 
Equation (10.13) may be written in expanded form as 
SMA, — Mox| — |smg, — Mox 
f- [Smf — mo] — [mg — mo], (10.14) 
Ismj, — mos | p [smj — Mox | 0 
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If the fuel stream has fuel only we have 
[ma], = 1, [mo]; = 0 

and if the oxidant stream contains no fuel we have 
[malo = 0, [mj], l 

In such conditions equation (10.14) may be simplified as 


f= |smg, — mo | — |-m], _ SMfu — Mox + Mox, 0 (10.15) 
[sma], _ [—Mox] 9 Sm, | T Mox, 0 
In a stoichiometric mixture neither fuel nor oxygen is present in the products and the 
stoichiometric mixture fraction f; may be defined as 


m, 
fa = —— — (10.16) 
Smg, ] + moo 
Fast chemistry implies that if there is an excess of oxidant at a certain point there will 
be no fuel present in the products; hence mg, = 0 if mox > 0 and 


fff f= 


—Mox + Mox, 0 


(10.17) 
SMfu, ] + Mox, 0 


Conversely, if there is a local excess of fuel in the mixture there will be no oxidant in 
the products, so Mox = 0 if my, > 0 and 


. Sm m 
if f > fu, f = met mono 


(10.18) 
Smg, 1 + Mox, 0 


The above formulae show that the mass fractions of the fuel mj, and oxygen mox are 
linearly related to the mixture fraction f. 

By equation (10.13) the mixture fraction f is linearly related to @ so it is also a 
passive scalar and obeys the transport equation 

£ 
Pef) + div(pfu) = div(Ty grad f) (10.19) 

Equation (10.19) can be solved, subject to suitable boundary conditions — the 
mixture fractions of fuel and oxidant streams are known and zero normal flux of f 
across solid walls — to obtain the distribution of f. Given the resulting mixture 
fraction we can employ equations (10.17-10.18) to give values for the oxygen and 
fuel mass fractions after combustion: 





Ist <f < l Mox — 0; mg, ms, (10.20) 
~ dst 

0 <f < fst Mfu — 0; mox m, 0 (10.21) 
St 


The reactants may be accompanied by inert species, such as N2, that do not take part 
in the reaction. The mass of inert species in the mixtures can be obtained by the 
linear relationship for inert mixing illustrated in Figure 10.1. Simple geometry gives 
the total mass fraction of the inert species mj, after combustion at any value of fas 


Min = Min, o(1l — f) + mi 1 f (10.22) 
The mass fraction of the products of combustion may be obtained from 


mp, = 1 — (mg, + Mox + Min) (10.23) 
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Fig. 10.1 Mixing and 
fast reaction between fuel 
and oxidant streams 


Mind 


Mind 


My] 


Mox,0 





The above equations represent the SCRS and are shown graphically in Figure 10.1. 
When the reaction product contains two or more species, the ratio of the mass 
fraction of each component to the total product mass fraction is known from the 
equation for the chemical reaction and can be used to deduce the mass fraction 
of different product components. For example, consider the burning of methane 
with O»: 
CH4 + 20- — CO; + 2H20 
] mol of CH4 2 mols of O- 1 mol of CO; 2 mols of H2O 
l6kg 64 kg 44 kg 36kg (10.24) 


Ratio of CO; in products by mass (rco,) = 44/80 
Ratio of H;O in products by mass (ry,0) = 36/80 

If the product mass fraction from equation (10.23) is mp, then the CO, mass 
fraction in the products is my,.rco, and the H20 mass fraction is m,.7g,o. 


The SCRS model has made the following simplifications: (1) single step reaction 
between fuel and oxidant and (ii) one reactant which is locally in excess causes all 
the other reactants to be consumed stiochiometrically to form reaction products. 
These assumptions fix algebraic relationships between the mixture fraction f and all 
the mass fractions mj, Mox, Min and Mp. As a consequence it is only necessary to 
solve one extra PDE (for f ) to calculate combusting flows rather than individual 
PDEs for each mass fraction. An example which uses this approach for combustion 
calculations will be presented later in this chapter. 

As density varies in combusting flows, the transport equations solved in turbulent 
combusting flows are those obtained by Favre averaging (Favre, 1969; Jones and 
Whitelaw, 1982). In the SCRS approach, fluctuations of temperature are often taken 
into account by incorporating a probability density function (pdf) to calculate mean 
properties. In the pdf method (which originates from turbulence modelling) the 
average value of a scalar variable (Mimu, Mox etc.) is obtained by weighting the 
instantaneous value with a probability density function for mixture fraction f. The 
mean value @ of a property ¢ is given by 


10.2.2 
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where ¢ is any variable which is a function of f alone, and p( f) is the probability 
density function. Various different probability distribution functions have been used, 
but the clipped Gaussian and beta functions give the best results. The interested 
reader is referred to Bilger and Kent (1974), Lockwood and Naguib (1975), 
Tamanini (1975), Bilger (1976), Pope (1976), Jones (1979), Lockwood and Monib 
(1980) and Pope (1985), among others, for further details. 


Eddy break-up model of combustion 


In the eddy break-up model, due to Spalding (1971), the rate of consumption of fuel 
is specified as a function of local flow properties. The mixing-controlled rate of 
reaction is expressed in terms of the turbulence time scale k/e, where k is the 
turbulent kinetic energy and e is the rate of dissipation of k. The model considers the 
dissipation rates of fuel, oxygen and products, and takes the slowest rate as the 
reaction rate of fuel. The turbulent dissipation rate of fuel, oxygen and products may 
be expressed as 








Ra = -Crompa (10.25a) 
Mox € 
Rox = — A — 10.25b 
Crp -r ( ) 
m, € 
Ry, = —C RP ü ts n (10.25c) 


A transport equation for the mass fraction of fuel is solved, where the reaction rate of 
fuel is taken as the smallest of the turbulent dissipation rates of fuel, oxygen and 
products: 





€ Ox r 
Su = —p = min| Camp, Cr =, A TF (10.26) 
Cr and C, are model constants. In addition to the equation for mg, a transport 
equation for mixture fraction f is also solved to deduce the product and oxygen mass 
fractions using relationships (10.16—10.18). Figures 10.2a and b show the results of 
Magnussen and Hjertager (1976) who obtained good predictions of the temperature 
field in furnace configurations with the eddy break-up model. Figure 10.3 shows a 
further application of the eddy break-up approach combined with the pdf method to 
account for scalar fluctuations by Gosman et al (1978) and again the prediction 
compares very well with the experimental data. 
The eddy break-up model can also accommodate kinetically controlled reaction 
terms. When the combustion processes are kinetically controlled, the fuel dissipation 
rate may be expressed by the Arrhenius kinetic rate expression 


Ry, kinetic = —A1 p ^ mm; exp(—E/RT) (10.27) 


where A, is the pre-exponential constant for the Arrhenius reaction rate, a, b and c 
are model constants, T the temperature in K, E the activation energy and R the gas 
constant. Now the reaction rate of fuel is given by 

Mor 


l+s’ 


€ 


k 





. € mox € 
Sf, — —min|p y CRM P CR uo p ; CR — Ryu, kinetic 


(10.28) 
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Fig. 10.2 Results of the 
eddy break-up model 
(Magnussen and 
Hjertager, 1976): 

(a) comparison of 
experimental (Lockwood 
and Odidi, 1975) and 
eddy break-up model 
predictions of local mean 
temperatures of a city gas 
diffusion flame (Re 
24000); (b) experimental 
mean temperatures on the 
axis of the city gas 
diffusion flame (Re 
24000) compared with 
prediction by Lockwood 
and Naguib (1975) and 
the predictions of the 
eddy break-up model. 


10.2.3 
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Figure 10.4 shows the predictions reported by Nikjooy et a/ (1988) who used the 
above approach in a two-step reaction mechanism for the prediction of combustion 
in axisymmetric combustor geometries. 

The eddy break-up model makes reasonably good predictions and is fairly 
straightforward to implement in CFD procedures, but the quality of the predictions 
depends on the performance of the turbulence model. Where a turbulence model 
fails to make accurate flow predictions the quality of combustion simulations will, of 
course, also be limited. 


Laminar flamelet model 


Another popular combustion modelling approach is the laminar flamelet model of 
combustion. Whereas the SCRS assumes linear relationships (10.16—10.18) between 
mixture fraction, mass fractions and temperature, the laminar flamelet model allows 
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Fig. 10.3 Comparison 
of predictions and 
experimental data for 
Case 6: radial temperature 
and oxygen concentration 
profiles (Gosman et al, 
1978) 










1.77 







0.66 


Temperature (K) 
e 
CN 


O- concentration (% vol.) 


0.27 





0,00 025 0.50 0.75 0,00 025 0.50 0.75 0.00 025 050 0.75 0.00 025 050 0.75 0.00 025 0.50 0.75 0.00 0.25 0.50 0.75 0.00 0.25 0,50 0.75 1.00 


Mixture fraction and fuel mass fraction 





0 003 006609 0 003006 00 0 003 006 00 Oo 003 006009 0 003 00009 0 003 00600 O 003 006 00 0.12 
CO mass fraction 


Fig. 10.4 A comparison of the calculated and measured mixture fraction, fuel and CO for the Lewis and Smoot 
(1981) experiment by Nikjooy et al (1988) 
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. 10.3 


the inclusion of experimental information to describe more sophisticated relation- 
ships between these variables. As implied by the name of the model the necessary 
additional data are acquired from measurements in laminar diffusion flames. A 
transport equation for the mixture fraction is solved and the species mass fractions 
are deduced from laminar flamelet relationships. Interested readers are referred to 
Liew et al (1984), Bray et al (1985), Askari-Sardhai et al (1985) and Peters (1986). 


Calculation of buoyant flows and flows inside buildings 


The modelling of buoyant flows also requires additional modelling effort. Flows 
inside buildings fall within the buoyant flow category because they are frequently 
driven by natural ventilation resulting from temperature differences inside the 
building. When modelling buoyant flows, the momentum equation in the direction of 
gravity should include the body force resulting from buoyancy. For example, in two- 
dimensional flows with buoyancy in the y-direction, the v-momentum equation is 
given by 


P or) + 2 pw) "m =o zh 

gr PV) Fg MT ay P T 9x |" ax| Ay |^ Oy 

| N 
— — ->= +S, 10.29 
g(P — po) By (10.29) 


Here —g(p — pg) is the buoyancy term, where pọ is a reference density. The 
buoyancy term in the discretised form of the above equation can give rise to serious 
instabilities in the solution processes. Severe under-relaxation is often required in 
buoyancy-related problems and sometimes a transient approach is recommended for 
obtaining steady state solutions. 

Standard turbulence models need additional modifications when applied to 
buoyant flows. For example, an additional generation term, recommended by Rodi 
(1978), in the k-equation of the k— turbulence model is used in modelling turbulent 
buoyant flows. The k-equation takes the form 

AU) + div(pku) = div(U, grad k) + G +B — pe (10.30) 
where G is the usual production or generation term (see section 3.5.2) and B is the 
generation term relating to buoyancy. The latter is given by 


B= Bei 5 (10.31) 


where T is the temperature, and g; is the gravitational acceleration in the x;-direction. 
The volumetric expansion coefficient fj is defined by 


p= -- 2 (10.32) 


The modelled transport equation for the dissipation of turbulence kinetic energy (e) 
is given by 
O(pe)  , € e 
a + div(peu) = div(T, grad £) + Cie x (G+ B)(1+ GR) - Cup 
(10.33) 
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Fig. 10.5 Cartesian grid 
arrangement for the 
prediction of flow over a 
cylinder 
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where Ry is the flux Richardson number and C; is an additional model constant 
(Rodi, 1978). Hossain and Rodi (1976) defined Ry by the relation Ry = —B/G. A 
single value of C3 cannot be used in the definition of Ry because C3 is close to unity 
in vertical buoyant shear layers and close to zero in horizontal shear layers. Rodi 
(1978) proposed an alternative definition of the flux Richardson number which 
allows the use of a single value of C3 ~ 0.8 both for horizontal and vertical layers: 


R= 
/ B+G) 
were Gy is the buoyancy production in the lateral energy component. In a horizontal 


shear layer where the lateral velocity component is in the direction of gravity, the 
entire buoyancy production is in the direction of gravity so that 


G; = 2B (10.35) 
In vertical shear layers, the lateral component is normal to the direction of gravity 


and has no buoyancy contribution so that G; — 0. Accordingly, the flux Richardson 
number 1s 


(10.34) 


Ry = —-_—_ for horizontal layers 
Ry =0 for vertical layers 


If the flow in the problem considered is dominated by vertical shear layers, then Ry 
may be set to zero and C3 taken as 0.8. The importance of C3 to CFD prediction of 
fire problems in buildings was closely studied by Markatos et a/ (1982) to which the 
reader is referred for more details. 


The use of body-fitted co-ordinate systems in 
CFD procedures 


Computational fluid dynamics methods based on Cartesian or cylindrical co-ordinate 
systems have certain limitations in irregular geometries. Practical boundary 
geometries can be complex and often irregular and they can only be approximated 
in Cartesian and cylindrical co-ordinate systems by treating surfaces in a stepwise 
manner as illustrated in Figure 10.5. To calculate the flow past the half cylinder of 
Figure 10.5 using a Cartesian coordinate system, the cylindrical surface may be 
represented by a step approximation and cells inside the solid part of the cylinder are 
blocked in the calculation. This has considerable disadvantages since the 


|| EN 
REE EAE EEE 
pot 1 ee eee 





220 Advanced topics and applications 


Fig. 10.6  Body-fitted 
grid arrangement for the 
prediction of flow over a 
cylinder 


Fig. 10.7 Flow in a tube 
bank (only a part shown) 


approximate boundary description is tedious to set up and introduces errors, 
especially if the wall shear stresses need to be calculated to good accuracy. Further 
disadvantages of the Cartesian/cylindrical co-ordinate system include a wastage of 
computer storage and resources due to (i) blocking of the cells in solid regions and 
(ii) the introduction of a fine Cartesian mesh in one region of particular interest 
could imply unnecessary refinement in another region of minimal interest. 

Methods based on body-fitted grid or non-orthogonal grid systems have been 
developed to overcome the limitations referred to above (Rhie and Chow, 1983; 
Peric, 1985; Demirdzic et al, 1987; Shyy et al, 1988; Karki and Patankar, 1988) and 
are used increasingly in present-day CFD procedures. Figure 10.6 shows a body- 
fitted grid for the cylinder problem. The geometrical flexibility offered by body- 
fitted grid techniques is useful in the modelling of practical problems involving 
irregular geometries because (i) all geometrical details can be accurately 
incorporated and (ii) the grid properties can be controlled to capture useful features 
in regions of interest. The governing equations with body-fitted grids are, however, 
much more complex than their Cartesian equivalents. Detailed discussions of the 
available methods of formulating the governing equations can be found in Demirdzic 
(1982) and Shyy and Vu (1991). The main difference between the formulations lies 
in the grid arrangement and in the choice of dependent variables in the momentum 
equations. In CFD procedures based on body-fitted co-ordinates the use of non- 
staggered or collocated grid systems for velocities is increasingly preferred to 
staggered grids which require additional storage allocations. However, non- 
staggered grids require special procedures to ensure proper velocity and pressure 
coupling and to avoid the unrealistic pressure fields discussed in section 6.2. Details 
of some of these special procedures can be found in Hirt et al (1974), Rhie and 
Chow (1983), Peric (1985), Reggio and Camarero (1986) and Rodi et al (1986), 
among others. 

Figure 10.7 shows a part of a tube bank where CFD can be used to predict the 
flow field. Considering symmetry only the shaded part of the geometry needs to be 





Fig. 10.8 (a) Cartesian 
grid; (b) predicted flow 
pattern using the 40 x 15 
Cartesian grid 


Fig. 10.9 (a) Non- 
orthogonal body-fitted 
grid; (b) predicted flow 
pattern using the 40 x 15 
body-fitted grid 


The use of body-fitted co-ordinate systems in CFD procedures 
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considered. Figure 10.8a shows the way a Cartesian grid arrangement is used to 
predict the flow. We use a 40 x 15 grid, block the cylinder off with solid wall cells 
and approximate the surface by means of a step arrangement. Figure 10.8b shows the 
resulting velocity field. Much of the grid (approximately 25%) is wasted in dealing 
with the objects so fewer cells are available to represent the flow region. Figure 10.9a 
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10.5 


10.5.1 


Fig. 10.10 Experimental 
configuration of Durst 
and Loy (1985) 


shows a non-orthogonal body-fitted grid arrangement with the same number of cells 
(i.e. 40 x 15) for the same problem. Now the whole grid occupies the computational 
domain, and the cylinder surfaces can be accurately represented. The resulting 
velocity prediction is given in Figure 10.9b and shows a considerably greater level of 
detail near the inlet and outlet regions. This example clearly demonstrates the 
advantage of the body-fitted grid: computational resources are well utilised, so grid- 
independent results can be obtained with coarser grids compared to Cartesian-based 
methods (see Peric, 1985; Rodi et al, 1989). 


Advanced applications 


In this section we give examples of industrially relevant CFD applications. The 
boundary conditions and problem specification are briefly described and specimen 
results are presented to illustrate how CFD and the modelling of combustion and 
other phenomena can be applied to practical situations. The examples are presented 
without the finer details of the calculations which can be found in the cited 
references. 


Flow in a sudden pipe contraction 


The problem considered 


This problem was selected to illustrate the application of CFD to a benchmark 
problem with a set of well-documented data for the comparison of predictions with 
experiments. The problem considered here is laminar pipe flow in a sudden 
contraction shown in Figure 10.10. Durst and Loy (1985) have provided the 
experimental data for a range of Reynolds numbers. The flow with a Reynolds 
number (Re = pUD/ p) of 372 was considered for CFD modelling, where U is the 
average velocity in the pipe with diameter D. 


0.3m 0.3 m 





CFD simulation 


The geometry was modelled with a two-dimensional axisymmetric grid of 100 x 60. 
The velocity profile for fully developed laminar flow was imposed at the inlet and 
the no-slip condition was applied at wall boundaries. At the exit plane, all derivatives 
in the axial direction were set to zero. The CFD calculation was carried out using the 
SIMPLER algorithm and the hybrid differencing scheme. 


Fig. 10.11  Predicted 


streamline pattern 
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Specimen results 


Since the flow is laminar, the governing equations are exact (ie. no turbulence 
modelling involved here). The predicted streamlines of the flow are shown in Figure 
10.11. The velocity profiles are shown in Figure 10.12 for six different cross- 
sections of the domain, three before, and three after, the contraction. The 
experimental data of Durst and Loy (1985) are also included for comparison. It 
can be seen that the predictions agree well with the experimental measurements. 
Further grid refinement did not cause significant changes in the predictions and 
therefore these results can be considered to be grid independent. It should be noted 
that comparisons for locations other than those shown in the figure and for other 
Reynolds numbers also agree well with the experimental data. This simple example 
shows the capability of CFD to predict practical flow situations, with a good degree 
of accuracy. 


| 





Modelling of a fire in a test room 


The problem considered 


In contrast to the previous benchmark problem we now study a case at the other end 
of the spectrum of complexity. We compare CFD calculations with experimental fire 
tests carried out by the Lawrence Livermore National Laboratory (LL NL) in the test 
room shown in Figure 10.13. The details of the experiments have been reported in 
Alvarez et al (1984). The fire was at the centre of the floor and clean air was 
introduced along the floor of the test cell, which is approximated in the model by a 
0.12 m high and 2 m long slot for air entry, located 0.1 m above the floor. The fire 
sources in the experiments were a burner, a spray and a pool of fuel in a tray. The 
products of combustion were extracted near the top of the cell using an axial flow fan 
through a rectangular 0.65 m square duct placed 3.6 m above the floor as shown in 
Figure 10.13. A total of 27 tests were reported by Alvarez et al (1984), and the one 
designated MODOS has been selected for CFD modelling here. In this test, a spray of 
isopropyl alcohol from an opposed-jet nozzle located at the centre of the pan was 
used, and the fuel evaporated quickly to burn in a way similar to a natural pool fire. 
The fuel injection rate was 13.1 g/s with a total heat release rate of 400 kW. These 
data were used to specify burner conditions at the fire source. The measured 
extraction rate, 400 l/s in the steady state, was used to specify the outflow. The mass 
flow rate of air into the domain and the inlet and outlet velocities are calculated as 
part of the solution. The walls, the floor and the ceiling of the compartment were 
of 0.1 m thick refractory. The estimated thermal conductivity, density and specific 
heat were, respectively, 0.39 W/m/K, 1400 kg/m? and 1 kJ/kg/K for the walls and 
0.63 W/m/K, 1920 kg/m? and 1 kJ/kg/K for the ceiling and the floor. The walls 
were assumed to be perfectly black for radiation calculations. 


CFD simulation 


The simulation of the aerodynamics and combustion was carried out using a three- 
dimensional CFD procedure based on the SIMPLE algorithm and the hybrid 
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Fig. 10.12 Comparison of predictions and experimental results at six different locations 


differencing scheme for discretisation. Turbulence was modelled with the k—e 
turbulence model with buoyancy terms and combustion modelling assumed fast 
chemistry (SCRS). The discrete transfer model of thermal radiation (Lockwood and 
Shah, 1981) was used to calculate radiative heat transfer. The wall temperatures were 
obtained from a one-dimensional wall heat transfer model. A numerical grid of 
14 x 13 x 12, although not very fine, was considered adequate to predict the overall 
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Fig. 10.13 Schematic a 
diagram of the Lawrence 
Livermore National 
Laboratory (LLNL. fire 
test cell 













Isopropanol 
spray pool fire 






Air inlet 


properties of the fire. Further details of the model can be found in Malalasekera 
(1988) and Lockwood and Malalasekera (1988). Some specimen results are 
presented below. 


Specimen results 


Figure 10.14 shows the predicted steady state flow pattern in the Y — Z plane at 
X = 3.25 m. The buoyancy-generated flow is clearly reproduced by the simulation 


Fig. 10.14  Predicted 
flow inside the 
compartment: velocity 
vector plots in the Z-Y 
plane at X — 5.25 m 





Velocity plot Z-Y plane X 23.25 —— > 4.84 m/s 
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which also shows the entrainment induced by the strong buoyancy effects. The 
predicted temperature distribution in the Y-Z plane at X = 3.00 m (Figure 10.15) 
shows the hot gases around the central flame and the formation of a hot layer at 
ceiling level. The flame structure and tilt due to induced air flow are also clearly 
visible. Figure 10.16 compares the room temperature predictions with the 
experimental data of Alvarez et al (1984). The experimental temperatures were 
recorded using two thermocouple rakes (TR 1—east rake — and TR2—west rake) with 
15 thermocouples each placed 1.5 m on either side of the fire and located in the 
central plane as shown in Figure 10.13. The predictions and experiments show good 
agreement which illustrates the capability of CFD in predicting complex flows. The 
predictions reproduce the main features of the experiments and, despite the coarse 
grid, the predictions agree well with the experimental data. 
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East rake West rake 


À Measured 
—— Predicted 


À Measured 
== Predicted 


Height (m) 
Height (m) 





0 100 200 0 100 200 
Temperature (°C) Temperature (°C) 


Fig. 10.16 Comparison of predicted and measured temperature distributions for LLNL test MODOS 


10.5.3 Prediction of flow and heat transfer in a complex tube matrix 


mt- 


Problem considered 


The application of CFD to the prediction of flow and heat transfer in the secondary 
heat exchanger of a condensing boiler is considered. Figure 10.17 shows a schematic 
diagram of a part of the heat exchanger which consists of six layers of tubes arranged 
in a cross-matrix manner. The ends of the tubes are welded to an outer jacket and 
water enters the jacket at 40 °C before circulating through the tubes. Each layer 
comprises 32 tubes, each 200 mm in length and with a constant diameter of 4.8 mm. 
The transverse pitch is 5.8 mm while the longitudinal pitch is 13 mm. The overall 
dimensions of the tube matrix are 200 mm x 200 mm x 60 mm as shown in Figure 
10.18 which also gives the co-ordinate system used in the modelling. In operation, 
the flue gas initially enters the heat exchanger through the first X—Y plane, flows in 
the positive direction of the Z-axis and leaves at the last X —Y plane. During flow, the 
flue gas passes through the six layers of tubes (Figure 10.18) to exchange heat with 
the tubes carrying water so that its temperature is reduced on exit from the heat 
exchanger. 
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Fig. 10.17 Schematic 
diagram of a part of the 
heat exchanger 


200 mm 


Fig. 10.18 Schematic 
diagram of the full 
geometry and the 
co-ordinate system 





Fig. 10.19 Compu- 
tational grid in the X—Y 
plane 
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CFD simulation 


The geometry shown in Figure 10.18 has four-fold symmetry and only a quarter of 
the full geometry is required to be considered for modelling. Symmetry boundary 
conditions are employed on the O—X and O-Y boundaries. Ideally, a CFD code 
written in a body-fitted co-ordinate system is necessary to represent the tube surfaces 
accurately. Here the tube arrangement is very complex and generating a grid for this 
geometry is a difficult task in Cartesian or body-fitted co-ordinates. It was decided to 
carry out the simulation in a three-dimensional Cartesian framework. The tube 
surfaces are approximated by stepwise surfaces. A fine grid of 85 x 85 x 33 cells 
was used to accommodate all the necessary geometrical details; the grid arrangement 
adopted is shown in Figures 10.19 and 10.20 which show the calculation grid in the 
X-Y plane and in the X-Z plane respectively. Figure 10.20 also compares the 
approximated tube cross-sections used in the calculations with the actual cross- 
sections. As can be seen, there is very little difference between them and therefore 
the approximation of the surfaces does not undermine the accuracy of the simulation. 

The simulation of the flow was carried out using the SIMPLE algorithm. Heat 
transfer from the hot flue gases to the water circulating in the tubes was evaluated by 
solving the transport equation for enthalpy defined in this case as h = CpAT with 
Cp assigned a value of 1092.0 J/kg/°C. This is compatible with the typical 
composition of flue gas at a temperature of 170 °C at the inlet to the heat exchanger. 
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Fig. 10.20 Compu- 
tational grid in the X-Z 


plane (at J = 


16 location) 












| Tube layer 6 


| Tube layer 5 
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The variation of Cp with temperature was neglected in the simulation. At the inlet to 
the heat exchanger, the velocity (derived from the specified mass flow rate) and the 
enthalpy (corresponding to the inlet gas temperature) were specified. The outer walls 
of the heat exchanger were assumed to be adiabatic. The tube surface temperature 
was specified as 40 °C. The results shown below correspond to a mass flow rate of 
gas equal to 8.24 x 107? kg/s. The other inlet conditions of the gas were: 

temperature 170 °C, density 0.797 kg/m’, turbulent kinetic energy kin = 0. 03w2, 
where w;, is the inlet velocity, and turbulence energy dissipation £j, = k 3/2 / 4, where 
À was taken as 0.001D, where D is the external tube diameter. 


Specimen results 


Typical predicted flow patterns at two sections in the X—Z planes, identified as 
J = 36 and J = 38 in Figure 10.19, are shown in Figures 10.21 and 10.22. The 
plane J — 36 contains all six rows of tubing and the flow is severely obstructed by 
the presence of tubes. Figure 10.22 gives the flow between the planes J = 38 and 39 
and shows the flow pattern in the gaps between the planes. Here, the flow pattern is 
much stronger in the Z direction. Since the distance between the layers of tubes is 
small, the flow passing one layer of tubes immediately changes direction to pass 
through the next set of gaps perpendicular to those of the preceding layer. Therefore, 
the overall flow pattern is strongly three dimensional, and the heat transfer 
characteristics depend strongly on the flow structure in the tube matrix as will be 
described below. 

Figures 10.23 and 10.24 show specimen predictions of the temperature field in 
the X—Z plane inside the matrix at locations J = 36 and 38. Most of the heat transfer 
takes place in the first two rows and the temperature field appears to follow the flow 
features seen in the velocity plots. The gas temperature undergoes a large decrease 
when it passes the first row of tubes. Near to the walls, the temperature remains 


Fig. 10.21 Velocity 
vector field in the X-Z 
plane at J = 36 

(y = 0.0460 m) 


Fig. 10.22 Velocity 
vector field in the X-Z 
plane at J = 38 

(y = 0.0484 m) 
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higher than at other locations. This is largely due to mixing at these points with the 


hot gases which escape from the larger gaps available at the wall ends. 


Typical heat flux distributions are given for the upstream side of two layers of 
tubes (in the X—Y plane) in Figures 10.25 and 10.26 by plotting the predicted 
convective heat fluxes (W/m?). The heat flux is given on the basis of the projected 
area of the flow section ignoring the gaps between tubes. Figure 10.25 shows a large 
convective flux at the first layer. Although the tubes in the second layer are at right 
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Fig. 10.23 Temperature 
distribution in the X-Z 
plane at J — 36 

( y = 0.0460 m) 


Above 160 
140 - 160 
120 - 140 
100 - 120 
'80 — 100 
70- 80 

Below 70 





Fig. 10.24 Temperature 
distribution in the X-Z 
plane at J — 38 

(y — 0.0484 m) 


Above 160 
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Nu,, = 4.064 


Above 3300 








2850 — 3000 
2700 — 2850 
Below 2700 





Fig. 10.25 Convective heat flux (W/m?) at the upstream side of the first tube layer (K = 2, z = 0.0070) 


angles to those of the first, the heat transfer pattern resembles that for the first layer. 
This is because the flow emerging from the first layer dominates the heat transfer on 
the upstream side of the second layer. This clearly shows that the flow features have a 
direct bearing on the resultant heat transfer. It is desirable to maximise the heat 
transfer rates to achieve a larger temperature difference across the heat exchanger, 
but this could result in condensation on the tube surfaces at some locations. From the 
point of view of heat transfer, this may not be desirable since the condensate could 
act as an impediment to the heat transfer process. The mean Nusselt numbers, 
calculated on the basis of total convective heat transfer in each tube layer, are given 
on the right hand side of Figures 10.25 and 10.26. From an engineering point of 
view these can be used to compare the performance of different heat transfer 
arrangements. It should be noted that the calculated Nusselt numbers are small 
because of low flow velocities and the Nusselt number is defined on the basis of the 
overall difference in temperature (Tj, — Tube). 

Figure 10.27 shows the predicted temperature contours at the exit plane of the 
heat exchanger (K = 31, X-Y plane). The high temperature regions can be clearly 
seen in the corner where the hot gases entering the heat exchanger escape through 
the larger gaps. There is a marked decrease in temperature as the centre of the heat 
exchanger is approached. The points marked A, B, C and D are the locations where 
experimental temperature measurements were made and the bracketed values are the 
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2200 — 2500 
1800 — 2200 
1500 - 1800 
| Below 1500 








Nu, = 2.680 


Fig. 10.26 Convective heat flux (W/m^) at the upstream side of the second tube layer (K = 7, z = 0.0200) 


10.5.4 


experimentally measured temperatures. The measured temperatures are in reason- 
ably good agreement with the predicted values. For further details of this simulation 
see Malalasekera et al (1993). 


Laminar flow in a circular pipe driven by periodic pressure 
variations 


The problem considered 


Many engineering problems involve unsteady behaviour. In some cases, for instance 
paint mixing, the flow may be steady but the distribution of a transported scalar 
variable changes with time. In the present example we consider one of the simplest 
cases of the class of problems with genuinely unsteady flow fields: the periodic 
oscillations of an incompressible laminar flow in a circular pipe driven by harmonic 
pressure variations between inlet and outlet. Blood flows in veins and arteries, 
pressure waves in oil pipelines and air flows in intake manifolds of internal 
combustion engines can be modelled as periodic duct flows. 
The applied pressure difference between the pipe ends is varied according to 


AP — K cos nt (10.36) 


Fig. 10.27 Temperature 


distribution at the exit 


plane (X—Y plane, at 


K —31) 








D (91.2 °C) 


Above 
135- 
120 — 
105 — 

90 - 
75- 
Below 


160 
160 
135 
120 
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90 

75 


Advanced applications 235 


A (82.0 °C) B (83.0 °C) C (92.9 °C) 





The amplitude K is taken to be 50000 (Pa) and the circular frequency n is equal to 2z 
Hz giving an oscillation period of 1s. Schlichting (1979) gives the analytical 
solution for the axial velocity component u(r, t) as a function of radius r and time t 
for periodic laminar flow in a very long pipe as the real part of the following 
expression: 


(10.37) 


In this formula p, v and L are the fluid density, kinematic viscosity and the length of 
the pipe respectively, Jo denotes the Bessel function of the first kind of order 0 and i 
is V—1. The general features of the velocity distributions are dependent on the value 
of the non-dimensional parameter 4/(n/v)R. The solution behaviour for small and 
large values of this parameter will be discussed below. Here we calculate the flow for 
two intermediate values of n by taking the pipe radius R equal to 0.01 m and 
frequency n as 27 Hz in conjunction with a constant fluid density of 1000 kg/m? and 
dynamic viscosity of 0.4 and 0.1 kg/m/s. This yields values of 4/(n/v)R of 1.253 
and 2.507 respectively. 
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Fig. 10.28 Solution 
domain and a part of the 
` mesh for simulation of 
periodic laminar pipe flow 


CFD simulation 


In order to set up a valid comparison between the analytical and finite volume 
solution of this problem we need to consider a pipe of sufficient length. The 
boundary layer flow near the inlet of a pipe changes in the downstream direction and 
in a steady flow the velocity distribution becomes fully developed after a distance lg 
given by (Schlichting, 1979) 


IE. 935 UR (10.38) 
R V 


An estimate of the maximum possible mean velocities u (approximately 4 m/s here) 
can be obtained from the Hagen-Poiseuille formula (Schlichting, 1979). This leads 
to a maximum Reynolds number of 800 and hence a value of Jz of 1 m. Since the 
flow switches direction in the course of a cycle it is necessary to employ a 
computational domain of length greater than two times lg to ensure that there is 
always a section of fully developed flow halfway along the duct. In this simulation 
we use a domain with a length L equal to 2.5 m and consider the solution in a cross- 
sectional plane at a distance of 1.25 m from its ends. 

The flow is axisymmetric and we use a grid of 250 axial and 20 radial nodes 
distributed uniformly in the z and r directions. Figure 10.28 shows a sketch of the 
solution domain and part of the mesh used. At r — 0 a symmetry boundary condition 
ensures that there is no flow across the axis and that the gradients of all variables in 
the radial direction are locally zero. At r = R = 0.01 m the usual wall boundary 
condition is maintained. The cosinusoidal driving pressure difference given by 
Figure 10.29 and equation 10.36 is applied by means of prescribed pressure 
boundary conditions at z=0 and z = L— 2.5 m. The solution procedure is 
SIMPLER with fully implicit time marching; the time step is 1 ms. The parabolic 
velocity profile of a steady laminar pipe flow is used as the initial velocity field. 


Fully developed flow 
solution plane 


Pressure boundary Pressure boundary 
Wall boundary 





Specimen results 


Figures 10.30 and 10.31 compare the numerical and analytical solutions halfway 
along the pipe at time intervals of 0.125 s. The finite volume solution is studied after 
three pressure cycles, allowing time for the initial transients to die out. It is clear 
from the solution that the agreement between numerical and analytical solutions is 
generally excellent. There are minor discrepancies in the simulation with 
V (n/v)R = 2.507 during those parts of the solution cycle where the flow near 
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Fig. 10.29 Imposed 
transient pressure cycle 


20000 





Pressure (Pa) 
e 


—20000 





0.0 


the boundary moves in the opposite direction to that in the core of the pipe. These 
can be explained by the fact that the local pressure gradient Op/Ox is somewhat 
different from the overall pressure gradient Ap/L owing to energy losses between the 
inlet and the solution cross-section. 

Overall flow behaviour can be explained by considering appropriate expressions 
(Abramowitz and Stegun, 1964) of the Bessel function Jo in the analytical solution. 


Fig. 10.30 Velocity 0.01 
distribution for periodic l 
laminar pipe flow with e. Analytical 
(n/v)R = 1.253 == Numerical 
0.008 | 
[7023s t=Oor 10s 
t=0.625s 
0.006 t=0.125s 
G 
i. 
0.004 
0.002 


0.0 
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Fig. 10.31 Velocity 

distribution for periodic 

laminar pipe flow with 
(n/v) R = 2.507 


0.01 


B Analytical 
-— Numerical 


0.008 


t=0.625 s 





0.0 
—1.0 -0.5 0.0 0.5 1.0 


U/Uc 


For very slow oscillations4/ (n Jv)R — 0 we obtain 
K 
u(r, t) — dv (R? — r^) cos nt (10.39) 


This exhibits the parabolic velocity distribution of a steady, fully developed, laminar 
pipe flow with a periodic time variation. The amplitude depends on the fluid 
viscosity and the oscillations are in phase with the driving pressure difference. For 
fast oscillations ,/(n/v)R — oo we have 


u(r, t) -t E nt — ft exp (- zn - n) sin (w - 45.4 - ?) 


(10.40) 


Expression (10.40) contains two sinusoidal terms, the first of which is independent 
of viscosity. It describes the flow in the central core of the pipe which has a uniform 
velocity distribution with an amplitude inversely proportional to the oscillation 
frequency and a phase lag of 7/2 radians behind the excitation force. The amplitude 
and the phase of the second term are viscosity dependent. The term decays quickly 
with distance (R — r) from the pipe wall owing to the exponential factor. It can be - 
shown that this boundary layer flow lags behind the driving pressure difference by 
1/4 radians. The phase difference between the core and the boundary layer gives rise 
to an annular flow pattern during fast oscillations. It is clear that the results of 
Figures 10.30 and 10.31 exhibit the main characteristics of the slow and fast solution 
respectively. 

The above flow can be comfortably calculated on a workstation or small 
mainframe computer, but this success should not mislead the prospective user of 
commercial CFD codes. Other types of unsteady flow problems with complex 
geometries and/or fluid physics such as turbulent intake manifold flows (Chen, 
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1994), pulsed combustion (Benelli et al, 1992), transient free convective cooling of 
warm crude oil in storage tanks (Cotter and Charles, 1993) or hydrodynamic 
instabilities such as vortex shedding require very large computing resources. Often 
such flow calculations are only practical within reasonable time limits on dedicated 
large mainframes or supercomputers with advanced architecture and specially 
adopted algorithm structures. 


Concluding remarks 


In this chapter we have discussed ways in which the CFD techniques, which were 
developed in this book, can be applied to a number of taxing practical problems. It 
has become clear that the real world usually has a wide range of physical phenomena 
arrayed alongside fluid flow. In conjunction with fluid flow we have developed 
energy conservation principles and transport equations for general conserved scalars 
and our discussion of combustion modelling amply demonstrated how these general 
conservation equations can be put to good use in the modelling of chemically 
reacting flows. The application of these principles and buoyancy corrections to the 
turbulence equation for turbulent kinetic energy k and dissipation rate € showed how 
a steady state fire could be modelled adequately. 

The advantages of body-fitted co-ordinate systems in complex geometries were 
highlighted by demonstrating that greater flow detail can be resolved. However, it 
was shown that even a simplified approximation of a very complex geometry 
resulted in good predictions of temperatures inside a matrix-type heat exchanger. 
Standard correlation methods for the design of tube heat exchangers are available 
only for regularly spaced tubes with effectively two-dimensional flows in between 
them. CFD results such as those presented in this chapter represent an effective way 
of gaining an insight into the fluid flow and heat transfer inside the heat exchanger 
and also provide equipment designers with a tool to perform parametric studies to 
determine the best combination of number of tubes, tube spacing and inlet 
conditions. The case studies have highlighted the importance of validation of CFD 
against experimental measurements. The very sophisticated models used in 
conjunction with the finite volume computing engine are built on a large number 
of assumptions. For example, in the case of the matrix heat exchanger: 


Which physics/chemistry matters? 


e assume constant temperature of water inside the tubes 
e neglect effects of possible condensation of flue gas 


Physical models and boundary conditions 


e turbulence models (e.g. k-e model and wall functions) 
e heat transfer models (e.g. radiative heat transfer) 


Domain geometry 


e level of detail of geometry representation 
e grid design — fitness for purpose 


Without these simplifications results cannot be acquired, but owing to the sweeping 
nature of some of them it is of critical importance that the modelling assumptions 
that are the foundations of the CFD work are regularly tested against good quality 
experiments. 


Fig. A.1. 





Accuracy of a Flow Simulation 


In the derivations of Chapter 4 a linear profile assumption was used to calculate the 
gradients (0d /Ox), (O¢/Oy) etc. at the faces of the control volume. For simple 
diffusion problems the practice was shown to give reasonably accurate results even 
for coarse grids. In Example 4.3 we also observed that by refining the grid the 
accuracy of the solution can be improved. Grid refinement is the main tool at the 
disposal of the CFD user for the improvement of the accuracy of a simulation. The 
user would typically perform a simulation on a coarse mesh first to get an impression 
of the overall features of the solution. Subsequently the grid is refined in stages until 
no (significant) differences of results occur between successive grid refinement 
stages. Results are then called ‘grid independent’. Here we briefly demonstrate the 
theoretical basis of this method of accuracy improvement and compare the order of 
discretisation schemes as a measure of their efficacy. 

Consider the equally spaced one-dimensional grid (spacing Ax) shown in Figure 
A.L. 
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For a function $ (x) the Taylor series development of @(x + Ax) around the point i 


at x is 
PAN Ax 
b(x + Ax) = o(x) + (2) Ax + (3) te (A.1) 


In our notation we use discrete values @p and ¢, for P(x) and (x + Ax) 
respectively so that equation (A.1) can be written as 


be = dp + + (28) avs (28) 5 APs (A.2) 


This may be re-arranged to give 


0$ Po 
(85) m-or- (2) S- 


> (A.3) 
09V  $c—6óp (06 E n 
Ox J p Ax \ Ax? 
SO 
Op\ _ r-r 
— trun 
( x) = —{ + truncated terms (A.4) 
By neglecting the truncated terms which involve the multiplying factor Ax we may 
write 
d\ | Óg— Op 
A.5 
($) ^ p A (A3) 


The error involved in the approximation (A.5) is due to neglecting the truncated 
terms. Formula (A.3) suggests that the truncation error can be reduced by decreasing 
Ax. In general the truncated terms of a finite difference scheme contain factors Ax". 
The power n of Ax governs the rate at which the error tends to zero as the grid is 
refined and is called the order of the difference approximation. Therefore equation 
(A.5) is said to be first order in Ax and we write 


(A.6) 





Since it uses values at point E and P (where xg > xp) to evaluate the gradient 
(Oo /Ox) at P, formula (A.6) is called a forward difference formula with respect to 
point P. 

Similarly we may derive a backward difference formula for (Op/Ox) at P from 


o(x — Ax) = (x) - E) Ax 4- (25) 4 en (A.7) 


After some algebra we find the backward difference formula for (0 /Ox) at P: 


(3) - dp bp — Ow 4 O(Ax) (A.8) 


Ox 





Equations (A.7) and (A.8) are both first-order accurate. The backward and forward 
difference formulae described here involve values of ¢ at two points only. 
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Appendix A 


By subtracting Equation (À.7) from (A.8) we get 


peraan) (2) A a 


A third formula for (0$ /Ox)p can be obtained by re-arranging the equation (A.9) as 


(A.10) 





Equation (A.10) uses values at E and W to evaluate the gradient at the mid-point P, 
and is called a central difference formula. The central differencing formula is 
second-order accurate. The quadratic dependence of the error on grid spacing means 
that after grid refinement the error reduces more quickly in a second-order accurate 
differencing scheme than in a first-order accurate scheme. 

In the finite volume discretisation procedure developed in section 4.2 the gradient 
at a cell face, for example, at ʻe’ , was evaluated using 


c3 | 9g - p $Qp— Op 
dx), Ax — 2(AxJ2) 








(A.11) 


By comparing formulae (A.10) and (A.11) it can be easily recognised that equation 
(A.11) evaluates the gradient at the mid-point between P and E through a central 
difference formula at point 'e'; therefore its accuracy is second order for uniform 
grids. 

It is relatively straightforward to demonstrate the third-order accuracy of the 
QUICK differencing scheme for the convective flux at a mid-point cell face in a 
uniform grid of spacing Ax. The QUICK scheme calculates the value $, at the east 
cell face of a general node as 


3 6 l 
Pe =z PEt gop 2 Ow (A. 12) 
Taylor series expansion about the east face gives 
Od l 0? 3 
br = Q. HU ) +5 Ax) GE) + O(Ax’) (A.13) 
ð l om 
br = (AE) +5 CIA (S) + olar) (A.14) 
ð g 
by = 0-2) 45 Ca (FE) + oa) (A415 
If we add together 3/8 x (A.13) + 6/8 x (A.14) — 1/8 x (A.15) we obtain: 
6 
de +2 bp - gb =. + O(A) (A.16) 


The terms involving orders Ax and Ax? cancel out in this uniform grid and the 
QUICK scheme is a third-order accurate approximation. 

If necessary formulae involving more points (in backward or forward directions) 
can be derived which have higher order accuracy; see texts such as Abbott and Basco 
(1989) or Fletcher (1991) for further details. 
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Non-uniform Grids 


For the sake of simplicity the worked examples have focused on uniform grids of 
nodal points. However, the derivation of discretised equations in Chapters 4 and 5 
used general geometrical dimensions such as Óxpg, Oxwp etc. and is also valid for 
non-uniform grids. In a non-uniform grid the faces e and w of a general node may 
not be at the mid-points between nodes E and P, and nodes Wand P, respectively. In 
this case the interface values of diffusion coefficients I are calculated as follows: 


D, = (1 — fyp)Ew 4 fgYp (B.1a) 


where the interpolation factor fw is given by 


ÒX yw 
= — B.1b 
Iw OX Ww + OXwp (\ 
and 
D, = (1 — fp) p 4 fpUz (B.1c) 
where 
ÓXpe 
uA LÀ B.1 
Jp OXpe + OXer (B.1d) 


For a uniform grid these expressions simplify to equations (4.5a-b): since 
fw = 0.5, fp = 0.5, we have Ty = (Ty + Ip) /2 and I, = (Ep + Ve) /2. 

Basically there are two practices used to locate control volume faces in non- 
uniform grids (Patankar, 1980). 


Practice A 


Nodal points are defined first and the control volume faces located mid-way between 
the grid points. This is illustrated in Figure B.1 
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Fig. B.1. 


Fig. B.2. 


Appendix B 


| Control volume | 





Practice B 


Locations of the control volume faces are defined first and the nodal points are 
placed at the centres of the control volumes. This is illustrated in Figure B 2. 

Here the faces of a control volume are not at the mid-point between the nodes. 
The evaluation of gradients obtained through a linear approximation is unaffected 
because the gradient remains the same at any point between the nodes in question 
but the values of diffusion coefficient I' need to be evaluated using interpolation 
functions (B.1). 


| Control volume | 





Oxwp = Óxpe 


It is very important to note that central difference formulae for the calculation of 
gradients at cell faces and the QUICK scheme for convective fluxes are only second- 
and third-order accurate respectively when the control volume face is mid-way 
between the nodes. In practice A a control volume face, e for example, is mid-way 
between nodes P and E, so the differencing formula used to evaluate the gradient 
(Og /Ox), is second-order accurate. A further advantage of practice A is that property 
values L,,I, etc. can be easily evaluated by taking the average values. The 
disadvantage of practice A is that the value of the variable $ at P may not necessarily 
be the most representative value for the entire control volume as point P is not at the 
centre of the control volume. In practice B the value of $ at P is a good 
representative value for the control volume as P lies at the centre of the control 
volume, but the discretisation schemes lose accuracy. A thorough discussion on 
these two practices is found in Patankar (1980) to which the reader is referred for 
further details. 


Fig. C.1. 


Appendix C 





Calculation of Source Terms 


Source terms of the discretised equations are evaluated using prevailing values of the 
variables. Since a staggered grid is employed in the calculation procedures, 
interpolation is required in the calculation of velocity gradient terms which often 
appear in source terms. For example, consider the two-dimensional u-velocity 
equation 


ð 0 ðf ðu Of Ou\ Op 
a. (0) +5 (om) = s (w 5) *5. (^ 3) - 245 (C.1) 
s -2{ Ou +5 ( ðv 
“ax V. Ox) | ay V. a 


A small part of the solution grid is shown in Figure C.1; we use the standard notation 
for the backward staggered velocity components introduced in Chapter 6. 


where 
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The discretised form of equation (C.1) for the u-control volume centred at (i, J) is 


(Piy — P117) 
OXy 


dj Jui, J = 3 auus — AV, + S AV, (C.2) 


where óx, is the width of the u-control volume and AV, is the volume of the 
u-control volume. 
The source term for the u-velocity equation at the cell shown is evaluated as 
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(C.3) 


The source terms of other equations are also calculated in a similar manner. 
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